ON A NONCOMMUTATIVE IWASAWA MAIN CONJECTURE
FOR FUNCTION FIELDS

MALTE WITTE

ABSTRACT. We formulate and prove an analogue of the noncommutative Iwa-
sawa main conjecture for ¢-adic representations of the Galois group of a func-
tion field of characteristic p. As corollaries we obtain noncommutative gener-
alisations of the main conjecture for Picard-1-motives of Greither and Popescu
and a main conjecture for abelian varieties over function fields in precise anal-
ogy to the Glz main conjecture of Coates, Fukaya, Kato, Sujatha and Venjakob.

1. INTRODUCTION

In [CFK™T05], Coates, Fukaya, Kato, Sujatha and Venjakob formulate a noncom-
mutative Iwasawa main conjecture for ¢-adic Lie extensions of number fields. Other,
partly more general versions are formulated in [HK02], [RW04], and [FK06]. A geo-
metric version for seperated schemes of finite type over a finite field is formulated
and proved in [Wit10] and [Burli].

Building on the ideas of [Wit10] we will consider in this article admissible ¢-adic
Lie extensions Ko, /K of a function field K of transcendence degree 1 over a finite
field F of characteristic p. Here, an extension K, /K inside a fixed separable closure
of K is called an admissible ¢-adic Lie extension if

(1) Ks/K is Galois and the Galois group G = Gal(K/K) is an f-adic Lie
group,

(2) Ko /K contains the unique Zg-extension of F,

(3) Ko /K is unramified outside a finite set of places.

We will formulate and prove a noncommutative main conjecture for the extension
K /K and any continuous representation T’ of the absolute Galois group of K
which is unramified outside a finite set of primes (Thm. Thm. . From
this main conjecture, we will deduce a main conjecture for Greenberg’s Selmer
group of T' (Cor. , noncommutative generalisations of the main conjecture for
the ¢-adic Tate module of a Picard-1-motive from [GP12] (Cor. Cor.[£19), a
noncommutative generalisation of the classical main conjecture for the Galois group
of the maximal abelian /-extension of K., unramified outside a finite set of places
(Cor. , and an analogue for abelian varieties over function fields of the Gl
main conjecture in [CEKF05] for ¢ # p (Cor. [£.22).

Let Z¢[[G]] be the Iwasawa algebra of G and let Zs[[G]]s be its localisation at
Venjakob’s canonical Ore set S. Let C' be the smooth and proper curve correspond-
ing to K and assume for simplicity that C' is geometrically connected. We also fix
two disjoint, possibly empty sets ¥ and ¥’ of closed points in C. To the representa-
tion T' we will associate a certain Selmer complex Cy, 5, (T). The noncommutative
main conjecture postulates that C3, 5., (T') is a perfect complex of Z[[G]]-modules
which is S-torsion and hence, gives rise to a class [C}, 5, (T')] in the relative K-group
K(Z([[G]], Z¢[[G])s)- Moreover, it postulates the existence of a noncommutative L-
function £(T) € K1(Z[[G]]s) which maps to —[Cs, 5, (T)] under the connecting
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homomorphism
9: Ki(Z[[Gl]s) = K(Z[[G]], Ze[[G]]5)

and which satisfies an interpolation property with respect to values of the X-
truncated Y’-modified L-function of the twist T'® p of T by representations p
of G. Usually, one assumes that ¥ contains the ramification locus of K, /K and
of T, but we will show that this condition can be weakened a bit. Moreover, our
main conjecture also applies to Iwasawa algebras over more general coefficient rings,
including the power series ring Z;/¢Z|[[t]].

Greenberg’s Selmer group may be identified with the Pontryagin dual of the
second cohomology group of the complex C%,@(T). The generalisation of the main
conjecture for Picard-1-motives of Greither and Pofollows from the special cases T' =
Zp and T = Z,(1) with ¥ and ¥/ nonempty, the generalisation of the classical main
conjecture follows from the case T' = Zy(1) and ¥’ = (). For the noncommutative
main conjecture for abelian varieties one choses T' to be the Tate module of the
dual abelian variety.

The article is structured as follows. In Section 2l we recall the K-theoretic frame-
work. As in [Wit10] we will use the language of Waldhausen categories as a con-
venient tool to handle the relevant elements in K-groups. In particular, we recall
the construction of the Waldhausen category of perfect complexes of adic sheaves
and the construction of the total derived section functor as a Waldhausen exact
functor. In Section (3 this will be used to construct the Selmer complex C$ 5/ (T')
and to analyse its properties. Section [4] contains the definition of the -truncated
Y/-modified L-function as well as the formulation and proofs of the different main
conjectures, including the description of the cohomology of Cy, s, (T').

Large parts of this article have been inspired by [FK06]. There has been previous
work on a noncommutative main conjecture for elliptic curves over function fields
in the case ¢ # p [Sec06] and independent work on the My (G)-conjecture for ¢-
adic Selmer groups of abelian varieties over function function fields [BV]. We do
not treat noncommutative main conjectures for abelian varieties in the case ¢ = p,
which necessitates different methods. There is work in progress on this conjecture
by Trihan and Vauclair.

The author wants to thank A. Huber for suggesting to work on this question and
A. Schmidt as well as O. Venjakob for valuable discussions.

2. PRELIMINARIES

2.1. The K-theoretic Framework. We will recall some K-theoretic constructions
from [Wit10]. All rings in this article will be associative with identity; a module
over a ring will always refer to a left unitary module. For a ring R, R°P will denote
the opposite ring. Recall that an adic ring is a ring A such that for each n > 1 the
n-th power of the Jacobson radical Jac(A)™ is of finite index in A and

Write J for the set of open two-sided ideals of A, partially ordered by inclusion. To
compute the Quillen K-groups of A one can apply the Waldhausen S-construction to
one of a variety of different Waldhausen categories associated to A. As in [Wit10],
we will use the following, which turns out to be particularly convenient for our
purposes.

We recall that for any ring R, a complex M*® of R-modules is called DG-flat
if every module M™ is flat and for every acyclic complex N°® of R°P-modules, the
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total complex (N ®p M)® is acyclic. The complex M* is called perfect if it is quasi-
isomorphic to a complex P*® such that P" is finitely generated and projective and
P" =0 for almost all n.

Definition 2.1. Let A be an adic ring. We denote by PDG"™(A) the following
Waldhausen category. The objects of PDG“"(A) are inverse system (Pf)res,
satisfying the following conditions:

(1) for each I € J,, Py is a DG-flat perfect complex of A/I-modules,

(2) for each I C J € Jp, the transition morphism of the system

Lrg :P? 4%.F?
induces an isomorphism

A morphism of inverse systems (fr: Pf — Q%)res5, in PDG® ™ (A) is a weak
equivalence if every fr is a quasi-isomorphism. It is a cofibration if every f; is
injective.

By [WitI0, Prop. 3.7] the complex
lim Q3
I€TA
is a perfect complex for every system (Q%)7e3, in PDG®™(A) and the K-groups
K, (PDG®™(A)) of the Waldhausen category coincide with the Quillen K-groups
K, (A) of the adic ring A.

If A’ is a second adic ring and M is a A’-A-bimodule which is finitely gener-
ated and projective as A’-module, then the derived tensor product with M induces
natural homomorphisms K,,(A) — K, (A"). It also follows from [Wit10, Prop. 3.7
that these homomorphisms coincide with the homomorphisms induced from the
following Waldhausen exact functor.

Definition 2.2. For (P});c5, € PDG®"(A) we define a Waldhausen exact func-
tor

Ty PDG™(A) — PDG™(A), P* —( @ N /T @n (M @5 P1)*)ies,, -
JETA
Let now R be a commutative compact noetherian local ring with finite residue
field of characteristic £ and G be a compact ¢-adic Lie-group which is the semidirect
product H x I' of a closed normal subgroup H and a closed subgroup I' which
isomorphic to Zy. Then the profinite group ring R[[G]] is a noetherian adic ring
and the set

S ={f € R[[G]]: R[[G]]/R[|G]]f is finitely generated as R[[H]]-module}

is a left denominator set in R[[G]] such that the localisation R[[G]]s exists. More-
over, the K-theory localisation sequence for S C R[[G]] splits into short split exact
sequences [Witlll, Cor. 3.4]. In particular, we obtain a split exact sequence

0 — K (R[G])) = K1 (R[[G]]s) 2 Ko(R[[G]], RI[G]]s) — 0.

We will describe this sequence in more detail, introducing the following Wald-
hausen categories.

Definition 2.3. We write PDG“"""# (R[[G]]) for the full Waldhausen subcate-
gory of PDG ™ (R[[G]]) of objects (P3)J€3 ey Such that
lm  Pj
JETR(aY
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is a perfect complex of R[[H]]-modules.

We write wgPDG ™ (R[[G]]) for the Waldhausen category with the same ob-
jects, morphisms and cofibrations as PDG™(R[[G]]), but with a new set of weak
equivalences given by those morphisms whose cones are objects of the category
PDG"" " (R[[G]]).

We may then identify for all n > 0
K, (RG], R[[G]]s) = Kn(PDG"" (R[[G]])),
K +1(R[[G]]s) = Kns1(wrPDG™ (R[[G]]))

[WitI0, § 4]. In particular, Ko(R[[G]], R[[G]]s) is the abelian group generated by
the symbols [P*] with P* an object in PDG"""* (R[[G]]) modulo the relations

[P°] = [Q°] if P* and Q°® are quasi-isomorphic,

[Py] = [Py]+ [Ps] if 0 » P — Py — P; — 0 is an exact sequence.
The groups K;(R[[G]]) and K;(R|[[G]]s) are generated by the symbols [f] where
f: P* — P* is an endomorphism which is a weak equivalence in PDG*™(R[[G]])

or in wgPDG ™ (R[[G]]), respectively [Wit10, Prop. 3.10]. The map K; (R[[G]]) —
K1 (R[[G]]s) is the obvious one; the boundary map

9: Kyi(R[[G]]s) = Ko(R[[G]], R[[G]]s)
is given by
0[f] = —[Cone(f)"]

where Cone(f)® denotes the cone of f [WitI0, Thm. A.5]. (We note that other
authors use —0 instead.)

