NONCOMMUTATIVE L-FUNCTIONS FOR p-ADIC
REPRESENTATIONS OVER TOTALLY REAL FIELDS

MALTE WITTE

ABSTRACT. We prove a unicity result for the L-functions appearing in the
noncommutative Iwasawa main conjecture over totally real fields. We then
consider continuous representations p of the absolute Galois group of a totally
real field F' on adic rings in the sense of Fukaya and Kato. Using our unicity
result, we show that there exists a unique sensible definition of a noncommu-
tative L-function for any such p that factors through the Galois group of a
possibly infinite totally real extension.

1. INTRODUCTION

Let Fo/F be an (in the sense of [Kakl3|]) admissible p-adic Lie extension of
a totally real field F' that is unramified over the open dense subscheme U of the
spectrum X of the algebraic integers of F' and write G = Gal(Fw/F') for its Ga-
lois group. We further assume that p is invertible on U. The noncommutative
main conjecture of Iwasawa theory for Fo./F predicts the existence of a noncom-
mutative p-adic L-function Lr_;p(U,Z,(1)) living in the first algebraic K-group
Ki(Z,[[G]]s) of the localisation at Venjakob’s canonical Ore set S of the profinite
group ring

Z,[[G1) = lim Z,([G/H]).

H1G
open

This L-function is supposed to satisfy the following two properties:
(1) It is a characteristic element for the total complex RT.(U, fif*Z,(1)) of
étale cohomology with proper support with values in the sheaf fif*Z,(1).
(2) Tt interpolates the values of the complex L-functions Lx_y(p,s) for all
Artin representations p factoring through G.
We refer to Theorem for a more precise formulation.
Under the assumption that
(a) p#2,
(b) the Iwasawa u-invariant of any totally real field is zero,
the noncommutative main conjecture is now a theorem, first proved by Ritter and
Weiss [RW11]. Almost simultaneously, Kakde [Kakl3] published an alternative
proof, building upon unpublished work of Kato and the seminal article [Burl5] by
Burns. The book [CSSV13] is a comprehensive introduction to Kakde’s work. The
vanishing of the p-invariant is still an open conjecture. We refer to [Mih16] for a
recent attempt to settle it.

It turns out that properties (1) and (2) are not sufficient to guarantee the unique-
ness of Lr_;p(U,Zy(1)). It is only well-determined up to an element of the sub-
group

SK1(Zy[[G]]) € Ka(Zp[[G]]s)-
The first objective of this article is to eradicate this indeterminacy. Under the
assumptions (a) and (b) we show in Theorem that if one lets F,, vary over
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all admissible extensions of F' and requires a natural compatibility property for the
elements Lp_;r(U,Zy(1)), there is indeed a unique choice of such a family.

In the course of their formulation of a very general version of the equivariant
Tamagawa number conjecture, Fukaya and Kato introduced in [FK06] a certain
class of coefficient rings which we call adic rings for short. This class includes
among others all finite rings, the Iwasawa algebras of p-adic Lie groups and power
series rings in a finite number of indeterminates. Our second objective concerns
continuous representations p of the absolute Galois group Galp over some adic
Zy-algebra A. Assume that p factors through the Galois group of some (possibly
infinite) totally real extension of F' with finite ramification locus. As a consequence
of Theorem [12.2] we show in Theorem and Corollary that there exists a

unique sensible assignment of a noncommutative L-function

Lr.r(U p(1)) e Ki(A[[G]]s)

to any such p. For this purpose, we also introduce and study noncommutative
Euler factors. In the sequel [Wit] to the present article, we will use our result to
prove the existence of the (-isomorphism for p as predicted by Fukaya’s and Kato’s
central conjecture [FK06, Conj. 2.3.2].

In fact, Theorem applies more generally to perfect complexes F°* of A-adic
sheaves on U which are “smooth at co”. Moreover, in order to include noncommu-
tative versions of the type of main conjectures treated in [GP15], we also consider
the total derived pushforward Rk, F°® for k:U — W the open immersion into an-
other dense open subscheme W of X. The extension Fs/F may be ramified over
W —U, but places over p remain excluded from W.

We give a short overview on the content of the article. In Section [2] we recall
some of the K-theoretic machinery behind the formulation of the main conjecture.
Section ] contains an investigation of the base change properties of certain splittings
of the boundary map

