The perfectoid open unit disk

Peter Schneider

Neckarbischofsheim, May 2015

These are expanded notes of a talk given at the workshop “The Galois Group of Q, as
Geometric Fundamental Group”. Its purpose was to explain §3.2 and some initial steps in §4
of the paper [Weil.

1 Perfectoid generic fibers

Let K be a perfectoid field with ring of integers ox of residue characteristic p. We fix an
element 0 # w € ok such that |p| < |w| < 1.

We consider an og-algebra S which is complete and Hausdorff with respect to the I-adic
topology for some ideal I C S. For simplicity we assume that w € I (cf. Remark. We equip
the factor ring S/wS with the I /wS-adic topology. The projective limit of o /wox-algebras
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equipped with the projective limit topology is a topological oj--algebra, which is perfect. We
denote by ®g, the p-Frobenius automorphism of S,
Remark 1.1. The rings S/wS and S° are complete.

Proof. The vertical maps in the commutative diagrams

S/t s S/ ——~ (S/wS) /(I /wS)"H ——0

o L

S/ —= s 5/ — 2 (§/wS)/(I/wS)* ——= 0

are surjective. Hence the lower horizontal map in the commutative diagram

S = S/wS

T

lim, /1" —~ lim, (/wS)/(I/S)"

is surjective. Since the left vertical map is bijective by assumption the right vertical map at
least is surjective. This amounts to the completeness of S/wS. The completeness of S? then
is a formal consequence. O



A fundamental system of open neighbourhoods of zero in S is given by the ideals
Jni ={(..,a1,00) €8 : ey € (I/wS)"} forn>1and i > 0.
One checks that
Bl (J00) = Tty @ (J10) € JPg C Jyi g, and hence S (J10) C Jy .
This shows the following.

Remark 1.2. The descending sequence of ideals @gb(Jljo), form >0, forms a fundamental

systems of open neighbourhoods of zero in S°. In particular, ® g, is a topological automorphism.

Let « = (..., q,...,00) € S? be any element. We choose elements a;,a, € S such that

a; mod @S = a; = a; mod wS. The usual standard computation shows that the sequences
(a? "); and (d’ b "); are w-adic Cauchy sequences and that their difference (a? — b "); is a w-adic
zero sequence. Since w € I the same then holds true I-adically. But S is [-adically complete
and Hausdorff. It follows that

S5 S

7
ar—s of == lim o
N (A
71— 00

is a well defined multiplicative map such that of mod @S = «ap. In fact, we also could have
used the following observation (which I learned from L. Ramero).

Remark 1.3. The ring S is w-adically complete and Hausdorff.

Proof. The Hausdorff property is clear since (), @™S C (), I" = 0. Let (a;); in S be a Cauchy
sequence for the w-adic and hence for the I-adic topology. It has an I-adic limit a. We have
to show that a also is the w-adic limit of the sequence. For this we may replace the original
sequence by any convenient subsequence. Hence we may assume that a; 11 — a; € @S for any
1> 1. Let aj41 —a; = w'z; with z; € S. For j > 1 we then have

i _j—1
Qivj — i = (Qigj — Gipj—1) + ...+ (@41 — ;) = @ (@) zigjo1 + ... F w2z + 2) -
We put y; j == wjflziﬂ-,l + ...+ wzi+1 + z; and obtain
i—1
Yij — Yim = w’ Zitj—1+ ...+ wmzH_m cew"S

for j > m. It follows that the limit y; := lim;_, y;; with respect to the I-adic topology
exists. We finally compute

a—a; = lim (aj4; —a;) = @' lim y;; = w'y; € @'S .

This shows that the sequence (a;); converges to a also in the w-adic topology. O

Lemma 1.4. The map ¥ : S — S is continuous.