Remark 2.4. Let M be an R[[G]]-module which has a resolution by a strictly perfect
complex of R[[G]]-modules P* as well as a resolution by a strictly perfect complex
Q°* of R[[H]]-modules. We may identify P*® with the object

(RIGN/J @rjiay P*)iesnge
in PDG""# (R[[G]]) and set
[M] = [P*] € Ko(R[[G]], R[[G]]s)-
Note that [M] does not depend on the particular choice of the resolutions P*® or
Q°.

Consider a second commutative compact noetherian local ring R’ with finite
residue field of characteristic £ and another compact f-adic Lie-group G’ which
is the semidirect product H’ x IV of a closed normal subgroup H' and a closed
subgroup IV which isomorphic to Z,;. Assume that M is a R'[[G']]-R][[G]]-bimodule
which is finitely generated and projective as R'[[G’]]-module. Assume further that

there exists a R'[[H']]-R[[H]]-bimodule N which is finitely generated and projective
as R'[[H’]]-module and an isomorphism of R’'[[H’]]-R[[G]]-bimodules

N&pm) RG] = M.
(Here, N®pg(a)R[[G]] denotes the completed tensor product.) Then the Wald-
hausen exact functor
Uy : PDG™(R[[G]]) - PDG™(R'[[G"]])
takes objects of PDG "™ ( R[[G]]) to objects of PDG"""#" (R'[[G"]]) and weak
equivalences of wgPDG ™ (R[[G]]) to weak equivalences of wz PDG ™ (R'[[G"]])

[Wit10, Prop. 4.6]. Hence, it also induces homomorphisms between the correspond-
ing K-groups. In particular, this applies to
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(1) G = G/U, H = H/U for some closed subgroup U of H which is normal
inG,I'=T", R=R', M = R[[G']];

(2) G=G',H=H',T =1, R=R, M = pRg R[[G]] for some R[[G]]-module
p which is finitely generated and projective as R-module. Here, the left
G-operation on M is given by the diagonal action, the right G-operation is
the right operation on the second factor.

We obtain the evaluation map
(2.1) ®,: Ki(R[[G]]s) — K1 (R[[T]s) = R[[T]]§

from [CEK™05, (22)] as the composition of the maps induced by ¥,g . () and
WU Ry on the K-groups.

Assume now that O is a complete discrete valuation ring with finite residue field
of characteristic £ and that the f-adic Lie group G = H x I' has no element of order
¢. Then the ring O[[G]] is both noetherian and of finite global dimension [Bru66,
Thm. 4.1]. Let Ny (O][G]]) denote the abelian category of finitely generated O[[G]]-
modules which are also finitely generated as O[[H]]-modules. Note that

Ko(PDG"" (O[[G]])) = Ko (N (O[[G]])),

22) (Phrcsoma) = 3 (CIH( fim PP

i=—00 I€Jo(ay
is an isomorphism since every N in Ny (O[[G]]) has a resolution P* of finite length
by finitely generated, projective O[[G]]-modules and (P*/IP®)re5,,, is an object
in PDG """ (O[[G])]).
If the quotient field of O is of characteristic 0, one may also consider the abelian
category My (O][G]]) of finitely generated O[[G]]-modules whose ¢-torsionfree part
is finitely generated as O[[H]]-module and the left denominator set

=Jes cofal).

G

Still assuming that G has no element of order ¢ it is known that the natural maps
Ki(O[[Glls) = Ki(O[[Glls+),  Ko(Nu(O[[G]])) = Ko(Mp (O[[G]]))

are split injective [BVTI] Prop. 3.4] and fit into a commutative diagram

0*>K1((’1[[G]]) HKl(Oi[GHS) — Ko( NHlO D) ——=0
0 —= K1 (O[[G])) —= K3 (O[[G]]s+) — > KoMy (O[[G]])) — 0

In particular, an identity of the type f = Jg in KO(NH((’)[[G]])) will imply a corre-
sponding identity in Ko(Mg(O][[G]])). We will work exclusively with Ny (O[[G])).

2.2. Perfect complexes of adic sheaves. In this section we recall some con-
structions from [Wit08| § 5.4-5.5].

Let X be a separated scheme of finite type over a finite field F (We will only
need the case dim X < 1). Recall that for a finite ring R, a complex F* of étale
sheaves of left R-modules on X is called strictly perfect if it is strictly bounded and
each F" is constructible and flat. It is perfect if it is quasi-isomorphic to a strictly
perfect complex. We call it DG-flat if for each geometric point of X, the complex
of stalks is DG-flat.

Definition 2.5. Let X be a separated scheme of finite type over a finite field and let
A be an adic ring. The category of perfect complexes of adic sheaves PDG ™ (X, A)
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is the following Waldhausen category. The objects of PDG®™ (X, A) are inverse
systems (F7)res, such that:
(1) for each I € Jp, F7 is DG-flat perfect complex of étale sheaves of A/I-
modules on X,
(2) for each I C J € Jp, the transition morphism

wrg: F1 — F5
of the system induces an isomorphism
AT @njr FT = F3.
Weak equivalences and cofibrations are those morphisms of inverse systems that

are weak equivalences or cofibrations for each I € J,, respectively.

For an abitrary inverse system F = (Fr)se3, of sheafs of A-modules on X we let
H”(X, F) denote the k-th continuous cohomology [Jan88, §3]. Likewise, we write
H* (X, F) for the continuous cohomology over the base change X of X with respect
to a fixed algebraic closure of F.

Assume now that either X is proper or that the characteristic of F is a unit in
A. Using Godement resolution we constructed in [Wit08, Def. 5.4.13] Waldhausen
exact functors

RI(X,),RT(X,): PDG®™ (X, A) — PDG™™(A)
such that for each (Fj)res, in PDG™ (X, A) concentrated in degree 0 we have
Hi(Xv (]:I)IEJA) = @1 Hi(X7]:I) = HZ( @1 RF(X7 (‘FI)IESA))v

ESAIN IEjA
HZ(Yv (]:1)1631\) = ]gl H* (X -FI L RF FI IGjA))
FESAIN FESAON

Moreover, there is an exact sequence
0 RI(X,) = RI(X, ) L5 RIX,) =0

where § denotes the geometric Frobenius acting on X [Wit08, Prop. 6.1.2].

We also recall that given a second adic ring A’ and a A’-A-bimodule M which is
finitely generated and projective as A’-module, we may extend ¥ s to a Waldhausen
exact functor

Uy PDG™(X, A) — PDG™(X, ),

(P3)sean = (lim M/IM @5 Ps%)res,,
JETA

<

such that
Uy RT(X,P*) = RT(X, ¥ (P*)),
Uy RT(X,P*) = RI(X, Up (P*))
are quasi-isomorphisms in PDG"(A’) [Wit08, Prop. 5.5.7].

3. SELMER COMPLEXES

Selmer complexes have been introduced by Nekovér in [Nek06]. They are perfect
complexes defined by modifying Galois cohomology by certain local conditions. In
the geometric situation, one can identify the cohomology of the Selmer complexes
with the étale cohomology of certain constructible sheaves. A nontrivial local con-
dition in a point corresponds to the sheaf being not smooth in this point. (In the
number field case, this description works as well for the local conditions away from
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the places over the chosen prime ¢.) This is the point of view that we are adapting
in the present article. In order to associate in a canonical manner classes in K-
groups to these complexes, we will construct them as elements of the Waldhausen
categories introduced in the previous section.

3.1. Admissible Lie extensions and representations. In the following, we let
K denote a fixed function field of characteristic p > 0, i.e. a field of transcendence
degree 1 over F,,. We also fix a separable closure K of K and write Galy for the
Galois group of K/K. Let F denote the algebraic closure of F,, inside K and F the
algebraic closure of IF inside K. We let

q= p[F:Fp]
denote the number of elements of F.

Write C' for the smooth and projective curve over F whose closed points are the
places of K. Note that by the definition of IF, C' is geometrically connected. This is
a convenient, but not necessary restriction. One can proceed as in [Wit10] to deal
also with the non-connected case.

For any open dense subscheme U of C and any extension field L of K inside K,
we write Uy, for the normalisation of U in L and j;,: Spec L — Uy, for the canonical
inclusion of the generic point. More generally, we will write jy: U — V for the
inclusion of an open subscheme U of V and ix,: ¥ — V for the inclusion of a closed
subscheme X of V.

Furthermore, we fix for each closed point v € C' a strict henselisation of the
local ring at v inside K. We write Z, C D, C Galg for the corresponding inertia
group and decomposition group, &, for the geometric point over v corresponding to
the residue field of the strict henselisation, and §, for the corresponding geometric
Frobenius at §,. We let F(v) denote the residue field of v and deg(v) = [F(v) : F]
the degree of v over F.

For any compact or discrete abelian group A we let

AY = Homeont (4, R/Z)

denote its Pontryagin dual.
If £ # p, let ecye: Galg — Z;° denote the cyclotomic character:

o(¢) = =)

for any ¢F-th root of unity ¢ € K and any o € Galg. If A is adic Zs-algebra,
k € Z, and T is a Galg-module we let T'(k) denote the k-th Tate twist of T, i.e.
the Galg-module obtained from T' by multiplying the action of Galx by scyck .