0:Ki(Zp[[G1]s) = Ko(Zy[[G1], Zp[[G]s),

extending results from [Bur(09] and [Witl3b]. With the help of these splittings
we are able produce characteristic elements with good functorial properties, which
we call noncommutative algebraic L-functions. A central input to the proof of
Theorem [12.2]is Section [5] in which we show that SK1(Z,[[Gal(Fw/F)]]) vanishes
for sufficiently large extensions Fo,/F. The results of this section apply not only
to admissible extensions and might be useful in other contexts as well. Section [f]
contains the definition of a Waldhausen category modeling the derived category of
perfect complexes of A-adic sheaves and the explanation of the property of being
smooth at oo. In Section [f] we recall the notion of admissible extensions and the
definition of the complexes f f* F* induced by the procovering f:Up_ — U. We then
show in Section [§that our hypothesis (b) on the vanishing of the y-invariant implies
that for any perfect complex of A-adic sheaves F°* smooth at co and any admissible
extension Fu/F, the complexes RT.(W,Rk,¥°(1)) have S-torsion cohomology.
We also prove a unconditional local variant thereof. This local variant permits us
to introduce the notion of noncommutative Euler factors by producing canonical
characteristic elements for the complexes RT'(x,:* Rk, F*(1)) for any closed point
itx > W of W. Comparing Euler factors with the noncommutative algebraic L-
functions of these complexes, we obtain certain elements in K; (A[[G]]), which we
call local modification factors. The investigation of the Euler factors and local
modification factors is carried out in Section [0]and Section [I0] first in general, then
in the special case of the cyclotomic extension. This is followed by a short reminder
on L-functions of Artin representations in Section
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Section [[2] contains the main results of this article. We use Kakde’s noncom-
mutative L-functions and the noncommutative algebraic L-function of the complex
RT (U, fif*Z,(1)) to define global modification factors. Changing the open dense
subscheme U is reflected by adding or removing local modification factors. This
compatibility allows us to pass to field extensions with arbitrary large ramification.
We can then use the results of Section [5| to prove the uniqueness of the family of
modification factors for all pairs (U, Fo, ) with Fo, /F admissible and unramified over
U. The corresponding noncommutative L-functions are the product of the global
modification factors and the noncommutative algebraic L-functions. We then ex-
tend the definition of global modification factors and noncommutative L-functions
to perfect complexes F* of A-adic sheaves smooth at oo by requiring a compat-
ibility under twists with certain bimodules. In Theorem we show that the
global modification factors are also compatible under changes of the base field F'
and Corollary [T2.8|subsumes the transformation properties of the noncommutative
L-functions for the complexes F°.

The findings of this article were inspired by the author’s analogous results [Wit16]
on geometric main conjectures in the ¢ = p case. Parts of it were developed during
his stay at the University of Paderborn in the academic year 2014. He thanks
the mathematical faculty and especially Torsten Wedhorn for the hospitality. This
work is part of a larger project of the research group Symmetry, Geometry, and
Arithmetics funded by the DFG.

2. K-THEORY OF ADIC RINGS

All rings in this article will be associative with identity; a module over a ring
will always refer to a left unitary module. For the convenience of the reader, we
repeat the essentials of the K-theoretic framework introduced in [Wit14].

The formulation of the noncommutative Iwasawa main conjecture involves cer-
tain K-groups. We are mainly interested in the first K-group of a certain class of
rings introduced by Fukaya and Kato in [FK06]. It consists of those rings A such
that for each n > 1 the n-th power of the Jacobson radical Jac(A)" is of finite index
in A and

A =lim A/ Jac(A)".
n>1
We will call these rings adic rings as in [Witl14]. Hopefully, this will not lead to
confusion, as this term is now widely used in a slightly different sense by the school
of Scholze. By definition, an adic ring A carries a natural profinite topology. We
will write J, for the set of open two-sided ideals of A, partially ordered by inclusion.
Classically, the first K-group of A may be described as the quotient of the group
Gleo (A) = li_r)nGln (A)
n
by its commutator subgroup, but for the formulation of the main conjecture, it is
more convenient to follow the constructions of higher K-theory. Among the many
roads to higher K-theory, Waldhausen’s S-construction turns out to be particularly
well-suited for our purposes.

To construct the K-groups of A, one can simply apply the S-construction to the
category of finitely generated, projective modules over A, but the true beauty of
Waldhausen’s construction is that we can choose among a multitude of different
Waldhausen categories that all give rise to the same K-groups. Our choice below,
taken from [Witl14], was designed in order to make all necessary constructions as
natural as possible.

We recall that for any ring R, a complex M*® of R-modules is called DG-flat
if every module M™ is flat and for every acyclic complex N°® of R°P-modules, the
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total complex (N ®z M)® is acyclic. In particular, any bounded above complex of
flat R-modules is DG-flat. The notion of DG-flatness can be used to define derived
tensor products without this boundedness condition. As usual, the complex M*®
is called strictly perfect if M™ is finitely generated and projective for all n and
M™ = 0 for almost all n. A complex of R-modules is a perfect complex if it is
quasi-isomorphic to a strictly perfect complex.

Definition 2.1. Let A be an adic ring. We denote by PDG™(A) the following
Waldhausen category. The objects of PDG®"(A) are inverse system (P})res,
satisfying the following conditions:

(1) for each I €J,, P; is a DG-flat perfect complex of A/I-modules,

(2) for each I c J €Ty, the transition morphism of the system

¢15: P > P}
induces an isomorphism
A/J@A/[PI. EP}

A morphism of inverse systems (fr: P} — Q%) 1e3, in PDG™(A) is a weak equiv-
alence if every fr is a quasi-isomorphism. It is a cofibration if every f; is injective
and the system (coker f;) is in PDG®™(A).

Definition 2.2. Let A’ be another adic ring and M* a complex of A’-A-bimodules
which is strictly perfect as complex of A’-modules. We define ¥y to be the fol-
lowing Waldhausen exact functor

Uy PDG™(A) - PDG™(A), P* — (lim A'/T®r (M ®a Pr)*)ies,, -
JEjA

By [Witi4, Prop. 3.7] the K-groups K,,(PDG"(A)) of the Waldhausen cate-
gory coincide with the Quillen K-groups K,,(A) of the adic ring A and the homo-
morphism

Uae: Ky (A) = Ky (A)

induced by the Waldhausen exact functor ¥, coincides with the homomorphism
induced by the derived tensor product with M*®. The essential point in this ob-
servation is that J, is a countable set and that all the transition maps ¢;; are
surjective such that passing to the projective limit

lim P;

P

IGjA

is a Waldhausen exact functor from PDG“"(A) to the Waldhausen category of
perfect complexes of A-modules. We write

H'((P})1es,) = H'(lim Py)
Tedp

for its cohomology groups and note that

H'((P7)rea,) = lim H'(Pr)
Tedp
[Wit08, Prop. 5.2.3].