Proof. We show that (o + JnJan)ti Cal 1L IfB=(...,8) €Ea+ Jnt1n then B, — oy =
c¢mod wS for some ¢ € ", For i > n we choose a;,b; € S such that a; mod @wS = ay,
b; mod wS = B, and b, — a, € I"T'. We have afl = a2 mod @w" 1S and bfZ = 2" mod

w" LS. It follows that bfz — " e " for any i > n and hence that g% — of € 1"+ O

%



Lemma 1.5. The map

lim§ = 5°
()r
(..oyaiy...,a0) — (...,a; mod @S, ..., ap mod wS)
is a multiplicative homeomorphism with inverse o — (..., (al/pi)ﬂ, ...,af). In particular, S°

is Hausdorff[l]

Proof. Of course, the asserted projection map is multiplicative and continuous. Let a =

(oo ..., ) € S” and choose a; € S such that a; mod @S = «;. Then al/rt = (oo u)
and hence ('/7')% = lim;_, o afij, and we compute
1/pit1 . Jj+1 . j 1/p¢
((@MP7F) = lim afy 5 = lim afy; = (a!/)F

Since (al/ pi)jj mod wS = «;, we see that the asserted candidate for the inverse is, at least,
a left inverse of the projection map. It is continuous by Remark [[.2] and Lemma It
remains to check that the projection map is injective. Let (..., a;,...,a0) and (..., b;, ..., bo)
elements in 1'&15 such that a; = b; mod @S for any i > 0. We deduce that a; = afij = bﬁj =
b; mod @’ *1S for any j > 0. It follows that a; — b; € N; I' = 0. O

Remark 1.6. If the topology of the topological ok -algebra S is the I'-adic one for some ideal
I’ C S then it also is the I-adic one for I := wS + I'.

Proof. Being a topological ox-algebra we must have @™ € I’ for some m > 1. It follows that
mcr. [

Lemma and Remark show that the topological oj-algebra S” does not depend on
the choice of the element w. It will be technically convenient to assume in the following that
Ip| < |w|? < |w| <1 and w € I. Then pS C w?S C I

Following |[GR] §13.1 we now will make additional assumptions on S. The first one is

(1) (S/pS)P = S/pS .

Remark 1.7. Suppose that K has characteristic zero; we then have (S/pS)P = S/pS if and
only if (S/wS)P = S/wS.

Proof. The other direction being trivial we assume that (S/@S)? = S/wS. Because of the
density of the value group we find an element w; € K such that |w|'/? < |wi| < 1. It
follows that @S C w!S and hence that (S/w@}S)? = S/w!S. Now let a € S be any element.
Inductively we find elements (by,)n>0 and (ap)p>1 in S such that

a = bg + wf al

al :b]f—{—w}fag

_ P
an = b + wiant1

Tt seems that S/wS need not to be Hausdorff.



It follows that there exist elements (¢,)n>0 in S such that

n+1
a=dc + ’ ant1 mod pS  for any n > 0.

But |w{’n+1| < |p| and hence w]anS C pS for sufficiently large n (this is where the charac-
teristic zero assumption is needed). This shows that (S/pS)P = S/pS. O

Our further assumptions are:

(2) I is finitely generated.
(3) ker(S/I 10N S/I) is a finitely generated ideal in S/I.

We denote by I C I; C S the finitely generated ideal such that Iy /I = ker(S/I L, S/I).
Then, of course, the map

(4) s/n Y sy

is a well defined isomorphism.

Lemma 1.8. Assuming , , and we have:
i. There are generators Iy = (s1,...,y) such that I = (s,...,s}).
1. The I1-adic topology on S coincides with the I-adic one.

Proof. We begin by picking generators I = (a1, ...,a,). As a consequence of assumption
we have (S/1%)P = S/I?. Hence we find elements s; € S such that a; — s? € I, Tt follows that
sh, ..., sh, generate the S-module I/] 2. But, since S is I-adically complete and Hausdorff, the
ideal I is contained in the Jacobson radical of S (for any a € I and b € S the series Y., (ab)’
converges to an inverse of 1 — ab). Therefore the Nakayama lemma applies and shows that

I =(s),...,sh). By construction we have {s1,...,sn} C I;. Since I; is finitely generated
we may enlarge this set to a finite set of generators s; = b1,...,8m = bm, Sma1,...,Sr of I3
which satisfies the assertion i. Since JP" C I C I; the Ij-adic topology coincides with the
I-adic one. O

We now consider the ideal
L={(..,00,00) €S :0p€/wS}
in S°.
Proposition 1.9. Assuming , , and we have:
i. The ideal I'{ is finitely generated.

ii. The topology of S° is the I{—adic one.



