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We closely follow Chapter 6 in [Sch12]. Let K be a perfectoid field with maximal
ideal m and @ € m such that |p| < |w| < 1.

Definition 1. A perfectoid affinoid K -algebra is an affinoid K -algebra (R, R™) such
that R is a perfectoid K-algebra.

Remark 2. - If (R, R") is a perfectoid affinoid K-algebra, we have mR° C RT C
R°. In particular, if RT is a K°-algebra, R* is almost equal to R°.

Proof. Let x € mR°. Then z is topologically nilpotent, so some power of z lies in
R*, ie. x is integral over RT. As R™ is integrally closed in R by definition, the
claim follows. O

Lemma 3. The categories of perfectoid affinoid K -algebras and perfectoid affinoid
K’-algebras are equivalent.

Proof. First of all, R° is integrally closed in R: If z € R is integral over R°, R°[x]
is a finitely generated R°-module and hence R°[z] C aR° for some a € K. Hence,
x is power bounded, i.e. x € R°. This implies that a subring R™ C R° is integrally
closed in R° if and only if it is integrally closed in R.

We claim that we have a bijective correspondence

{open integrally closed subrings of R°} S {integrally closed subrings of R°/wR°}

mapping R*' in the left hand side to RT /wR® and S in the right hand side to its
preimage under the canonical projection pr : R° — R°/wR°. This is well-defined
by Remark 2.

Firstly, let S C R°/wR° be an integrally closed subring. Then pr—!(S) contains
wR® and hence is open. If x € R° is integral over pr—'(S), pr(z) is integral over
S which implies pr(z) € S. Hence z € pr~'(S). On the other hand, if RT C R° is
open and integrally closed and T is integral over R™ /wR®, choose a lift =z € R° of
Z. Then there exists a monic polynomial f € RT[X] such that f(z) € wR® C R™.
Hence, x is integral over R', i.e. lies in RT and T € R"/wR™'. This implies the
claim.

Now we have R°/wR°® = R*” /@’ R’° from the construction of the tilting equiva-
lence for perfectoid algebras. Applying the claim to R and R’ instead of R yields a
correspondence between open integrally closed subrings of R° and open integrally
closed subrings of R*. O



Theorem 4. Let (R, R") be a perfectoid affinoid K-algebra and X = Spa(R, R™)
with tilt (R°, R°%) and X" = Spa(R’, R°*).

(i) We have a homeomorphism X = X* mapping x € X to the valuation 2° € X°
defined by |f(2°)| = |f*(x)|. It identifies rational subsets.

(ii) For any rational subset U C X mapping to U” C X the complete affinoid
K-algebra (Ox(U), O%(U)) is perfectoid with tilt (Ox, (U”), O, (U)).

These are the first two parts of Theorem 6.3 in [Sch12|. The goal of these notes
is to outline the proof of the theorem above. The fact that z° is a valuation can be

seen analogously to the case when R is a field (see the proof of [Schi12][Proposition
3.6]).

subset. We may assume that f, is a power of @’ Wlthout Changmg the ratlonal
subset U(f1 """ ") (cf. [Schi2][Remark 2.8]). Then the preimage of U({==fn) ig

P
given by U( """ ") and this is rational because ff € K*, i.e. the ideal generated
by fl, o fhis equal to R. Hence, X — X’ is continuous.

changmg U we may assume that all f;,g € R*® and that f, = =N for some N.

(i) Let A := Ro((%)l/pwﬁ> be the w-adic completion of RO[(%)l/pwﬁ] C R[]
Then A® is a perfectoid K°*-algebra.

(ii) Ox(U?) is a perfectoid K-algebra and Ox(U¥*)°* = A,
(iii) Ox»(U) is the tilt of Ox(U¥).

Proof. (i) in characteristic p: If K is of characteristic p we may identify K with K°
and R with R’. Thus, we may leave out the superscripts # and b. By definition, A
is w-adically complete and w-torsion free.

We have a surjective homomorphism ¢ : R°[T)/""] — R°[(%)1/p°°]. Its kernel
contains the ideal I generated by the elements 7T; VP L fz-l/ ?"Hence we obtain
a surjective homomorphism @ : RO[Til/poo]/] — RO[(%)V?%]. We claim that this is
an almost isomorphism. The exact sequence

0 ker(7) — RI7)/T = R(L) ™) 5 0
g
induces the exact sequence

0 — ker(®) ®xe K — R[T}P7] /(1) — R[(%)l/poo] — 0.
But in R[T}/*"]/(I) we have T, = @". Hence, g is invertible, T} = % and the right

map is an isomorphism. This implies that ker(¥) ® g K = 0 which means that for
each f € ker() there exists some k such that @®f = 0. Then (co®/?" f)P" = 0 for



each m > 1 and because [ is closed under taking p-power roots, we have w®/?" f = 0.
This shows that mf = 0 and hence P is almost injective and consequently an almost
isomorphism. This implies that the horizontal maps in the commutative diagram

R Lw) — R/
T T
R =) — B3] /=t

are almost isomorphisms. The left Frobenius map is an isomorphism by definition
of I and hence the right Frobenius map is an almost isomorphism. This concludes
the proof of (i) in characteristic p.
We will now show that (i) implies (ii) for K of arbitrary characteristic. We have
inclusions
Rl ¢ ridyrn c oy
g g g

The first inclusion is obvious. To see the second one note that gi,j =w N g—% €
w_NRO[(%)ﬁ]. But every element of RO[(%)l/pwﬁ] is a linear combination with coef-
ficients in (g—lﬁ)”lﬁfo by terms contained in RO[(%)ﬁ].