We will also need to consider localisations of certain adic rings: Note that for
any adic Zp-algebra A and any profinite group G such that G' has an open pro-
p-subgroup which is topologically finitely generated, the profinite group algebra
A[[G]] is again an adic ring. Assume further that G = H xT" is the semidirect prod-
uct of a closed normal subgroup H which is itself topologically finitely generated
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and a subgroup I' which is isomorphic to Z,. If A is commutative and noetherian
and H is a p-adic Lie group then A[[G]] is noetherian and the set
(2.1)

S={f e A[[G]]| A[[G]] LR A[[G]] is perfect as complex of A[[H ]]-modules}

is a left denominator set in A[[G]] in the sense of [GWO04, Ch. 10] such that the
localisation A[[G]]s exists [CFK*05, Thm. 2.4], [Wit13bl Cor. 3.4]. For general A
and H, this is no longer true, as the following example shows.

Ezample 2.3. Assume that either A = F, is the finite field with p elements and H
is the free pro-p group on two generators with trivial action of I' or A = F,(({x,y))
is the power series ring in two non-commuting indeterminates x,y and H is trivial.
In both cases, A[[G]] =F,((x,y))[[t]] is the power series ring over F,({x,y)) with
t commuting with « and y and the set S is the set of those power series f(x,y,t)
with f(0,0,¢) #0. Set s:=x—teS. If S was a left denominator set, we could find

=S ait e By y)[1]], b= bitieS

i=0 1=0
such that as = by, i. e.
aox = boy, a;x —a;—1 =byy fori>0.

The only solution for this equation is a = b = 0, which contradicts the assumption
belsS.

Nevertheless, using Waldhausen K-theory, we can still give a sensible definition
of K1 (A[[G]]s) even if A[[G]]s does not exist.

Definition 2.4. We write PDG®""*# (A[[G]]) for the full Waldhausen subcate-
gory of PDG™(A[[G]]) of objects (P7) Jea ey Such that

lim Pj

m

JeIaren
is a perfect complex of A[[H]]-modules.
We write wyPDG ™ (A[[G]]) for the Waldhausen category with the same ob-

jects, morphisms and cofibrations as PDG“" (A[[G]]), but with a new set of weak

equivalences given by those morphisms whose cones are objects of the category
PDG ™" (A[[G]]).

We may then identify for all n >0
K, (A[[G]], A[[G]]s) = K, (PDG"™" (A[[G]])),
Kps1(A[[G]]s) = Kns1 (wnPDG™ (A[[G]]))

[Wit14l § 4].

Thanks to a result of Muro and Tonks [MTO08], the groups Ko and K; of any
Waldhausen category can be described as the cokernel and kernel of a homomor-
phism between two groups that are given by explicit generators and relations
in terms of the structure of the underlying Waldhausen category. In particular,
Ko(A[[G]], A[[G]]s) is the abelian group generated by the symbols [P*] with P*
an object in PDG™*# (A[[G]]) modulo the relations

[P*]=[Q"] if P* and Q° are weakly equivalent,
[Py]=[Pr]+[P3] if 0 > P} > P; —» P; — 0 is an exact sequence.
If f: P* — P* is an endomorphism which is a weak equivalence in PDG*™ (A[[G]])

or in wyPDG™(A[[G]]), we can assign to it a class [f] in K;(A[[G]]) or
K1 (A[[G]]s), respectively. By the classical definition of the first K-group as factor
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group of the general linear group it is clear that these classes generate K; (A[[G]])
and if A[[G]] is noetherian, also K;(A[[G]]s). The relations that are satisfied by
these generators can be read off from the description of Muro and Tonks, see also
[Wit1d, Def. A.4].

Let A and A’ be two adic Zy-algebras and G = H xI', G = H' xI" be profinite
groups, such that H and H' contain open, topologically finitely generated pro-p
subgroups and I' = Z, = I. Suppose that K* is a complex of A'[[G']]-A[[G]]-
bimodules, strictly perfect as complex of A’[[G’]]-modules and assume that there
exists a complex L* of A'[[H']]-A[[H]]-bimodules, strictly perfect as complex
of A'[[H']]-modules, and a quasi-isomorphism of complexes of A'[[H']]-A[[G]]-
bimodules

L*®arAl[G]] = K°.
Here,
L*&zupAl[G]] = lim lim  L/TL* @aray A[[G]]/T
I€3 ey JEIN[[G]
denotes the completed tensor product.
In the above situation, the Waldhausen exact functor

(2.2) U e: PDG™ (A[[G]]) » PDG" (A'[[G']])

takes objects of the category PDG®™ " (A[[G]]) to objects of the category
PDG"u" (A'[[G']]) and weak equivalences of wgPDG ™ (A[[G]]) to weak
equivalences of wgPDG" (A'[[G"]]) [Witi14, Prop. 4.6]. Hence, it also induces
homomorphisms between the corresponding K-groups. In particular, this applies
to the following examples:

Ezample 2.5. [Witl4] Prop. 4.7

(1) Assume G = G', H = H'. For any complex P* of A’-A[[G]]-bimodules,
strictly perfect as complex of A’-modules, let K* be the complex P[[G]]°" =
AN'[[G]] ®a P* of A'[[G]]-A[[G]]-bimodules with the right G-operation
given by the diagonal action on both factors. This applies in particular
for any complex P°® of A’-A-bimodules, strictly perfect as complex of A’-
modules and equipped with the trivial G-operation.