Proof. We fix generators I; = (s1,...,s,) as in Lemma i. By the assumption we find
elements 0; = (...,051,050) € S° for 1 < j < r, such that oj0 = s; mod wS. Obviously, the
ideal .J := (071,...,0,) is contained in I7. Hence

gb(J) - @gb(ﬁ) ={(...,00,0) € S’ : a; € I} /wS} fori>0.

Claim: The natural map J — I?/®g, () is surjective.
Let a = (...,a9) € I. Since ag € I /wS there are ;¢ € S/wS such that

g = 71,0010+ ---+ Y0070 -

Again by we have elements v; € S° of the form v = (... ,75,0)- Then
a—nyjoj = (...,,81,0) .
j=1

Using the bijectivity of the vanishing 7 = 0 in S/wS implies that 8, € I/wS. We
conclude that

,
a € Z’yjaj + @Sb(II{) cJ+ @Sb(ﬁ{) ,
j=1
which establishes the claim. ' '
We see that all the natural maps ®° b(J)/<I>gt1(J) — @gb (I*{)/@g‘;l([*{), for i > 0, are

surjective. Remark and Lemma together imply that (), CIJfgb(J) =) @gb (3) = o0.
On the other hand it follows from Lemma ii and Remark that the topology of S” is
defined by the system of open zero neighbourhoods @gb(I '{) Furthermore, since J is finitely
generated, say with r generators, we have

(5) O (J) C JP'T C @i, () C B, (1))

for any ¢ > 0. First of all this shows that the J-adic topology on S’ is finer than the given
topology. From Remark and Lemma we know that S” is complete and Hausdorff. In
this situation it follows, by a generalization of the argument in the proof of Remark (cf.
[GR] Lemma 5.3.10), that S” also is complete and Hausdorff for the J-adic topology. Secondly
shows that the J-adic topology on S” coincides with the topology for which the @g,,(J )
form a fundamental system of open zero neighbourhoods. Hence S” is complete and Hausdorff
with respect to this latter filtration as well. At this point we have verified all assumptions
of [B-CA] TI1§2.8 Cor. 2 for the inclusion J C I} viewed as a map of filtered abelian groups
with respect to the filtrations (@gb(J ))i and (@gb (I0));, respectively. The above surjectivity
therefore implies that J = I ? In particular, I '{ is finitely generated. Going back once more to
we also deduce that the topology of S” is the I ?—adic one. O

We recall ([Sch] Remark 3.5) that in a perfectoid field we can choose the element w,
without changing its absolute value, in such a way that there is an element @’ € 03( such
that o

(@)YP)P = for any i > 0.

In the following we work with such a pair (w, @”).



The generic fiber Spf(S5)*® of Spf(S) (only assuming (2)) as a (not necessarily honest)
adic space over K is constructed as follows. Choose the finitely generated ideal I as well as
generators I = (w, $1,...,5,). For any n > 1 let

S,, := w-adic completion of S[Y7,...,Y,]/(s} —@wY1,...,s" — wY;) (cf. Remark [L.3),
A;f := integral closure of S’n in K @y S’n
There are natural open immersions of adic spaces

Spa(K ®q, gn; S,T) — Spa(K Qo §n+17 5’;—4-1)

over K. Gluing them along these immersions defines the adic space Spf(S)??. One checks that
the resulting space is independent of the choices I = (w, s1,...,5,).

If we assume , , and then, because of Prop. we similarly have the adic generic
fiber Spf(S°)* of Spf(S°) over K.

Proposition 1.10. Suppose that S satisfies (1), ([2), and (3)). Then Spf(S)*? and Spf(S”)ad
are perfectoid spaces over K and K°, respectively, and Spf(S°)® == (Spf(S)2e)P.

Proof. (Sketch) The proof basically consists in checking that the arguments in the proof of
[Sch] Lemma 6.4 generalize to the present situation. We first consider the space Spf(S?)e?.
Let @, 01,...,0, be generators of a finitely generated ideal of definition of S”. Since S’ is
perfect it makes sense to introduce

(Sb):w := w’-adic completion of

S Y1, K]/ (0 = (@), (o) — ()7
for any n > 1 and j > 0. We then have the sequence of homomorphisms

with respect to the transition maps sending Y; to Y. One checks that after inverting w” these
transition maps become isomorphisms. Hence inside K b®oKb (5),, we have the o K»-subalgebra

(8"),° := w’-adic closure of the union of the images of the (Sb):m.