Definition 3.1. An extension K. /K inside K is called an admissible (-adic Lie
extension if
(1) K /K is Galois and the Galois group Gal(K/K) is an ¢-adic Lie group,
(2) Ko contains the Zg-extension Fo, of F,
(3) Koo/K is unramified outside a finite set of places.

If Ko /K is an admissible ¢-adic Lie extension, we let G = Gal(K /K ) denote its
Galois group and set H = Gal(K o /Foo K), T' = Gal(Foo /F). We may then choose a
continuous splitting I' — G to identify G with the corresponding semidirect product
G=HxT.

Definition 3.2. Let A be an adic ring. We call a compact A[[Galk]]-module T
admissible if

(1) it is finitely generated and projective as A-module,
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(2) T is unramified outside a finite set of places, i.e. the set
{fveC | T™ £T}
is finite.

3.2. The adic sheaf associated to an admissible module. Let R be a com-
mutative compact noetherian local ring with finite residue field of characteristic ¢
and K, /K an admissible (-adic Lie extension with Galois group G. We let R[[G]]*
denote the admissible R[[G]][[Galk]]-module R[[G]] with g € Galk acting by the
image of g~! in G from the right.

Recall that for a finite ring A, taking the stalk in the geometric point Spec K
is an equivalence of categories between the category of étale sheaves of A-modules
on Spec K and the category of discrete A[[Galx|]-modules [Mil80, Thm. II.1.9]. In
our notation, we will not distinguish between the discrete R[[Galk]]-module and
the corresponding sheaf on Spec K.

An admissible A[[Galk]]-module T then corresponds to a projective system of
sheaves on Spec K. We want to consider the system of direct image sheaves under
the inclusion jg: Spec K — U C C. However, the naive definition, applying jx«
to each element of the system, leads to an object with some bad properties. We will
consider a stabilised version instead, redefining the direct image sheaf as follows.

Definition 3.3. Let A be an adic ring, U C C an open nonempty subscheme and
T an admissible A[[Galk]]-module. We define an inverse system of étale sheaves of
A-modules jr.T = (jx«T1)1e3,, Where

Jr-Tr = lim AT @ jrsT/JT.
JeTA

Proposition 3.4. Let A be a noetherian adic ring and T be an admissible A[[Galk]]-
module. For any I € T, jr«Tr is a constructible étale sheaf of A/I-modules on
U. If v is a closed point of U, then the stalk of jx+«T7 in the geometric point &, is
given by

(rsTr)e, = AT @x T

In particular, jx.T is an object in PDG ™ (U, A) if T** is a finitely generated
projective A-module for each closed point v of U.

Proof. Let V be the open complement of U by the set of points v with TE £T.
Consider an open étale neighborhood W of V and let L C K be the function field
of W. Then for any J C I

(AT @4 jiT/TT)(W) = (T/IT)% = (jic. T/IT)(W).

In particular, the restriction of A/I®pjxT/JT to V is alocally constant étale sheaf
of A/I-modules which independent of J. Now the category of étale sheaves of A/I-
modules on U which are locally constant on V' is equivalent to the category of tuples
(M, (My, &y)vev—v) where M is a discrete A/I[[Galk]]-module unramified over V,
the M, are discrete Galy(,)-modules, and ¢, : M, — M Zv are homomorphisms of
discrete Galy,(,)-modules [Mil80, Ex. I1.3.16].

By the above considerations, it is clear that the projective limit of the system
(AT ®p jr«T/JT) e, exists in the category of étale sheaves of A/I-modules
which are locally constant on V' and coincides with the projective limit taken in
the category of all étale sheaves of A/I-modules. Moreover, it corresponds to the
tuple

(T/IT, (1im AJT @ (T/ITV™,éy: lim A/T @ (T/IT)™ = (T/IT)™)peu-v).
JETA JETA
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Beware that the projective limit

lim A/T @y (T/JT)™
JETA

is a priori taken in the category of discrete A/I[[Galy(,,)]]-modules.
In the category of abstract A/I[[Galy(,)]]-modules, we have

lim A/T@p (T/JT)" = A/T@p lim (T/JT)" = A/T@ T
JETA JETA

Here, the first equality is justified because A/I is finitely presented as A°P-module
and because projective limits of finite A/I-modules are exact. Since A is noetherian,
T is finitely generated and A/I ®x TZv is finite. Hence, the equality

lim A/T@n (T/JT)" = A/T@y T
JETA

also holds in the category of discrete A/I[[Galy(,]]-modules. This shows that jx.T7
is constructible and that the stalks have the given form.
From the description of the stalks it is also immediate that

AT @ny g jrsTr = jrTr

such that under the given condition, jx.T is indeed an object of PDG™ (U, A).
O

Remark 3.5. Note that in any adic ring A, the Jacobson radical Jac(A) is finitely
generated both as left and as right ideal [War93, Thm. 36.39]. Therefore, the same
is true for all open ideals I € J4 and thus, A/I is a finitely presented A°P-module
even if A is an adic ring which is not noetherian. In this case, the conclusion of the
above proposition still holds under the assumption that T7* is a finitely presented
A-module for all closed points v € U. Nevertheless, we will restrict to noetherian
adic rings in the following to avoid technicalities.

Proposition 3.6. Let A be an noetherian adic ring, T be an admissible A[[Galk]]-
module, and U C V' be open dense subschemes of C. If { = p, assume that V = C.
For all k € Z

H* (V. jujieT) = lim HY(V, jujre.T/JT).
JETA

Proof. Let (Kj)jses, and (Cy)jes, denote the kernel and cokernel of the natural
morphism of systems

UrsTr)sean = (Gr«T/IT) sea,
of étale sheaves on U. The restriction of (Ky)jes, to the complement of
S={veU|T™ £T}

in U is 0. For v € ¥ the stalk of ; in the geometric point &, is a finite abelian
group for each J € J, and since

T = lim (jruTy)e, = Lim (jrT/JT)e,
JETA JET

>

we see that the projective limit of the system ((KCj)e,)se3, is 0. Hence, the system
must be Mittag-Leffler zero in the sense of [Jan88, Def. 1.10]: For each natural
number n there exists a m > n such that the transition maps

(ICJac(A)m )5/,1 — (K:Jac(A)" )ﬁu
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is the zero map. We conclude that the system of sheaves (K ) je5, are also Mittag-
Leffler zero. The same remains true for (jynKs) ez, with jp: U — V denoting the
natural inclusion. Now [Jan88, Lemma 1.11] implies

H*(V, (junK 7) sea,) = 0.

The same argumentation also shows
H (V. (juiCy)ses,) = 0.

Since the cohomology groups Hk(V,jUng*T/JT) are finite if ¢ # p [Del77, Th.
finitude, Cor. 1.10] or if V' = C [Mil80l Cor. VI.2.8] we conclude
HY(V, jonjreeT) = Y HY(V, jurjre.T/JT).
JETA
U

3.3. Properties of Selmer complexes. We will now fix an admissible ¢-adic Lie
extension K../K with Galois group G = H x T'. For a closed point v of C we
will write IC,, and 7, for the kernel and the image of the homomorphism Z, — G,
respectively. We also fix an open dense subscheme U of C, a commutative compact
noetherian local ring R with finite residue field of characteristic £, and an admissible
R[[Galk]]-module T.

Proposition 3.7. Let v be a closed point of U.
(1) For every I € Jgyqy);
(x+(RIG)F ©r T)1)e, = RGN/ @ryey (RG] @ TF) .
(2) If J, contains an element of infinite order then
(ix«(R[Gf @r T)1)e, = 0.

3) Assume that for every closed point v of U one of the following conditions
(3)

18 satisfied:

(a) Th = ’

(b) Ju contains an element of infinite order,

(c) T is a projective R-module and J, contains no element of order £.
Then jr«(R[[G)]f @r T) is an object in PDG ™ (U, R[[G]]).

Proof. Since R is noetherian, arbitrary direct products of copies of R are flat as
R-modules. Let G,, = ker G — (R[[G]]/ Jac(R[[G]])™)*. Since

lim RIG/Gy] = RG], lim' RIG/Gy] =0

the sequence

0 — R[[G]] = [[ RIG/G.] % [[ RIG/Gn] — 0

(with a being the difference of id and the transition morphisms) is exact. We
conclude that R[[G]] is flat as R-module. Hence, R[[G]|@r T = (R[[G]]@r T)*".
This and Proposition [3.4] proves the first assertion.
To prove the second assertion, note that
(RIGIF @r T**)7" = Y (R/JG)f @gyy T /TR )T
JETR

In particular, we may assume that R is a finite ring. We can then find an element
7 of infinite order in an ¢-Sylow subgroup of 7, which operates trivially on T%v.
We may replace J, by the subgroup T 2 Z, topologically generated by 7. We
now note that the R[[Y]]-module R[[G]]#, with 7 acting by right multiplication by
771, is the projective limit of the free R[[Y]]-modules R[[T]][U\G/Y] generated
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by the elements of the double quotient U\G/T, with U running through the open
subgroups of G. Since 7 — 1 is a nonzero divisor in R[[Y]] we obtain for each such
U an exact sequence of flat R-modules

0 — R[[Y]][U\G/T] 1 R[[Y)IU\G/Y] — R[U\G/Y] — 0.

The sequence remains exact after tensoring with 7%+ and passing to the projective
limit over the open subgroups U. We conclude that

(R[G))f @ T**)T = ker(r —1) ®id = 0

as desired.