(2) Assume A =A’. Let a:G — G’ be a continuous homomorphism such that «
maps H to H' and induces a bijection of G/H and G'/H'. Let K*® be the
A[[G']]-A[[G]]-bimodule A[[G']].

(3) Assume that G’ is an open subgroup of G and set H' = HnG'. Let

A = A" and let K* be the complex concentrated in degree 0 given by the
A[[G']]-A[[G]]-bimodule A[[G]].

Ezxample 2.6. The assumptions in Example (2) are in fact stronger than nec-
essary. We may combine it with the following result. Assume that G is an open
subgroup of G such that H == H'nG = H and I = (I")?". Let A = A’ and let K* be
the A[[G']]-A[[G]]-bimodule A[[G’]]. Fix a topological generator v’ € I and let L*
be the A[[H]]-A[[H]]-subbimodule of A[[G']] generated as left A[[H]]-module by
Ly, (7)%,...,(7")?"~'. Then L* is a strictly perfect complex of A[[H]]-modules
concentrated in degree 0 and the canonical map

L*&zanAlG]] > K, (@A L)

is an isomorphism of A’[[H']]-A[[G]]-bimodules such that [Wit14, Prop. 4.6] ap-
plies. In combination with Example (2) this implies that any continuous group
homomorphism a: G — G’ such that a(G) ¢ H' induces Waldhausen exact functors
between all three variants of the above Waldhausen categories.
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Ezample 2.7. As a special case of Example (1)7 assume that A = Z, and that
p is some continuous representation of G on a finitely generated and projective
A'-module. Let P, be the A’-Z,[[G]]-bimodule which agrees with p as A’-module,
but on which g € G acts from the right by the left operation of g~* on p. We thus
obtain Waldhausen exact functors

(2.3) @, = Varry o Yo, e

from all three variants of the Waldhausen category PDG™(Z,[[G]]) to the cor-
responding variant of PDG®™(A’[[T']]). If A’ is a commutative adic Z,-algebra,
then the image of

[2,[(G1] % Z,[[G]]] e Ki (Z,[[G]]), g<G,
under the composition of ®, with
det: Ky (A'[[T']]) = A'[[T]]"
is gdet(p(g))~!, where g denotes the image of g under the projection G — I'. Note

that this differs from [CEK*05, (22)] by a sign. So, our evaluation at p corresponds
to the evaluation at the representation dual to p in terms of the cited article.

3. A PROPERTY OF S-TORSION COMPLEXES

In this section, we prove Proposition which is an abstract generalisation of
[Wit13al Prop. 2.1]. We will apply this proposition later in Section
With the notation of the previous section, fix a topological generator v € I' and
set ¢ ==~ —1. Assume for the moment that A is a finite Z,-algebra and that H is a
finite group. Then
S ={t"|neZ,n>0}cS
is a left and right denominator set and the localisation A[[G]]s agrees with A[[G]]s.
Indeed, for any s € S, we may consider A[[G]]/A[[G]]s as a finite Z,[[t]]-module
and conclude that for any a € A[[G]] there exists an integer n >0 and a be A[[G]]
such that
t"a = bs
and the same argument also works with right and left exchanged. In particular, we
have
1 -n
AllG]]s = h_i%/\[[G]]t
as A[[G]]-modules.
Assume that p**! =0 in A. Then

in A whenever p™ + k. Hence,

n+i n+i W P pm Y
AP 1= (k)P -1 =P Z (p )tp (k1)
f=1 \kpn

n+i n+i n+i pl i n n i
R LR CE LD of Vi (RO ME i
=1 \kp

n pi pn+i nge i k-1 n
= (9P _1)2( n)(_l)p (p*=k) Z,yép
jo1 \kp £=0
and therefore,

A[[G]]s = lim A[[G]](+*" ~ 1),

n>0
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Since H was assumed to be finite, the same is true for the automorphism group of
H. We conclude that v? is a central element of G and I’ c G a central subgroup
for all n > ng and ng large enough. Set

The homomorphism

A[GNG" =D = A[[GI ], AP =D e A+ A[[GI(" - 1)
induces an isomorphism A[[G]](v*" - 1)"'/A[[G]] = A[[G/T?"]] such that the
diagram

n+1

ALIGN G = D)7AIG —— A[[GTI(*" - D)7Y/A[[G]]

Al[G/T7"]] i AllG/m7 ]

commutes. Hence, we obtain an isomorphism of (left and right) A[[G]]-modules

A[[G]]s/A[[G]] 2 lim A[[G/TP ).
We note that this isomorphism may depend on the choice of the generator ~.
For any strictly perfect complex P*® of A[[G]]-modules, we thus obtain an exact
sequence

0~ P* — A[[G]]s ®agrey P* ~ lim A[[G/T”" 1] @afiyy P* 0.

n

If P* is also perfect as a complex of A[[H]]-modules such that the cohomology of
P* is S-torsion, then we conclude that there exists an isomorphism
o ~ T p" )
P[] 2 lim A[[G/T" ]] ®[ay) P
in the derived category of complexes of A[[G]]-modules. In particular, the right-
hand complex is perfect as complex of A[[G]]-modules and of A[[H]]-modules.
This signifies that its cohomology modules
k(1: p" o\ _ 1: k p" o\ ., prk+1 °
H*(Im A[[G/T" ]] (g P°) = im HY(A[[G/T ]] ®a[1qy) P7) 2 H(P?)
are finite as abelian groups.
We now drop the assumption that A and H are finite. Let I c J be two open

ideals of A and U c V be the intersections of two open normal subgroups of G with
H. Then the diagram