By construction (S°),° is w’-adically complete and Hausdorff and is a flat (since w-torsion
free) ogs-algebra. It satisfies K” ®o,p (8°),° = K° ®o (S),,. At this point the arguments in
the proof of [Sch] Lemma 6.4, part (i)(K of characteristic p) show that (S°),°® is a perfectoid

0%-algebra. It then follows from [Sch] Thm. 5.2 that K’ S0 (5°),, is a perfectoid K°-

algebra. Therefore Spa(K’® ®o,., (5°),,, (S%),,) is an affinoid perfectoid (and hence honest by

[Sch] Thm. 6.3) adic space over K°. By a gluing argument we finally conclude that Spf(S”)®

is a perfectoid (and hence honest) adic space over K”.

In order to treat Spf(S5)? we first of all make, in the discussion above, a more specific
choice for the defining ideal of S°. Let I be a defining ideal of S satisfying , , and
and pick generators Iy = (s1,...,8,) = (w, $1,...,5-) as in Lemma Choose elements
oj=(...,s; mod wS) € S°. In Prop. We have seen that I? = (@, 01,...,0,) is a defining

ideal of S°. Since J?- = s; mod wS we have I} = (w, J%, ... ,aﬁ), which is a defining ideal of S



by Lemma ii. Now one shows as in the proof of [Sch] Lemma 6.4, part (i),(ii)(general K)
that the adic spaces Spa(K ®,y Sn, S;") are affinoid perfectoid over K with tilts Spa(K” ®o,
(5°Y,.,(S),,) (this uses the result in the characteristic p case). Again by gluing Spf(S)®
is perfectoid. Since the tilting construction commutes with gluing, by [Sch] Prop. 6.17, the
isomorphism in the assertion follows as well. ]

2 The perfectoid open unit disk

Let L/Q, be a finite extension with ring of integers o and residue field k of cardinality ¢ = pl.
We also fix, once and for all, a prime element 7 of 0. Moreover, we choose a Frobenius power
series ¢ for 7, i.e., a formal power series ¢(X) € o[[X]] which satisfies

¢(X) = 7X + higher terms and #(X) = X7 mod mo[[X]] .

The Lubin-Tate formal group law Fy is the unique commutative one dimensional formal group
law F, € o[[X,Y]] such that ¢ € End,(Fy) is a formal endomorphism of ¢. There is a unique
homomorphism of rings

o — End,(Fy)
a — [a]4(X) = aX + higher terms

such that [7]y = ¢. In this way the formal o-scheme Hp, := Spf(o[[X]]) (for the maximal ideal
as an ideal of definition) becomes a formal o-module. Its generic fiber over L is the open unit
disk Dy, viewed a a rigid or adic space.

We form the projective limit

Spf(¢) Spf(¢) Spf(¢) Spf(¢)

Hp :=lim Hp = Jim(. .. Hy Hy, Hr)
¢

in the category of formal o-schemes. Equivalently H; = Spf (RL) where Ry is the (m, X)-adic
completion of the o-algebra

Ry, :=limo[[X]] = lim(o[[X]] & ... % o[[X]] & ..) .
¢

This is a formal L-vector space.

Remark 2.1. Ry, is flat over o, and

k ®o Ry = Ry, := X-adic completion of lim [[X]].
()

Proof. In the ring o[[X]] we have the obvious implication:
If X fi = mfa, then fi € wo[[X]] (and fo € Xo[[X]]).

Using the defining properties of a Frobenius power series one checks that this still holds true
in Ry:
If f1, fo € R, such that X fi = 7 fy, then f1 € 7Ry (and fo € XRp).