For the third assertion it remains to verify that (R[[G]]*@rT*")7" is a projective
R[[G]]-module if T*v is a projective R-module and 7, contains no element of order
£. By the second assertion we may assume that 7, contains no element of infinite
order. This implies that the ¢-Sylow-subgroups of 7, must be trivial. However, the
£-Sylow subgroups of compact ¢-adic Lie groups are open subgroups. Therefore, 7,
is a finite group of order prime to ¢ and the invariants under 7, are given as the
kernel of the projector

1
id — Z g.
ﬂjv 9g€Ty
Hence, (R[[G]]* ®g T**)7> is a projective R[[G]]-module. By Proposition m we
then conclude that jx.(R[[G]]* ®r T) is an object in PDG“" (U, R[[G]]). O

Remark 3.8. If K. /K is unramified over U and f: Uy, — U is the principal
covering with Galois group G in the sense of [Wit1(, Def. 2.1] then

Jr« (RGN ®r T) = fif jrsT
in the notation of [Witl0, §6], see also [Wit10, Rem. 6.10].
We distinguish the following sets of bad primes.
Definition 3.9. In the situation of Prop. [3.7] we set
o={veC| T%v is not projective},
1 = {v € C | v satisfies none of the conditions of Prop.[3.7(3)},
o2 =E1U{v € C| J, has a nontrivial ¢-Sylow subgroup},

(1 [ [1]

Hy3 =EsU{v e C|im(K, — Autg T) has a nontrivial ¢-Sylow subgroup} .
Note that we have
ZoUZ] C 2y C Z3.
From now on, we fix two open dense subschemes V and W of C' and set
Sy=C-YV, Sw=C-W, U=Vnw.

The complexes RT(V, juijrs(R[[G]]* ®r T)) are the right analogue of Nekovar’s
Selmer complexes. Below, we will investigate their properties.

Proposition 3.10. Assume that UNZ; = 0. If £ = p we also assume V = C.
Then the complex

RI(V, jurjr«(RIGIf @R T))
is an object of PDG™(R[[G]]) and the canonical morphism
RI(V, jw-zik«(RIG]) @r T)) = RT(V, juijr« (RG] @ T))
is a weak equivalence in PDG™(R[[G]]). The same is true for V replaced by V.
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Proof. We let j': U — 25 — U denote the inclusion map. By Prop. we have
Jr«(R[[G]]* @r T)¢, = 0 for each v € U N =Zy. Hence, the canonical morphism

G (RIG @ T) = jLjr«(RIG] @ T)
is an isomorphism in PDG®™ (U, [[G]]). The assertion of the proposition is an

immediate consequence. |

Proposition 3.11. Assume that UNZy = 0. If £ = p we will also assume V = C.
Let A be a noetherian adic Zy-algebra and M be a A-R[[G]]-bimodule which is finitely
generated and projective as A-module.

(1) Let M be flat as R°P-module. Then the canonical morphism
U ROV, jujre«(RIGIF @1 T)) = RU(V, jurjrc. (M @rjey RIGI @R T))
is a weak equivalence in PDG®" (A).
(2) IfUNZ3 =0, then
U RIO(V, juijr« (RG] @r T)) = RT(V, jurjin« (M ®@gjay RIGI* ©@r T))
is a weak equivalence in PDG ™ (A) without any further condition on M.
The same is true for V replaced by V.

Proof. As explained in Section U )s commutes with RT(V,-) and RT(V,-). So,
we need to prove that

Ui (RGN} @R T) = jires(M ®pgpey RIG) @ T)

is an isomorphism in PDG®™ (U, A). Since this can be checked on stalks we need
to prove that

M ®gjq) (RG] ®@r T**)7* = M @p(ay (RG] @& T)™

for all closed points v € U. Since U N Ey = () the ¢-Sylow subgroup of 7, is trivial
such that taking invariants under 7, is an exact functor on the category of compact
Z[[J]]-modules. Moreover, TX is finitely generated and projective as R-module.
Hence

M @g(cy (RG] @r TF)T = (M ®@pjqy RIG* @5 T*)7".

If M is flat as R°P-module or if the image of K, in Autz(7T) is of order prime to ¢,
then also
M@rTr = (M @grT)*.

This completes the proof of the proposition. O
Corollary 3.12. Let { # p. For each k € Z
YV, joujr(RIGIF @R T)) = lim  H*(V, ju,1je.T)
KCyLCKs

where L runs through the finite Galois extensions of K inside K. If £ = p then
this is true for V= C.

Proof. By Proposition [3.6] we have

HE(V, juojr(RIGIF @r T)) = lim  H(V, jujk.(R[Gal(L/K)]f ©r T)).
KCyLCKo

Let f: Vi — V denote the finite morphism of schemes corresponding to the finite
extension L/K. Then

HE(V, juijr (R[Gal(L/K))f @p T)) = H¥(V, fujviieT) = H*(Vi, ju,1i0.T)
by [Mil80, Cor. 11.3.6]. O
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Proposition 3.13. Assume that H = Gal(K« /FxoK) is finite. If £ = p, we also
assume that V = C. Then for each k € Z

H*(V, juj«(RIG) @r T)) = H* ' (Vi ., juxc ik T)

=H"' (Ve v !jﬁxm*T)Gal(FK“’/K”)'

FKoo
In particular, H*(V, juijk«(R[[G]]* @& T)) is finitely generated as R-module.
Proof. We use Cor. and then proceed as in the proof of [Wit13l Prop. 13]. O

4. NONCOMMUTATIVE MAIN CONJECTURES

As before, we let R denote a commutative compact noetherian local ring with
finite residue field of characteristic ¢ and fix an admissible ¢-adic Lie extension
K /K with Galois group G = H x T, an admissible R[[Galk]]-module T, and two
open dense subschemes V' and W of the proper smooth curve C with function field
K. Recall that

U=vnw, Yy=C-Y, YSw=C-W.

We will also continue to use the general conventions from the beginning of Sec-
tion and the sets of bad primes Z; (i =0, 1,2,3) from Def.

4.1. L-functions. Below, we will define a 3y -truncated ¥y -modified L-function
of T'. For obviuous reasons we need to assume that U N Zg = (. Usually, one also
requires that Xy does not contain any v for which T is ramified. If £ # p however,
there exists a natural extension of the usual definition. In the case ¢ = p one can
still give a sensible definition under the condition that 7" is at most tamely ramified
for all v € Xy .

Under the assumption U N Ey = () we know by Prop. that jg«T is an object
in PDG®" (U, R). Hence, assuming ¢ # p, the complex i* R jy.juijr.T is in
PDG " (v, R) and we may define its L-function L(i* R jv.juijr.T,t) € R[[t]]* as
in [Wit10, §8].

In more concrete terms, we can proceed as follows. Let R, C Z, denote the
ramification subgroup and fix a choice of 7,¢ € D, /R, such that 7 topologically
generates the tame inertia group Z, /R, and ¢ is a lift of the geometric Frobenius
Fv. It is well known that 7 and ¢ topologically generate D, /R, and that

(,07'(,071 _ T,qdeg(z)
[INSWO00, Thm. 7.5.2]. We define a complex C*(T) of admissible R[[Galp(,,)]]-
modules as follows. For k # 1,2 we set C*(T) = 0. As R-modules we have
Co%T) = CYT) = TR» and the differential is given by id — 7. The geometric
Frobenius acts on C%(T) via ¢ and on C*(T) via

qdeg(v),l

el > 7| €RIDJR

m=0

The complex C*(T') may be viewed as an object in PDG™ (v, R) which is weakly
equivalent to i (R jv.«jujik.«T) and we have

L(i3 Rjwajircs T, t) = det(1 — t38WF, - CO(T)) ! det(1 — t4#WF, - CH(T)).
Note that if the ¢-Sylow-subgroups of im(Z, — Autg (7)) are trivial, then
L(i* RjvajonjrsT,t) = det(1 — t38F, : TT) "L det(1 — (tq)4°8F, : TT).
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Definition 4.1. Assume that U N =g = 0. If / = p we must also assume that T is
at most tamely ramified at v for all v € 3y,. We set

_ L(U,Z; R]V*]U']K*T) if ¢ #pa
fU(T’ t) - degv . L, \—1 deg(v) . I, : _
det(1 — t9°8vF, : T**)~tdet(l — (tq)9eWF, : T*) if £ =p.
The Yy -truncated Xy -modified L-function of T is given by
Ly sy (T,1) = [ det(1 = gt - 77) =1 T £o(T,1)
veU vEXY

We need a variant of this definition. Still assuming that UNZy = @), we note that
RT(C,jinjk.T) is in PDG“™(R), see Prop. Hence, W gy RI(C, jurjkT)
in an object in PDG“"(R[[t]]) on which id — §t acts as an automorphism. We
thus obtain a class

i — §t: gy RT(C, junjresT)] € Ky (PDGE (RI[]))) = Ky (R[[r]).
Recall further that the determinant induces an isomorphism
det: Ky (R[[t]]) — R[[t]]*.

Definition 4.2. Assume that UNEy = (). If £ = p we must also assume that T is
at most tamely ramified at v for all v € ¥y,. We set

EZW;EV (Tv t) = det[id — §t: \DR[[t]] RF(67jU!jK*T)]_1 H fU(T, t)'

VEX Y

We note that if £ # p then RT(V, jy1jg.T) is also in PDG™(R) and
IN/EW,ZV (T, t) = det[id — gt \I’R[[t]] RF(V, jUng*T)]_l.

Set

R{t) = lim R/I[]
IeTRr

and consider the multiplicatively closed subset
P={f(t) € R({t)| f(0)€ R*} C R(t).
It follows as in [Wit13l Thm. 1.9] that
[N/EW,EV (Ta t) € R<t>1>;
and that
Ly, =, (T,t)
LEW,EV (T7 t)

is equal to 1 if £ # p [Del77, Fonctions L mod ¢, Thm. 2.2] and to a unit in R(t) if
¢ = p [EKOT, Cor. 1.8].