0 —=A/I[[G/U]] — A/I[[C|¥/U]]s —— lim A/I[[G/UT?"]] ——0
0 — AJ[[G/V]] — ALJ[[G[V]]s —Lim A/J[[G/VI?"]] —0

n

commutes and the downward pointing arrows are surjections. Tensoring with P*
and passing to the inverse limit we obtain the exact sequence

0 - P* - lim A/I[[G/U]]s ®xficy P* — limlim A/I[[G/UT" ][] @apicyy P* = 0.
.U LU n
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If P* is also perfect as a complex of A[[H]]-modules, then complex in the middle
is acyclic and we obtain again an isomorphism
P*[1] = limlim A/I[[G/UT*"]] @16y P*
I.,U n
in the derived category of complexes of A[[G]]-modules and hence, isomorphisms
of A[[G]]-modules

HY(P*) 2 lim lim H* (A/I[[G/UT™" ]] @41y P*)-
ILU n

Here, we use that the modules in the projective system on the righthand side are
finite and thus LiLn—acyclic.

Finally, assume that (Q%) e3¢ IS a complex in PDG"""# (A[[G]]). Then
we can find a strictly perfect complex of A[[G]]-modules P* and a weak equivalence

fr(A[IG1)] T @a1161) P*) seangoy = (@) seangan

in PDG"""# (A) [Wit08, Cor. 5.2.6]. Moreover, this complex P* will also be
perfect as a complex of A[[H]]-modules. For I € 35, U the intersection of an open
normal subgroup of G with H and a positive integer n such that I'?" is central in
G/U we set

Jrun = ker A[[G]] — AJI[[G/UT"]],
such that the J; y, form a final subsystem in J,[;g)- We conclude:

Proposition 3.1. For (Q%)jes, oy i PDG"H (A[[G]]) there exists an iso-
morphism

Rlim Q5[1] = RlmlnQs,
JeT e Lo

in the derived category of A[[G]]-modules and isomorphisms of A[[G]]-modules

lim H"(Q)) = limlim I*(Q3, ,,,)-
JeTaran Lo

Remark 3.2. For any (Q%).se3, oy i PDG*™(A[[G]]) we obtain a distinguished
triangle

Rligl QY ~ RELHA/I[[G/U]]S ®%/1[[G/U]] R@Q}I,U,n - Rlith_H}Q}I,U,n
JeTA[an 1,U n I,U n

in the derived category of complexes of A[[G]]-modules.

4. NONCOMMUTATIVE ALGEBRAIC L-FUNCTIONS

Let G = H x T as before. Recall the split exact sequence

0~ Ki (A[[G]]) > K1 (A[[G]]s) > Ko(A[[G]], A[[G]]s) ~ 0.

[Wit13bl Cor. 3.4], which is central for the formulation of the noncommutative main
conjecture: The map K;(A[[G]]) = K1 (A[[G]]s) is the obvious one; the boundary
map

O: K1 (A[[G]]s) » Ko(A[[G]],A[[G]]s)

on the class [f] of an endomorphism f which is a weak equivalence in the Wald-
hausen category wgPDG ™ (A[[G]]) is given by

0[f] = =[Cone(f)"]
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where Cone(f)* denotes the cone of f [Wit14, Thm. A.5]. (Note that other authors
use —0 instead.) For a fixed choice of a generator v € I, a splitting s., of 0 is given
by

~ 2®y—r®y-zv &y

(4.1) sy ([P]) = [Al[Gll®ar ) P A[[GN@nrm P]!

where the precise definition of A[[G]]®x[])P as an object of the Waldhausen
category wgPDG ™ (A[[G]]) is

AllGN@armP = ( lim  A[[GI]/T @ar(a) Pr)ressgen
JeIaren

[Wit13bl Def. 2.12]. A short inspection of the definition shows that s, only depends
on the image of v in G/H. Following [Bur(09], we may call s,(-A) the noncommu-
tative algebraic L-function of A € Ko(A[[G]], A[[G]]s)-

Proposition 4.1. Consider an element A € Ko(A[[G]],A[[G]]s)-

(1) Let A" be another adic Z,-algebra. For any complex P* of A'-A[[G]]-
bimodules which is strictly perfect as complex of A'-modules we have

pranee (4(4)) = 5, (Y prayyee (4))

m Kl(A,[[G]]S)

(2) Let G' = H' xT" such that H' has an open, topologically finitely generated
pro-p-subgroup and I = Z,,. Assume that «:G - G’ is a continuous homo-
morphism such that «(G) ¢ H'. Set r = [G' : «(G)H']. Let v €I’ be a
generator such that a(y) = (v")" in G'/H'. Then

Varian)(84(A4)) = 55/ (Ware (4))

in Ky (A[[G']]s)-

(3) Assume that G’ is an open subgroup of G and set H' = HnG', r =[G :
G'H]. Consider A[[G]] as a A[[G']]-A[[G]]-bimodule. Then ~" generates
G'/|H' cG/H and

Vare11(5+(A4)) = sy (Yaran(A))
in K1 (A[[G]]s)-

Proof. For (1), we first note that by applying the Waldhausen additivity theorem
[Wal85], Prop. 1.3.2] to the short exact sequences resulting from stupid truncation,
we have
e = LD W iary
1€

as homomorphisms between the K-groups. Hence we may assume that P = P*® is
concentrated in degree 0. We now apply [Wit13bl Prop 2.14.1] to the A'[[G]]-
A[[G]]-bimodule M = P[[G]]° and its A’[[H]]-A[[H]]-sub-bimodule

N = N[[H]]®n P

(with the diagonal right action of H) and t1 :=ta =y -1, 71 =72 = 7.