We now consider the commutative diagram

0—> Kpi1 — Ry /(a1 X1+ — s Ry /(7 +1, X7+1) R Ry /(m, X"+ 0

% | W | ) |

0 K, Rp/(m™, X™) Rr/(m™, X™) Ry/(m, X™) ——0,

where the terms in the left column are defined to be the kernels of multiplication by 7. The
above observation implies that the vertical map in the first column, indeed, is the zero map.
Since countable projective systems with zero transition maps have zero projective limit as
well as zero lim!-term, passing to the projective limit with respect to n in the above exact
sequence gives the short exact sequence

0 — lim Ry /(x", X™) = Jim Ry /(x", X") — lim Ry /(m, X") — 0

On the one hand, since the ideal sequences (7", X™) and (7, X)" are cofinal, we have Ry =
yLnRL/(W”, X™). On the other hand, using that ¢(X) = X? mod mo[[X]] we compute

Wm Ry /(m, X") = lIm(Ry/mRr)/(X") = lim[(lim £[[X]])/(X™)] .
()

Hence we obtain the short exact sequence

0 — Ry > fop — ln[(limg K[[X]))/(X")] — 0.
()

In particular, Ry, is m-torsion free and therefore flat over o. O

We let Dy := ﬁzd denote the generic fiber of Hy as an adic space over L. We briefly
recall the construction: For any n > 1 let Ry, ,, denote the m-adic completion of Ry[Y]/(X™ —
7Y’). There are obvious open immersions of adic spaces Spa(L ®, RL,n, ]?{Ln) — Spa(L ®,
R;L,n—i-bRL,n—‘rl) Gluing the Spa(L ®, RLm, RLn) along these immersions gives the space
D;.

Let K be a perfectoid field K which contains L. In the following a subscript K (instead of
L) indicates the base extension from L to K (or from o to the ring of integers ox) of any of
the above objects. We choose the element @ € ok such that || < |ww|? < 1. Then I := (w, X)
is a deﬁnmg ideal of Ry. We will verify that I C S := Ry also satisfies the conditions
and (3)) in section 1. As in the proof of Remark - 2.1| we obtain

(6) Rk /wRy = X-adic completion of ligrloK/woK[[X]]
()9

= X-adic completion of o /wox Rk

= OK/woK®kRk .
To describe this ring completely explicitly let Ny [q_l] denote the set of all rational numbers
of the form qu with ¢, m > 0. Then

RK/wRK = ring of all series Z a; X" with coefficients a; € ox /wog such that
iENo[q_l]

for any n > 0 there are only finitely many 0 < i < n with a; # 0.

Ts RL,n integrally closed in L ®, RL,n?



This description immediately shows that the map (.)? is surjective on Ry /wRy. Because of
Remark this settles the condition . We also see that the cosets in Ry /I are represented
by the elements in the set

{ Z a X" m > 1},

0<b<g™
Hence the kernel of (.)? on Ry /I is represented by the cosets in

{ > ax"im>laj=0y={x"1. Y bXYT"m>1.5] =0}

qml<i<gm 0<t<gm—gm~1

If @) € o is such that || = || then it follows that I} = (i, X/9), which settles the
condition .

Lemma 2.2. f)KA is a perfectoid space over K (called the perfectoid open unit disk), and
DI}< = Spf(OKb®kRk)ad.

Ji’roof. By the above discussion Prop. applies and gives that Dy is perfectoid with
D'}( & Spf (Rz()ad. By @ and since Ry is perfect there is an obvious homomorphism

Oph Rk = (@OK/YEOK) Rk Rk — m(oK/woK®kRk) = RI}(
(s (s

This extends to an isomorphism o Kb@kRk; = R% where the left hand side is completed with
respect to the (w", X)-adic topology. The reason is that one has

(@) 0 = {(...,01,00) € LOK/WOK Sy =...=ap =0} for any m > 0.

()
O

Of course, the tilt f)'}( is a perfectoid space over the tilt K°.

The final purpose of these notes is to explain a second structure as a perfectoid space over
the field L, once we remove the origin from D’ . We first recall the definition of the field
L.

Let L be an algebraic closure of L with maximal ideal 90 in its ring of integers. The
formal o-module structure of Hy, induces an actual o-module structure on 9. For any n > 1
let 7, :={z € M: [7"]4(2) = 0} be the 7"-torsion submodule. By adjoining these subsets to
L we obtain the tower of algebraic extensions

LCLy=LF)C...CLy=L(F) C...CLoo = JL. CT.