Because the quotient of R"[(%)Upmﬂ] by RO[(%)ﬁ] is killed by a finite power of
w, we still have inclusions after w-adic completion and we get

o fl o f’L 00 fz
Re((=2)F) © Re(()VP™F) € RS
g 9
Thus, O,(U*) = (A?),[™!] is perfectoid by part (i) and [Sch12][Theorem 5.2].
Finally, we will show (i) and (iii) for general K. As before A is flat and w-

)F) = Ox(U?).

adically complete. We still have a surjective ring homomorphism R° [Til/ Pl A
and its kernel contains the ideal I generated by all Til/ P gL fil/ P Now we
see from part (i) in characteristic p that (O, (U), 0%, (U)) is a perfectoid affinoid
K’-algebra. Let (S, S%) be its untilt. The map Spa(S,S*) — X induced by the
untilt of (R, R**) — (Ox(U), 0%(U)) factors over U* and the universal property of
the structure presheaf yields a homomorphism (Ox (U*), O%(U*)) — (S, ST). The

composite
fi

RTHP™ye 5 Ro(( p

7

YPERe 5 Oy (U%)°r — §°0
is the untilt of the morphism
RP(TMP™Ye = O, (U
If I’ is the ideal of R™ [Tl/ P71 defined analogously to I this implies that

RUTY N, @) — A% — S5 ) (1)

)

is the untilt of N
BT )1, ") = O3 (V) /=



which is an isomorphism by the proof of (i) for characteristic p. Hence the composite
(1) is an isomorphism and as the first morphism is induced by a surjective map, both
individual morphisms are isomorphisms. In particular A%/ = S°*/w which implies
that A® is perfectoid and S = (A?),[w 1] = Ox(U*) is a perfectoid K-algebra. [

For the surjectivity of X — X’ we need a technical approximation lemma which
makes up for the fact that f is not surjective.

Lemma 6. Let (R, R") be a perfectoid affinoid K -algebra with tilt (R, R°%), X =
Spa(R, R*) and X° = Spa(R’, R°T). Then for any f € R, ¢ > 0 and ¢ > 0 there
ex1sts gee € R’ such that for all z € X

[f (@) = gi. ()] < |w]'™ max(|f (2)], |=]).
If e < 1 we have
max(| f(2)], [w|?) = max(|g;,.(2)], |]).
Proof. See Lemma 6.5 and Corollary 6.6 (i) in [Schi2]. O

Corollary 7. Let (R, RY) be a perfectoid affinoid K-algebra with tilt (R°, R°T),
X = Spa(R, RY) and X® = Spa(R’, R°F).

—

(i) For any x € X, the completed residue field K(x) is a perfectoid field.
(ii) The morphism X — X’ is a homeomorphism identifying rational subsets.

Proof. (i) for char(K') = p: From Lemma 5 (ii) we know that Ox(U)°* is perfectoid
for any rational subset U. This implies that the w-adic completion of O%F, =
lim Ox (U)** is a perfectoid K*-algebra. By [Sch12][Prop. 2.25] we have

K(z) = K(x)[@™] = 0% @ '] = (0%, (@] = (0%,):[@ ]
and thus [?(;) is perfectoid. As it is also a nonarchimedean field, it is a perfectoid
field.

(ii): Let U = U(%) C X be a rational subset with f,, = @ and let ¢ < 1. By

Lemma 6 we can find f7, ¢’ € R’ such that

[filw) = f(@)] < Joo|' ™ max(| fi(w)], []")

I
9%
subset is the preimage of a rational subset and we have shown that X — X’ identifies

rational subsets.

As X is Tp, this implies injectivity: If two points in X would be mapped to
the same point of 2 € X°, the preimage of each rational subset containing = would
contain all points mapped to x so the two points which are mapped to x could not
be separated by a rational subset.

and similarly for g. A calculation shows that U = U/( ). Hence, every rational

o~ o~

Now any x € X’ factors as R’ — K(z) — I'U{0} and we can untilt R — K (z)

and each valuation of the perfectoid field K (z) by [Schi2|[Prop. 3.6]. This shows
that X ~— X" is surjective. Using this we can copy the proof of part (i) for general
K. O



The previous corollary shows part (i) of Theorem 4. Let us now prove part
(ii): By Corollary 7 (ii) and Lemma 5 (i) (Ox(U), 0% (U)) is perfectoid affi-
noid. It is characterized among the perfectoid affinoid K-algebras by its uni-
versal property: It is the unique perfectoid affinoid K-algebra such that for any
¢ :(R,RT) — (5,S57) into a perfectoid affinoid K-algebra (S, S™) for which the im-
age of Spa(y) is contained in U there exists a unique morphism of perfectoid affinoid
K-algebras (Ox(U),0%(U)) — (S, ST) which makes the obvious diagram commu-
tative. Tilting this diagram shows that its tilt has the universal property charac-
terizing (Ox»(U”), 0%, (U”)) in the category of perfectoid affinoid K’-algebras.
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