For (2), we first assume that « induces an isomorphism G/H = G/H' and that
v = a(y). We then apply [Witi13bl Prop 2.14.1] to M = A[[G']], N = A[[H']],
and t1 =y -1, ta=aly) -1, 11 =7, 72 = a(y).

Next, we assume that G c G', H = H', and v = (#')". This case is not covered
by [Witl3bl Prop 2.14] and therefore, we will give more details. Consider the
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isomorphism of A[[G']]-A[[G]]-bimodules
wA[[G'TI®AaALLG]]” = ALG T ALLG]],
)\0 r—1

Then the map u®\ = u®\ — 1(7')"1®7'A on the righthand side corresponds to left
multiplication with the matrix

id 0 - 0 —(vHe(y)
0 id - : :

M = : : 0 :
P id ()& (y)
0 « - 0 id-(~yHe(y)

on the lefthand side. Let P* be a complex in PDG***# (A[[G]]). Then  induces
an isomorphism

kW arre (ALLGTI®Aray (P)") = A[[G TI®Ar 7 Y aria (P°)

in wgPDG“™(A[[G']]) while M corresponds to a weak equivalence such that
[M]7" = sy ([¥agran(P*)]) in K1 (A[[G']]s). The relations listed in [Wit14} Def.
A.4] imply that the class in Ky (A[[G']]s) of a triangular matrix such as M is the
product of the classes of its diagonal entries. Hence, [M]™" = gy (s4[P*]), as
desired.

In the general case, we note that the image of « is contained in the subgroup
G" of G’ topologically generated by (7')" and H' and recall that s, only depends
on the image of v in G/H. We are then reduced to the two cases already treated
above.

For (3), we first treat the case r = 1. By multiplying the initial choice of v by
a suitable h € H, we may assume v € G'. We then apply [Wit13b, Prop 2.14.1]
to M = A[[G]], N = A[[H]], and ¢;, 7; as above. If r > 1 we can thus reduce to
the case that G’ is topologically generated by H and 4" and apply [Wit13bl Prop
2.14.9].

In [Wit13h], we use a slightly different Waldhausen category for the construction
of the K-theory of A[[G]], but the proof of [Wit13b, Prop 2.14] goes through
without changes. 0

Assume that G =T and that M is a A[[T']]-module which is finitely generated
and free as a A-module. Then the complex

. id-(""®7)
—_—

Pt A[T]IéAM A[[T])éaM
| —— —_———
degree -1 degree 0

is an object of PDG®""*1(A[[I']]) whose cohomology is M in degree 0 and zero
otherwise. Moreover, one checks easily that

sy([P*]) = [id - (7"'&y) C A[[I]]oaM]
in K;(A[[T]]s). If A is commutative, then the image of s, ([P*]) under
det: Ky (A[[I']]s) - A[[T]]5
is precisely the reverse characteristic polynomial
det(id —ty C A[t] ®a M)

evaluated at t =y~ € I'. In fact, one may extend this to noncommutative A as well,
using the results of Section
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If M = A[[T]]/A[[T]]f with

F= G0+ E a0 -1 el
a monic polynomial of degree n in ~ _’ 1 then we conclude
sy([P*]) =["f C A[IT]] |-
5. ON THE FIRST SPECIAL K-GROUP OF A PROFINITE GROUP ALGEBRA

Let p be a fixed prime number. For any profinite group G, we write 9N(G) for
its lattice of open normal subgroups and G,. ¢ G for the profinite and hence, closed
subset of p-regular elements, i.e. the union of all ¢g-Sylow-subgroups for all primes
q # p. The group G acts continuously on G, by conjugation. For any profinite
G-set S we write Zy[[S]] for the compact G-module which is freely generated by
S as compact Z,-module.

In this section, we want to analyse the completed first special K-group

SK1(Zp[[G]]) = lim SKi(Z,[G/U])
UeN(G)
of the profinite group algebra
Z,([G]] = lim Z,[G/U].
UeN(G)
Note that SK;(Z,[[G]]) is a subgroup of the completed first K-group
Ki(Z,[[G]]) = lim K1 (Zp[G/U]).
UeN(G)

If G has an open pro-p-subgroup which is topologically finitely generated, then
Z,[[G]] is an adic ring and hence,

Ki(Zp[[G]]) = Ki(Zp[[G]])
by [FK0G, Prop. 1.5.3]. In the case that G is a pro-p p-adic Lie group a thorough
analysis of SK;(Z,[[G]]) has been carried out in [SVI3]. Note in particular that
there are examples of torsionfree p-adic Lie groups with nontrivial first special K-
group. Some of the results of loc. cit can certainly be extended to the case that G
admits elements of order prime to p. We will not pursue this further. Instead, we
limit ourselves to the following results relevant to our application.
Recall from [Oli88] that there is a canonical surjective homomorphism

Ha(G, Z,[[G,]]) = SK1(Z,[[G]])-

where
H2(szp[[Gr]]) = lﬂl HQ(G/U7 Zp[(G/U)T])
Uen(G)

denotes the second continuous homology group of Z,[[G,]]. We write X(G,) =
Map(G,,Q,/Z,) for the Pontryagin dual of Z,[[G,]], such that the Pontryagin
dual of Hy(G, Z,[[G,]]) is H*(G, X(G,)).
Lemma 5.1. Let G = H xT" be a semidirect product of a finite subgroup H c G and
27, Then H*(G,X(G,)) and SK,(Z,[[G]]) are finite.