From Lubin-Tate theory (cf. [LT]) we know:
a. The extension L, /L does not depend on the choice of ¢.
b. F, is a free o/7"o-module of rank one.

c. L,/L is a totally ramified Galois extension of degree (¢ — 1)¢g" .



d. The map

XL 2 Gal(Ly, /L) —+ (o/7"0)*
o — a such that o(z) = [a]g(z) for any z € F,

is an isomorphism.

e. Any generator z, of F, as an o/n"o-module generates the ring of integers oy, in L, as
an o-algebra and is a prime element of or,,.

Lemma 2.3. The completion Loy of the field Lo, is perfectoid.

Proof. The property c. above implies that the value group |ﬁ§o| is dense in RZ,,. Furthermore
the generators in e. can be chosen in such a way that [7]4(2n+1) = 2, for any n > 1. Since
$(X) = X% mod mo[[X]], it follows that z! ; = [7]3(znt1) = 2, mod wor . Again by e.
the z, generate the o-algebra or_ . Hence their cosets generate the k-algebra or__ /mor,.. . We

conclude that (or_ /mor_ )¢ = or_ /7oL, . O
We therefore may form the tilt I:ZO of Loo. As a consequence of b. above the o-module

[m]o(-) [7]s () (7] ()

T = Jim(.... el 7o

is free of rank one. Since ¢(X) = X9 mod 7wo[[X]] we have

Fn Fi) .

yd 1 =ym mod mor, for any m > 1 and any (y,)n>1 € T
Therefore
L: T — Ot
(Yn)n>1+— (..., yp mod wor,__,...,y; mod mor,__,0)

is a well defined map (but not a homomorphism). We fix a generator ¢ = (z,),, of the o-module
T'. It follows from e. above that +(t) is neither zero nor a unit in 07, . Hence we have the well
defined homomorphism of k-algebras

RI(Z) — og,
F(Z) — f(u(t)
which extends to an embedding of fields
k(Z)) — L2, .

The image Ej, of the latter is a complete nonarchimedean discretely valued field of character-
istic p with residue field k. It is called the field of norms of L. The image of the former map
is its ring of integers og, . One can show:

— Ep is independent of the choice of the generator .

- f/boo is the completion of the perfect hull of E;. This implies that sending X to ¢(t) gives
an isomorphism

(7) R = op,

10



On the other hand sending (t) to Z gives a homomorphism og, — 0y [[Z]]. Using Lemma
and we obtain isomorphisms

(8) D = Spl(og k)™ = Spi(0g0 1 0B, Gom, 07, ) = SpE(010 [[2)] G0, 07, )™

Note that Spf(ox»[[Z]]) is the formal open unit disk over 0. To go further we have to remove
the origin from the open unit disk, i.e., we have to start with the adic space D}, := Dg \ {0}.
It has a perfectoid version ]3}( To compute its tilt we observe that now we may view the
punctured open unit disk D7, (over K b) as an adic space over Ey via the map

Er — O(D}»)
Z — L(t)|D;(b

In this setting the formula becomes the following isomorphism. Technically the additional
complication comes from the fact that D7 is no longer the generic fiber of an affine formal
scheme. So one has to exhaust D7} by affinoid annuli and has to redo everything above for
them.

Proposition 2.4. (D%)" = D}b@)ELZALbOO.

The formal o-module structure of Hy, induces an action of the multiplicative monoid o\ {0}
on the rings RL, Rk, and Ry and consequently on the perfectoid spaces Dy and D* % and
their tilts. Under the isomorphism in Lemma[2.2] this action on the left hand side corresponds
to the action on the right hand side through the factor Ry,. The action of 7 on Ry, is the
g-Frobenius.

On the other hand the Galois group Gal(Leo/L) naturally acts on L’ . The projective
limit of the isomorphisms xp,, in d. above is an isomorphism xy, : Gal(Loo/L) =+ 0*. Hence
we have an o*-action on ﬁboo Letting m act as the ¢-Frobenius this extends to an action
of the monoid o\ {0} on L’ . One checks that the isomorphism is equivariant for the
o\ {0}-actions on the two sides.

The latter implies that in the isomorphism in Prop. the action of 7 on the left hand
side corresponds on the right hand side to the map (¢! ®id) o ¢, where ¢, is the (absolute)

g-Frobenius and ¢ on D7, is given by the g-Frobenius on the coefficients K > and ¢(Z) = Z.
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