Let v be the image of § in I' = Gal(Foo /F). We recall from [Wit13| Lemma 1.10]
that

R(t)p — R[[[Ys,  t=r7"
is a ring homomorphism such that we obtain elements
LEW,EV (Ta 7_1)a -Z/EW,EV (Ta ’y_l) € R[[F]]g :

These elements are the natural analogues of the classical ¢-adic L-function in the
number field case.
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4.2. The main conjecture for /-adic representations. As before, we fix an
admissible f-adic Lie extension Ko,/K with Galois group G = H x T" as well as
two open dense subsets V' and W of the smooth, projective and geometrically
connected curve C over F with function field K. In this section we will discuss
non-commutative Iwasawa main conjectures for the admissible R[[Galk]]-module
T, with R any commutative compact local noetherian ring with finite residue field
of characteristic /. We will need the Waldhausen categories PDG """ * (R[[G]])
and wyPDG ™ (R[[G]]) from Def. Recall also the evaluation map @, from
21).

First, we treat the case £ # p.

Theorem 4.3. Assume that £ # p and that U NZE; = (. Then

(1) ROV, jurjr«(R[[G])* ®@grT)) is in PDG "4 (R[[G]]) and the endomor-
phism id — Fr of RU(V, juijr«(R[[G)]f ®r T)) is a weak equivalence in
wyPDG ™ (R[[G]]).

(2) Set

Lo /kzw .y (D) = [id=Fs: ROV, junjr(B[G]F ©r 7)™

in K1(R[[G]]s). Then
(a) Lk k2w, (T) = —=[RT(V, jujr+(RIG]]F @R T))]
(b) For any commutative compact noetherian local ring R’ which is a finite

flat extension of R and any admissible R'[[Galk]] module p such that
the Galg -action factors through G

P, (L sw, sy (T) = Ly u@nv)sy (T @r py ).

Proof. Set
F = juiik«(R[[G* @& T).
We begin by showing (1). By Prop. the complex RT'(V,F) is an object in
PDG™(R[[G]]) and we may assume that U N Zy = (). We can hence find a
strictly perfect complex C* of R[[G]]-modules and a quasi-isomorphism
Cc* — Jim RI(V, Fy).
IeJac(R[[G]])

In the case that H is finite, then the cohomology groups of C*® are finitely generated
R-modules by Prop. [3.13] Recall that R[[H]] is noetherian. Since every finitely
generated projective R[[G]]-module is flat as R[[H]]-module , the complex C*® is
also of finite flat dimension over R[[H]]. Hence, it is a perfect complex of R[[H]]-
modules and RT'(V, F) is in PDG®"""" (R[[G]]).

For general H we may choose an open pro-f-subgroup H' in H which is normal in
G. By [Witi0, Prop. 4.8] a complex in PDG“"(R[[G]]) is in PDG""“# (R[[G]])
if its image under W g, gy is in PDG®" /5" (R[[G/H']]). But

Vriia/a7) RI(V, juijr« (RG] ©r T)) = RT(V, jujx«(R[[G/H']) @r T))
is a weak equivalence by Prop. [3.11
Moreover, recall from Section [2.2] that we have an exact sequence
0— RI(V,F) » RI(V, F) 25, RO(V, F) - 0

in PDG™(R[[G]]). In particular, the endomorphism id — § is a weak equivalence
in wyPDG™(R[[G]]). This finishes the proof of (1).

By the explicit descripition of the boundary homomorphism 0 from Section 2.1
we conclude

did — 3] = RT(V, jurjx(R[G]]F ©r T))].
This proves the first part of (2).
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For the second part we we may still assume that U NZ5 = @. From Prop.
we conclude

D)(Lr./ksw, v (1) = Lr k/k5w.2v (T @R p)

Let (f: Cr_x — C,T) denote the principal covering with Galois group T' in the
sense of [Wit10, Def. 2.1] and consider the Waldhausen exact functor

fif*: PDG"(C, R) — PDG"(C, R[[']])

from [Wit10l, Def. 6.1]. Since f is everywhere unramified one checks easily on the
stalks that the natural morphism

F*Rjva)junir=(T) = (Rjve)juir« (R @ T)

is a weak equivalence in PDG"(C, R[[[']]). From [Witl0, Thm. 8.6] we thus
conclude

Ly k/ksw sy (T) = L(Rjv)juixT,7") = Ley s, (T,7 1)
and hence,
QP(EKOO/K12W7EV (T)) = LEW,EV (T QR 2 ’y_l)

as claimed. O

Similarly, we can derive in the case £ = p a main conjecture featuring a non-
commutative L-function Lk /x5, 5, (T') that satisfies an interpolation property
with respect to the functions Ls,, Uz, s, (T ®r p, 7 1).

Theorem 4.4. Assume that £ = p, that U NZE; = 0, and that Xy N 23 = 0, . e.
R[[G])* ®r T is at most tamely ramified for each v € Xy. Then

(1) RT(C, juijr«(R[[G))f @& T)) is in PDG""™ " (R[[G]]) and the endomor-
phism id — Fr of RT(C, jvijk«(R[[G)]f ®@r T)) is a weak equivalence in
wyPDG™ (R[[G])).

(2) Set

in/K,ZW,EV (T) =[id — §r: RT(C, juijr«(R[[G])f @& T))]~*
I lid - §ug®™ : (RG] @5 T)*™"]

vEX Y
in K1(R[[G]]s).Then
(a) Lk /K. 5w 5y (T) = =[RT(C, juijx«(R[G]]F ©r T))]
(b) For any commutative compact noetherian local ring R’ which is a finite
flat extension of R and any admissible R'[[Galk]] module p such that
the Galg -action factors through G

(PP(EKOO/K7EW7ZV (T)) = I/EWUE%ZV (T QR P, 771)'

Proof. If ¥y = (), then one proceeds exactly as in the proof of Theorem
For ¥y # () it remains to notice that id — F,q°&") is an automorphism of the
finitely generated projective R[[G]]-module (R[[G]]* @ T)%* such that its class lies
in Ky(R[[G]]) € Ki(R[[G]]s) and hence, has trivial image under the boundary
homomorphism 9. Moreover,

,([id~Fogs ™) (RIGIF@rT)™]) = detlid—y'Fuq"* ) : R[[I]]@r (T ®rp)"]
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such that

q)p(ZKOO/K,EW,EV(T)) =

o, (EKOO/K,EWUEQ,@(T) H lid — §ug®t™): (R[[G]) ®r T)I”]>
vEX Y

= EZWUE%EV (T XR p77_1)~
O

We conjecture that there also exists an element Lk __ /x5, 5, (T') interpolating
the actual L-functions Ly, uz,nvy,sy (T ®r ps 7).

Conjecture 4.5. Assume that £ = p, that UNZy = (0, and that Xy NZE3 = (.
There exists a Li_ /i 5 5y (T) € Ki(R[[G]]s) such that

(1) OLk /K 2w 5y (T) = —=[RT(C, juijx«(R[G)* @ T))]

(2) For any commutative compact noetherian local ring R’ which is a finite
flat extension of R and any admissible R'[[Galk]]-module p such that the
Galg -action factors through G

DLk /s, sy (T)) = Ly u@nv)sy (T @r p,y ).

So far, however, only a partial result regarding this conjecture is known by
previous work of Burns, Crew, Emmerton, and Kisin.

Theorem 4.6. Conjecture[].5 holds if G is commutative. If G is arbitrary, p > 2,
and R = Z, then there exists a Lx_ /i sy 5y (T) € Ki(Z[[G]]s) satisfying (1) and
the possibly weaker interpolation property

(2’) Let O be the ring of integers of a finite extension field of Q, and p an

Artin representation of Galg which factors through G and takes values in
O. Then

P, (L /wsw, sy (T) = Ly u@nv)sy (T ®r py ).
Proof. It suffices to show that there is an element v € Ky (R[[G]]) such that

B (1) = Ly u@Env),sy (T ®r p,y7 )

g LEWUEQ,EV(T ®R P, ’771)

Note that the right hand side of the equality does not depend on ¥y and Xy .
So, we may assume that ¥y = () and that Xy contains all points that ramify in
K. /K and all points v with T' # TZv. The existence of u then follows from [Burll]
Thm. 4.6] in the abelian case and from [Burlll, Thm. 1.1] for arbitrary G (see also
[Wit13l Prop. 2.3 and Thm. 1.5]. O

4.3. Calculation of the cohomology. In this section, we will give a description
of the cohomology groups of the complex RT'(V, juijr«(R[[G]]* ®r T)). We will
need the following generalisation of [Mil8(0, Prop. V.2.2.(b)].

Lemma 4.7. Assume that ¢ # p and that R and H are finite. Then
) ) _ ) . v
B (Vi o it T) = B2 (Wi jue i TV (1))

Proof. In the following, we drop the index K., and assume that C' is a curve over
F to ease the notation. For any étale sheaf F of R-modules on U, the canonical
morphism

JviRjusF = RjwajuF
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is a isomorphism in the derived category of complexes of étale sheaves of R-modules
on C. To see this, we note that

JuiviRiju«F = F 2 55 R jwwjo F,
i%5, RjwjoiF 2%, jiv RijwwjnF =0 25, jvi R ju.F,
5, 05y #0%, Rjve RjveF =0 205 Rijw.is, s, RjuF,
isy,, Jvt RjusF 25, Rjve Rjv.F 2is,, Rjw. Rjv.F 2i5,, Rjw.jonF.

Let Ry be the image of Z in R, let HOMy (F, Ro(1)) denote the sheaf of Ro-
homomorphisms F — Ry(1) on U, and set

Dy (F) = RHOMy(F, Ro(1)).