Proof. Note that X (G, ) = X (H,) is of finite corank over Z,. The Hochschild-Serre
spectral sequence induces an exact sequence

0-H"(T,H'(H,X(H,))) »H* (G, X(H,)) - H(I,H*(H,X(H,))) ~ 0
where both H'(H, X (H,)) and H*(H, X (H,)) are finite p-groups. The lemma is

an immediate consequence. (]
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We are interested in the following number theoretic situation. Assume that
K is an algebraic number field and Ko is a Zp-extension of K. In particular
K /K is unramified over the places (including the archimedian places) of K that
do not lie over p. Let L. be a finite extension of K., which is Galois over K.
Set G = Gal(Lw/K), H = Gal(Leo/Kw), I' = Gal(Ko/K). We fix a splitting
I' > G such that we may write G as the semidirect product of H and I' and let
L be the fixed field of a p-Sylow subgroup of G containing I. Write L) for the
maximal Galois p-extension of L inside a fixed algebraic closure K of K. Note
that L) = Lf,f ) is the subfield of K fixed by the closed subgroup Gal; ) generated
by all ¢g-Sylow subgroups of the absolute Galois group Galy with ¢ # p. Hence,
Gal; ) c Galy_ is a characteristic subgroup and therefore, L(?) /K is a Galois
extension. The following is an adaption of the argument in the proof of [FK0G,
Prop. 2.3.7].

Proposition 5.2. Set G = Gal(L®?)/K). Then H*(G, X (G,)) = SK1(Z,[[G]]) = 0.

Proof. Note that the projection G — G induces a canonical isomorphism X (G,.) =
X (H,) and that X (H,) is of finite corank over Z,. We have

H'(Gal(L"W/L), X (H,)) = H'(Galy, X (H,))

for all ¢ according to [NSWO00, Cor. 10.4.8] applied to the class of p-groups and the

set of all places of L. Moreover, H*(Galy, X (H,)) = 0 as a consequence of the fact

that H*(Galp, Qp/Z,) =0 for any number field F' [FK06, Prop. 2.3.7, Claim].
Since [L: K] is prime to p, the restriction map

H(G, X (H,)) > H*(Gal(L" /L), X (H,))
is split injective. In particular, H*(G, X (H,)) = 0 as claimed. O
Note that if L. /K is unramified over a real place of K and p # 2 then L(p)/K

is unramified over this real place as well. For the sake of completeness we also deal
with the case p = 2 and consider for a set of real places ¥ of K such that Lo /K

is unramified over ¥ the maximal subfield L(Ezc) of L® which is unramified over X.
Note that L(ZQC)/K is still Galois over K.

Proposition 5.3. Set G = Gal(L(;c)/K). Then H2(G, X (G,)) = SK1(Z2[[G]]) = 0.

Proof. Let L' be the subfield fixed by the intersection of the centre of G with I' and
let Y := Map(Gal(L'/K), X (H,)) be the induced module. We obtain a canonical
surjection Y — X (H,) with kernel Z. For any discrete G-module A we have

H*(G, A) = @@ H*(Galg,, A)

veXg
where v runs through set Xf of real places of K not in ¥ and Galg, = Z/2Z
denotes the Galois group of the corresponding local field K, = R [NSW00, Prop.
10.6.5]. By the proof of the (p = 2)-case in [FK06, Prop. 2.3.7, Claim] we have
H*(Galg,, X (H,)) = 0 such that
H*(G,2) » H(G.Y)
is injective and hence,
H*(Gal(LEY /L)), X (H,)) = H*(G,Y) > H*(G, X (1))

is a surjection. Moreover, Galy, acts trivially on X (H,) such that it suffices to
show that

H2(Gal(L2) /L"), Qs/Z,) = 0.
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By the proof of [NSW00, Thm. 10.6.1] we obtain an exact sequence

0 H (Gal(L?/L')) » H (Gal(LP /L)) -
@ HY(Galy,) - H*(Gal(LY) /L)) » H*(Gal(L?)/L"))

vese (L)
where we have omitted the coefficients Qq/Zo and Xg (L") denotes the real places
of L' lying over X%. But

H?(Gal(L® /L)) = H*(GalL/) = 0

by [NSWO0O, Cor. 10.4.8] and [Sch79, Satz 1.(ii)]. Moreover, L’ is dense in the
product of its real local fields such that for each real place v of L', we find an
element a in L’ which is negative with respect to v and positive with respect to all
other real places. The element of H' (Gal(L(?)/L")) corresponding to a square root
of @ maps to the nontrivial element of H'(Galg,) = Z/2Z and to the trivial element
for all other real places. This shows that

HY(Gal(LE)/L')) » @ H'(Galg,)

veXg (L)

must be surjective. O

Corollary 5.4. Let KooK be a Zy-extension of a number field K and Loo /Ko be
a finite extension such that Lo [K is Galois with Galois group G. Assume further
that Leo /K is unramified over a (possibly empty) set of real places ¥ of K. Then
there exists a finite extension L. [Lo such that
(i) [L : L] s a power of p,
(ii) L, /K is Galois with Galois group G,
(i) L. /K is unramified over %,
(iv) The canonical homomorphism SKi1(Z,[[G']]) = SK1(Z,[[G]]) is the zero
map.

In particular, L', may be chosen to be totally real if Lo is totally real.