From the relative Poincaré duality theorem and the biduality theorem we obtain
natural isomorphisms

JuiDy(F) = Dy (R jusF), R ju«Du(F) = Dy (jinF)

in the derived category [KW01l, Cor. I1.7.3, Thm 11.10.3, Cor. IL.7.5]. Let f: C —
SpecF ., denote the structure map. Applying the Poincaré duality theorem again
we get

Hompg, (RT(W, junF), Ro[2]) = Hompg, (RT(C, jvi R ju.F), Ro[2])
= RI(C, Dc(jvi R jusF))
> RT(V, junDu(F)).
To finish the proof, we note that
Dy(j.T) = J.7V(1)
[Mil80l Proof of Prop. V.2.2.(b)] and take cohomology. O

Theorem 4.8. We assume either £ # p or V = C. Then
(1) H¥(V, junjr« (RG] @& T)) = 0 for k ¢ {1,2,3}.
(2)
TGk 4fU =V and H is finite,

HY(V, juijr« (RG] @ T)) = {0 else.

(3) If £ # p then
H(V, jurjre (RIGIF ©r T)) = B\ (Wi, june_1ircT" (1))
(4)

T(—1)galy, ifl#pandV =C,

H(V, juijk«(R[[G)f ®r T)) = {0 else.

Proof. In the view of Prop. [3.6| we may assume that R is a finite ring. We will first
consider the case that H is finite. Using Prop.|3.13|and the fact that the cohomology
of an étale sheaf of R-modules on the curve Vg, over the algebraically closed field
F is concentrated in degrees 0 up to 2 if £ # pand V = C and up to 1 if £ = p
IMil80, Cor. VI.2.5] or V # C [Mil80, Rem. V.2.4] we deduce Assertion (1) and the
second case of Assertion (4). Assertion (2) for H finite follows since

TGk fU=V

HO(VKooajUKOO!jKOO*T) =
0 else.
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We now assume ¢ # p. Assertion (3) is a direct consequence of Lemma
Moreover, the lemma implies

H?(C, juijr«(R[G* ©@r T)) = H(Ck., jux_tik.sT) = H Uk, kT (1))
= (TV (1)) = T(~1)Garp__ -

This proves Assertion (4) in the case £ # p.

Finally, we use Cor. to deduce the assertions for general H. In the case of
Assertion (2) it remains to notice that since T is finite there exists a finite extension
L/F K inside K., with T = Tz and such that Gal(K /L) is pro-£. Hence, the
norm map Ny p: T — T is multiplication by a power of £ for L C L' C L"” C K.
We conclude that

H' (Vjk«(R[Gf @ T))=  lm T =0
Foe KCLCKoo
if H is infinite. O

\

As we will explain in Section the following theorem may be viewed as a vast
generalisation of the main result of [GP12].

Theorem 4.9. Assume that UNZE; = 0, By # 0, and that either £ # p and By # ()
or{ =pand V = C. Then H*(V, juijr«(R[[G]]* ®r T)) is finitely generated and
projective as R[[H]|-module and has a strictly perfect resolution as R[[G]]-module.
Moreover,

[H(V, jorjre« (RG] ©r T))] = [RT(V, junjx (RG] ©r T))]

in Ko(R[[G]], R[[G]]s)-
Proof. By Thm. [£.3] and Thm. we may find strictly perfect complexes P® and
Q°* of R[[G]]-modules and R[[H]]-modules, respectively, which are quasi-isomorphic
to RT(V, jonjr«(R[[G])f ®r T)). By Thm. the only cohomology group of
these complexes that does not vanish is H?(V, jinjxs(R[[G]]f @ T)). Hence, the
above equality holds by Rem. Since R[[H]] is noetherian, we also see that
H2(V, junjx«(R[[G]]f @ T)) is finitely generated as R[[H]]-module. It remains to
prove that H*(V, jonjx«(R[[G]]f ®r T)) is projective as R[[H]]-module.

We first assume that R and H are finite. By Prop. [3.13] we know that

B2 (V. jojics (RIGIF @r T)) = B (Vi o, juse, K osT)
= Hl(VIFOOKajUFOOK!jIFOOK*R[H]ﬁ ®@rT))
is the only non-vanishing cohomology group of RT'(Ve__k, jus._ s jr. k+R[H]* @R
T). The projectivity of H2(V, jujx«(R[[G]]f ®@r T)) follows since for every finitely
generated R[H|°P-module M, the canonical morphism
M @i RT (Ve K 2jvs ey (Jro i« RIH]* @ T))
!
RT (Vi i, Jve oM @rpm (e i RIH]F @R T))

is a quasi-isomorphism and the right-hand complex is still concentrated in degree
1. We may then use Prop. to deduce the general case. O

4.4. The main conjecture for Selmer groups. In this section we will assume
that R = O is a complete discrete valuation ring with finite residue field of char-
acteristic £ # p. Furthermore, we assume that Xy = (). Let T be an admissible
Ol[Galk]]-module. For K C L C K we may define as in [Gre89, §5] a Selmer group

Sels,, (L, T¥(1)) = ker H'(Gal., TV (1)) — € HY(Z,, T¥(1)),
veWy,
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for T.
If Ko/K is an admissible {-adic Lie extension we set

X xsw(T) = Sels,, (Koo, TV (1))".
Lemma 4.10. For any extension L/K inside K,
Selsyy (L, TY(1)) = H (W, jr. T (1)),
In particular,
H2(C, jw1jk+(Ol[G])F @0 T)) = Xk, i 5y (T)
for any admissible £-adic Lie extension K /K.

Proof. Without loss of generality we assume that L = K. According to [Mil80),
Lemma I11.1.6] we have for every integer k

H*(Galg, TV(1)) = lim H* (U, jx. TV (1)).
U

Here, U runs through the open dense subschemes of W. For any such U, the Leray
spectral sequence shows

H' (W, jre. TV (1) = ker H (U, . TV (1)) = € HO(v, i R je TV (1)).
veW-U

Recall that for any discrete Galx-module M one has i}jr. Mg, = M**. By con-
sidering an injective resolution of TV (1) we conclude

iR TV (1)e, = HY(Z,, TV(1)).

The first equality in the lemma follows after passing to the direct limit over U. The
second equality follows from the first equality and Thm. O

We may thus deduce the following reformulation of the non-commutative main
conjecture in terms of the O[[G]]-module Xk __ /x5, (T).

Corollary 4.11. Assume that G has no element of order £. Then

(2) In Ko(O[[G]], O[[G]]s) we have

LKk sw0 = — [Xxo ke sw (D] + [T(-1)calx ]

N [TC¥ k<] if Sy = (0 and H is finite,
0 else.

Proof. This is a direct consequence of (2.2)), Thm. and Thm. O

One might wonder under which conditions the class [T(—1)gal,_] is zero in
Ko(O[[G]], O[[G]]s)- This is not always the case. Since the forgetful functor
from Ny (O[[G]]) to the category of finitely generated O[[H]]-modules induces a
homomorphism Ko(O[[G]], O[[G]]s) — Ko(O[[H]]) a necessary condition is that
[T(—=1)Galx. ] is zero in Ko(O[[H]]). By a result of Serre [Ser98, Cor. to Thm.
C] (see also [AWO0S8, §1.3]) the class [T] of every O[[H]]-module T which is finitely
generated as O-module is zero in Ko(O[[H]]) precisely if the centraliser of every
element in H has infinitely many elements. This condition is for example not sat-
isfied by the group H = Z¢ x pp—1 with the group of £ — 1-th roots of units acting
by multiplication on Z¢ (¢ > 2).

Assume now that G =< 7,7 >2 Z; x Zy with y "'y = 71+¢, Set H =< 7 > and
consider the constant Z,[[G]]-module Z,. Clearly, [Z,] = 0 in Ko (Z[[H]]) according
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to the above result of Serre. However, [Z;] # 0 in Ko(Z¢[[G]],Z¢[[G]]s). Indeed,
the complex

v (v—vrtHu—o (i, 7)) ]]2 (v,w)—v—vy—wtwrHE

Ze[[G]] ZllG Z[|G]
is a projective resolution of Z,. Hence, the image of [Z,] in Ko(Z[[T]], Z¢[[T]]s) =
Z¢|[T])5 /Z¢[[T]]* under the natural projection map is given by the class of

e A

which is not a unit in Z,[[T']]*.

A sufficient criterion for the vanishing of the class [T'(~1)gal,_] in the group
Ko(O[[G]], O[|G]]s) is given in [FKO6, Prop. 4.3.17]. Here is a variant of it, inspired
by [Zab10, Prop. 4.2].

Proposition 4.12. Let G = H x T be an {-adic Lie group without elements of
order £. Assume that there exists an {-adic Lie group H' and a homomorphism
p: G — H' xT such that

(1) The image of G is open in H' x T.

(2) p(H)N H' is open in H'.

(3) H' has no elements of order £.

(4) The centraliser of every element in H' has infinitely many elements.

Let further O be a complete discrete valuation ring with finite residue field of char-
acteristic L. Then the class of every O[[G]]-module which is finitely generated as
O-module is zero in Ko(O[[G]], O[[G]]s).

Proof. By the result of Serre the constant O[[H’]]-module O has trivial class in
Ko(O[[H']]). Since every O[[H']]-module may be considered as O[[G]]-module by
letting T act trivially, we see that [O] = 0 in Ko(Ng (O[[H' x T])), as well. By
assumption, every finitely generated O[[H’ x I']]-module which is finitely generated
as O[[H']]-module may be considered via p as a finitely generated O[[G]]-module
which is also finitely generated as O[[H]]-module. This induces an exact functor
Ny (O[][H' xT]) = Ng(O[|G]]) and hence, a homomorphism between the corre-
sponding K-groups. We conclude that [O] = 0 also in Ko(Ng(O[[G]])). If T is
any O[[G]]-module which is finitely generated and free as O-module and M is any
module in Ny (OJ[[G]]), then T ®» M with the diagonal action of G is again in
Ny (O][G]]). This induces an endomorphism of Ko(Ng(OJ[[G]])) mapping [O] to
[T]. If T is a finite O[[G]]-module, then the image of G in Autp(T') is a finite group
A and we get an exact sequence

0=T' =T =T —0

with 7" and T” finitely generated O[A]-modules which are free as O-modules. So,
all three modules have trivial class in Ko(Ng(O[[G]])). If finally T is any O[[G]]-
module which is finitely generated but not necessarily free as O-module then its
submodule T# of O-torsion elements is a finite O[[G]]-module and the quotient
T/T# is free as O-module. This shows that [T] = 0 in general. O

4.5. The main conjecture for Picard 1-motives. In this section, we will clarify
the relation of the main conjectures in Section [£.2] with the main conjecture for ¢-
adic realisations of Picard 1-motives considered in [GP12].

We recall the notion of Picard 1-motives introduced by Deligne [Del74]. For this,
we need some more notation. Let Gy, x denote the étale sheaf defined by the group
of units of a scheme X. For any closed immersion iz: Z — X we let Gy, x,; denote
the kernel of the surjection

GmX — iZ* GmZ'
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From now on, we assume that X is a smooth and proper curve over a field k and
let K(X) denote its function field. We let jx(x)«Gmx(x) denote the étale sheaf of
invertible rational functions on X and Pz its subsheaf of rational functions which
are congruent to 1 modulo the canonical divisor of Z in the sense of [Ser88|, Ch. III,
§1]. For any locally closed subscheme Y of X we let Divy denote the étale sheaf
on X of divisors with support on Y and Div(f/ denote the kernel of the degree map
DiVy — 7.
Consider the diagram

0 0 0
00— Gmxz Gmx i2:Gmy ———0
0 Py Ik(x)+Cmk(x) — (I (x)+Cmr(x))/Pz —= 0
0——Divx_gz Divx Divy 0
0 0 0

of étale sheaves on X. One checks easily by taking stalks that all the rows and
columns are exact. The third column and the second and third row are exact even
in the category of presheaves. Hence,

H'(X,Pz) € H'(X, jr(x)«CGmx(x))

and the latter group is zero by Hilbert 90 and the Leray spectral sequence. In
particular, we have for any open dense subscheme Y of X:

H'(Y,Gmx z) = Divx_z(Y)/{div(f): f € Pz(Y)} =: Pic(Y, ZNY).

This group is usually called the Picard group of Y relative to the effective divisor
corresponding to ZNY. If Y = X and k is finite, then it is also known as the ray
class group for the modulus Z. We let Pic’(X, Z) C Pic(X, Z) denote the subgroup
of elements of degree 0. If k is algebraically closed, then it can be identified with
k-valued points of the generalised Jacobian variety of X with respect to Z [Ser88,
Ch. V, Thm. 1].

We will now assume that k = F. As before, we let p > 0 denote the characteristic
of F. One deduces from [Mil80, Ex. IT1.2.22] that for all étale open neighbourhoods
of X the higher cohomology groups of the sheaves in the third column and the
second and third row vanish, i.e. the sheaves are flabby in the sense of [Mil80, Ex.
II1.1.9.(c)].

Consider two reduced subschemes Z; and Z5 of X with empty intersection. The
Picard 1-motive for Z; and Z5 is defined to be the complex of abelian groups

Mz, z,: Divy (X) — Pic’(X, Z)

concentrated in degrees 0 and 1 [GP12l Def. 2.3]. Its group of n-torsion points for
a number n > 0 is given by

Mz, 230 =B ( Mz, 2, ®3 Z/(n))
and its f-adic Tate module is given by

TeMz,,2, = @Mzhzz,ek
k>0
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[Del74, §10.1.5).

Lemma 4.13. We have for all numbers n > 0
Mz, 2, = H'RT(X = Z1,Gmx z,) €5 Z/(n))

where RT(X —Z1, Gmx,zz) denotes the total derived section functor and ®% denotes
the total derived tensor product in the derived category of abelian groups.

Proof. Consider the complexes
A*: Divy, (X) — Pic(X, Zs),
B*: DiVZ1 (X) D 7)22 (X) — :DiVX,Z2 (X),

and

. —x
o S
We obtain two obvious distinguished triangles
Mgz, 7z, - A®* — E°, F* — B®* — A*.
Moreover, the obvious map from B*® to the complex
Pz, (X —Z1) = Divx_z,(X — Z7)

is a quasi-isomorphism. The latter complex may be identified with the complex
RT(X — Z1,Gumx,z,)- The claim follows since

H™Y(B® ®7Z/(n)) = H(E* ©5Z/(n)) = B (F* ®3Z/(n)) = H'(F* ®3Z/(n)) = 0.
O
Lemma 4.14. If ptn, then
RT(X = Z1,Gmx,z,) ©7 Z/(n) = RT(X = Z1, j(x —z,)11n)[1]
with w, the sheaf of n-th roots of unity on X — Zs. In particular,
Mz, zam EH (X — 21, j(x—zyypn) =2 H (X — ZZvj(szl)!Z/(n))v

Proof. The first statement follows from the Kummer sequences for G,, x and Gy, z,
and the exactness of the sequence

0 = J(x—2,)1Hn = iz k0 — 0.
The second statement follows from Lemma [£.13] and Lemma O
Lemma 4.15. For all numbers k > 0 the canonical morphism
RT(X = Z1,Gmx,z2,) ®5 Z/(p") = RT(X = Z1,Gmx) ®5 Z/(p*) 2 RT(X — Z1, 1)

is an isomorphism. Here, vy, = Wy, Q% 1. is the logarithmic De Rham-Witt sheaf
on X. In particular,
v

Mz, 2,0 2HUX — Zy, ) 2 HY(X, jx— 2,02/ (P")) "
Proof. Since we assume Z5 to be reduced, we have
RI(Z2,Gumz,) ®7 Z/(p") = 0.

This explains the first isomorphism in the first part of the statement. For the
second isomorphism we may use [GeilQ, Prop. 2.2] together with the identifications

Lk = Zx(1)[2] = Gmx[1]
in the notation of loc. cit.. The duality statement

. \
HY(X — Zy,vp) 2 HY(X, jx—2z.0Z/ (D))
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can be deduced from [Geil(O, Thm. 4.1]:
RI(X — Z1,v4) 2RI(X — Z1,Z%) ®F Z/(p*)[-1]
>~ RHomx_z (Z/(p"),Z%)
> R Hom(RT'(X, jx -z 2/ (p")), Z)

~ RT(X, jx_zZ/ (")) [-1].

For a free Zy-module M we set
M* = Homg, (M,Z¢) = (M ®z, Qi/Z)".

If M is a Z¢[[G]]-module for some profinite group G, then M* becomes a Z;[[G]]-
module via the operation defined by

(9a)(m) = a(g~'m)
forge G,me M and o € M*.

As before, we consider an admissible ¢-adic Lie extension K., /K with Galois
group G = H x I" and two open dense subschemes V and W of the proper smooth
curve C over F with function field K. We will assume that H = Gal(K /Foo K) is
finite. Set U = VN W and T = Gal(FK,, /K ). Recall that Y is of order prime
to /.

Proposition 4.16. Assume that H is finite.
(1) If £ # p, then H2(W, jinjx«Ze[[G)]}) is a finitely generated free Zg-module
and

(T, MEVMW Swe )Y = H2(V, jurnixZe[[G]]*(1))

Koo
= B (W, juji Zl[G]F)
(2) if £ = p, then H*(C, juinjx+Z|[G]]}) is a finitely generated free Zy-module
and

*

(Ty Msy, oz, )T =H(C i Z[IGI)

Proof. We first assume that U # W (and W = C if £ = p). Then the complex
RT(Wk.., jux . 1JKw+Ze) is quasi-isomorphic to a strictly perfect complex of Z-
modules P® whith P = 0 for i ¢ {1,2}. In particular, H'(P®) is a submodule of
the finitely generated and free Zy,-module P! and therefore, finitely generated and
free, as well. If U = W we let j': W' — Wik __ be the inclusion of the complement
of a single closed point. We then see that

HY (Wi i) = B (Witoo, 115 t)
is still a finitely generated and free Z,-module. By Prop. this module is

isomorphic to H2(W, junjx»Z¢[[G]]*). Then we apply Lemma and Lemma
U

Remark 4.17. Note that the image of T in Autz, (T, Mgv B ) is finite.

Hence, we can always choose the admissible extension K, / K large enough such
that
T
(Tf MEVEKOO ’ZWTKOO ) =Ty MZVTKQQ YW

FKoo

With K., /K as above, consider the sets Z; from Def. for the admissible
Z¢[[Galk]]-modules Z; and (if £ # p) Z¢(1). We note that Zg = @ and that

(1]

1 =23 =E3 ={veC|J, contains an element of order ¢} .
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Recall that g denotes the number of elements in F and that ~ is the image of the
geometric Frobenius in I'. The following two corollaries are a non-commutative
generalisation of Greither’s and Popescu’s main conjecture for Picard-1-motives
IGP12l Cor. 4.13].

Corollary 4.18. Assume that ¢ # p, that H is finite, that both ¥y and Xy are
non-empty, and that =1 C Xy U Xw. Then

(1) (T, Msy  sw )Y has a strictly perfect resolution as a Z,[[G]]-module

and is finitely genoeomted and projective as a Zg[[H]]-module. In particular,
it has a well-defined class in Ko(Ze[[G]], Z¢[[G]]s)-
(2) We have

OLxc oy sy (Ze(1) = = [(TeMsy s )T

FK oo
in Ko(Z[[G]], Z[[G]]s).
(3) Let O be the ring of integers of a finite extension field of Q; and p an
Artin representation of Galx which factors through G and takes values in
O. Then

(I)P(‘CKoo/K,EW7EV (Z@(l))) = LEquv (pa qil'yil)
Proof. This follows from Thm. with T = Z,(1) together with Thm. and

Prop. .16 O
Corollary 4.19. Assume that H is finite and that Yy is not empty. If £ # p we
also assume that Xy is not empty and that =1 C Xy U Xy . If £ = p we assume
that =1 C Xw. Then

(1) ((Tz Msy 5 )T) has a strictly perfect resolution as a Z;[|G]]-

FK oo

module and is finitely generated and projective as a Zg[[H]]-module. In
particular, it has a well-defined class in Ko(Ze[[G]], Z¢[[G]]s)-
(2) We have

Lk ks, sy (Le) = — [((TKMEWﬁKOO VKoo )T) *}

in Ko(Z[[G]], Z[[G]]s).

(3) Let O be the ring of integers of a finite extension field of Q; and p an
Artin representation of Galx which factors through G and takes values in
O. Then (except possibly if p=4{=2)

D, (Lx. k5w .5y (Ze)) = Ly 5y (0,771).

Proof. This follows from Thm. and Thm. with T' = Z, together with
Thm. [.9) and Prop. U

Remark 4.20. Note that our definition of Ly, », (p,t) follows Grothendieck’s con-
vention. If one uses Artin’s original definition then it corresponds to the L-function
of the dual representations of p, see [Mil80, Ex. V.2.20].

4.6. The main conjecture for function fields. In this section, we will deduce
a non-commutative function field analogue of the most classical formulation of the
Iwasawa main conjecture. We retain the notation of the previous sections. In
particular, we fix an admissible f-adic Lie extension K.,/K with Galois group
G = H x T'. Different from Section [.5] we do no longer assume the group H to be
finite, but we will assume that Xy = 0.

Corollary 4.21. Assume that £ # p and that G does not contain any element
of order £. Let M be the mazximal abelian £-extension of K., which is unramified
outside Yyy. Then
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(1) Gal(M/K) is in Ny (Z[[G]]) and
OLr i sw 0(Ze(1) = — [Gal(M/ Koo)] + [Ze]
. {[Zeu)} if Sw =),

0 else.

H is finite, and py C K

in Ko(Z[[G]], Z[[G]]5)

(2) Let O be the ring of integers of a finite extension field of Qp and p a con-
tinuous representation of Galyg which factors through G and takes values
in O. Then

Oy (Lic /i mw 0(Ze(1)) = Ly oz, 0(p a7 ).
Proof. From Thm. and from the equality
H' (Wi, Qe/Z¢) = Gal(M/K)".
we deduce
H2(C, jwiikZel[GF(1)) = X jic. (Zo(1)) = Gal(M/Ko)

. We then apply Thm. and Cor. Finally, we remark that Z,(1)%*k~ =0
if K., does not contain any ¢-th root of unity. If K., does contain an ¢-th root
of unity, then it contains also all £"-th roots of unity for any n, and therefore,
Zy(1)G¥ K = 7,(1) in this case. O

If G does contain elements of order ¢ then Thm. applied to Z,(1) is still a
sensible main conjecture; however, we can no longer replace the class of the complex

RT(V, juijr«(R[G)] ®r Ze(1)))] = —0Lk_ /ic,5.0(Ze(1))

by the classes of its cohomology modules. One may also apply Thm. [£.3] and
Thm. to Zy resulting in a main conjecture for every £. Main conjectures of this
type have already been discussed in [Burli].

4.7. The main conjecture for abelian varieties. In this section we let A be
an abelian variety over Spec K. We continue to assume ¢ # p and that Xy = 0.
Our aim is to deduce a precise function field analogue of the Gle main conjecture
in [CFK™05].

Let O be the valuation ring of a finite extension of Q; and p an admissible
O[[Galk]]-module. The Xy -truncated L-function of A twisted by p is given by

LZW (A7p7 t) = H det<1 - (gvt)deg(v): (Hl (A ><SpecK SPQCK, QZ) ®Zg ,0)1”)-
veW

If p is an Artin representation of Galg then Ly, (4, p,q~°) is the Hasse-Weil L-
function of A twisted by p.
We will write A for the dual abelian variety,

A(K), =ker A(K) % A(K)
for the group of n-torsion points and

T, A = lim
k
for the f-adic Tate module of A. It is well-known that T, A is an admissible
Z¢[[Galk]]-module. Moreover, the argument of [Sch82, §1] shows that for any closed

point v € C

(i« (Te A(=1) @2z, p))o @2, Qr = (H' (A Xspec & Spec K, Q¢) @z, p)*
such that

AT

LZW (Aa P, q_lt) = LZw,@(Tf A ®Zz P, t)
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As an immediate consequence of Thm. we obtain:
Corollary 4.22. Let Ko./K be an admissible {-adic Lie extension with ¢ # p.
Assume that 21 C Sy . Then:
(1) We have

Lk s 0(Te A) = —[RT(C, jwijx« (RG] @& T, A))]

in Ko(Z[[G]], Ze[[G]]5)-

(2) Let O be the ring of integers of a finite extension field of Q¢ and p a con-
tinuous representation of Galyx which factors through G and takes values
in O. Then

(I)P(‘CKOO/K,EW@(TK A)) = LEW (A7 P qilf}/il)'
For any extension L/K inside K we let
Sels,,, (L, A) = glkerﬂ (Galg, A - € H'(D,, A(K))
veWy,
be the Xy -truncated Selmer group of A over L. Here, D, denotes a choice of a
decomposition subgroup of v inside Galy, as at the beginning of Section

Lemma 4.23. For every admissible {-adic Lie extension Koo/K with ¢ # p we
have

Selssyy (Koo, A) 2 Sely,, (Koo, To(A)" (1))

Proof. Let L be a finite extension of K and let L, be the completion of L at v € W7,
According to Greenberg’s approximation theorem we have

H'(D,, A(K)) = H' (Galg, , A(L,))

[Mil06, Rem. 1.3.10]. Since the points of the formal group of A form an open
pro-p-subgroup of A(L,) we conclude from the Kummer sequence that

Sels,, (L, A) = lgkerH (Galy, A — P H'(D,, A(K))
veWr,

for all extensions L/K inside K. If F,, C L then D,/Z, is a profinite group of
order prime to £ and the Hochschild-Serre spectral sequence shows that

H!(D,, A(K) ) - H'(Z,, A(K) )

is an injection. Furthermore,

Te(A)' (1) = lim A(K) e
k

[Sch82, §1] such that indeed Sels:,, (Koo, A) 2 Sels.,, (Koo, Te(A) " (1)). O

In particular, we deduce the following function field analogue of the Gly main
conjecture of [CEKT 05| as a special case of Cor. [4.11]

Corollary 4.24. Let ¢ # p, Koo/K be an admissible (-adic Lie extension with
Galois group G, and A an abelian variety over Spec K. We assume that G does
not contain any element of order £. Then Sels,, (Koo, A)" is in Ny (Z[[G]]) and

OL k. /K o 0(Te(A)) = —[Selsy, (Koo, A)"] + [Te(A) (1) cal, ]
{[ o(A)Ck]  if Sy =0 and H is finite,

else.
in Ko(Z[[G]], Ze[|G]]5)-

The terms [T¢(A)(—1)cay,_] and [T¢(A)%!x] disappear in the following situ-
ation.
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Proposition 4.25. Let p # 2 and let A be an abelian variety over Spec K of
dimension g > 1 which is not of CM-type over K. Assume that { —1 > 2g and let
K be the extension of K obtained by adjoining the coordinates of all £™-torsion
points of A. Then Ko /K is an admissible ¢-adic Lie extension, Gal(K~/K) does
not contain any element of order ¢ and there exists a finite subextension K'/K of
K /K such that

Lk k5w 0(Te(A)) = —[Sely,, (Ko, A)"].
in Ko(Ze[[Gal(Koo /K')]], Ze[[Gal( Koo / K')]] 5)-

Proof. Tt is well known that Gal(K,/K) is the image of Galk in Autg, (T¢(A), that
T g(A) is a free Zy-module of rank 2g, and that Galgx acts on the determinant of
T,(A) via the cyclotomic character €oyc. This shows that Ko, /K is an admissible
¢-adic Lie extension. Since £ —1 > 2g, the group Autgz, (T¢(A) does not contain any
element of order ¢. By a result of Zarhin [Zar77, §4] one can find a finite extension

K'/K inside K, /K such that
Gal(K o /K') = Gal(Koo /Fou K) x Gal(Fao K/K).
with Gal(Ko /Foo K) pro-£. Since A is not of CM-type over K, Gal(K /Foo K) is
not finite. In particular, }
[Te(A(=1)] =0
in Ko(Z¢[[Gal(Koo /K")]], Z¢[[Gal(K o /K')]]s) by Prop. |4.12 O
Remark 4.26. If g = 1 in Prop. then one can take K’ = K. Indeed, Gal(K o /K)

must be open in Auty, (Ty(A)) = Gly(Z,) and the intersection of Gal(Ky, /Foo K)
with Sly(Z) is open in Sly(Z;). Otherwise, Gal(Ko/K) would contain a commu-
tative open subgroup by the above result of Zarhin, which is not possible since A
is not of CM-type over K (This was also observed in the thesis [Sec06], using a

different argument). By the assumption on £ we may write
Glg(Z@) = H/ X Ze
and one checks that the centraliser of each element in H’ is infinite. So we may
apply Prop.
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