Proof. With L as above, set G := Gal(L®")/K) if p # 2 and G = Gal(L(;c /K)ifp=2
and set H =ker G - Gal(K/K). According to Lemma SK1(Z,[[G]]) is finite
and so, the image of

SKi(Z,[[61]) = lim SKi(Z,[[G/U nH]]) » SKi(Z,[[C]])
Uen(9)

will be equal to the image of SK;(Z,[[G/Us nH]]) for some Uy € N(G). We let L’
be the fixed field of Uy nH. Then L. clearly satisfies (i), (ii), and (iéi). Since
SK1(Z,[[G]]) = 0 by Prop. and Prop. |5.3] it also satisfies (iv). O

Remark 5.5. The extension L’ /K will be unramified outside a finite set of primes,
but we cannot prescribe the ramfication locus. However, assume Lo, /K is unrami-
fied outside the set S of places of K and that the Leopoldt conjecture holds for every

finite extension F' of K inside the maximal p-extension Lfgp ) which is unramified
outside S, i.e. that
H2(Gal(LP/F),Q,/Z,) = 0.

Then the same method of proof shows that we can additionally chose L’  to lie in
L(P)
s
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6. PERFECT COMPLEXES OF ADIC SHEAVES

We will use étale cohomology instead of Galois cohomology to formulate the
main conjecture. The main advantage is that we have a little bit more flexibility
in choosing our coefficient systems. Instead of being restricted to locally constant
sheaves corresponding to Galois modules, we can work with constructible sheaves.
An alternative would be the use of cohomology for Galois modules with local con-
ditions.

As Waldhausen models for the derived categories of complexes of constructible
sheaves, we will use the Waldhausen categories introduced in [Wit08| § 5.4-5.5] for
separated schemes of finite type over a finite field. The same constructions still work
with some minor changes if we consider subschemes of the spectrum of a number
ring.

Fix an odd prime p and let F' be a number field with ring of integers Or and
assume that U is an open or closed subscheme of X := Spec Op. Recall that for a
finite ring R, a complex F°* of étale sheaves of left R-modules on U is called strictly
perfect if it is strictly bounded and each F"™ is constructible and flat. It is perfect
if it is quasi-isomorphic to a strictly perfect complex. We call it DG-flat if for each
geometric point of U, the complex of stalks is DG-flat.

Let A be an adic Zp-algebra.

Definition 6.1. The category PDG" (U, A) of perfect complexes of adic sheaves
on U is the following Waldhausen category. The objects of PDG®" (U, A) are
inverse systems (¥, )res, such that:

(1) for each I € Ty, 7 is DG-flat perfect complex of étale sheaves of A/I-
modules on U,
(2) for each I c J €Ty, the transition morphism

YrJ: 9‘—1. g .'TJ.
of the system induces an isomorphism
AT ®nj1 77 = 5.
Weak equivalences and cofibrations are defined as in Definition [2.1

Definition 6.2. If U is an open dense subscheme of Spec O, we will call a complex
(7)) 1e3, in PDG™ (X, A) to be smooth at oo if for each I € J,, the pullback of
F7 to Spec F' is quasi-isomorphic to a strictly perfect complex with trivial action
of any complex conjugation o € Galp. The full subcategory of PDG®™ (U, A) of
complexes smooth at oo will be denoted by

]-)Dc_}cont,oe(U7 A)
Since we assume p # 2, it is immediate that if in an exact sequence
O—)_‘}"—)G'—)_‘]—[’—)O

in PDG (U, A), the complexes #* and #* are smooth at oo, then so is G*. Tt
then follows from [Wit08, Prop. 3.1.1] that PDG®""*(U,A) is a Waldhausen
subcategory of PDG™ (U, A).

We will write Ay = (A/I)es, for the system of complexes concetrated in degree
0 in PDG*™(U,A) given by the constant sheaves A/I on U. Further, if p is
invertible on U, we will write p,» for the Z/p"Z-sheaf of p"-th roots of unity on
U,and

(77 )1e3, (1) = (Um pipn ®2z,, F7 ) 1e3,

n

for the Tate twist of a complex in PDG" (U, A).
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We will consider Godement resolutions of the complexes in PDG“™ (U, A). To
be explicit, we will fix an algebraic closure F of F' and for each place = of F an
embedding F' c F, into a fixed algebraic closure of the local field F, in z. In
particular, we also obtain an embedding of the residue field k(z) of z into the
algebraically closed residue field % of F, for each closed point z of U. We write

% for the corresponding geometric point &:Speck(z) — U over = and set
U={2|zeU}.
For each étale sheaf F on U we set

(GuF)" =[] @ut*- ] aut*

aelU aelU

n+1

and turn (Gy #)° into a complex by taking as differentials
an:(GU —,T)n N (GU —,T)n-#l

the alternating sums of the maps induced by the natural transformation F —
[T @xt” F. The Godement resolution of a complex of étale sheaves is given by the
total complex of the corresponding double complex as in [Wit08, Def. 4.2.1]. The
Godement resolution of a complex () re5, in PDG™ (U, A) is given by applying
the Godement resolution to each of the complexes #; individually.

We may define the total derived section functor

RT(U,-):PDG"(U,A) - PDG*"™(A)
by the formula

REU, (77 )1e3,) = (LU, Gu #7)) 134 -
This agrees with the usual construction if we consider (7;")rey, as an object of
the “derived” category of adic sheaves, e.g. as defined in [KWO0I] for A = Z,. In
addition however, we see that RT'(U,-) is a Waldhausen exact functor and hence,
induces homomorphisms

RT(U, ):K,(PDG*™(U,A)) - K,,(A)

for all n [Wit08, Prop. 4.6.6, Def. 5.4.13]. Here, we use the finiteness and the
vanishing in large degrees of the étale cohomology groups H" (U, #) for constructible
sheaves of abelian groups in order to assure that RI'(U, (¥} )res, ) is indeed an
object of PDG®™(A). In particular, for each I € J5, RT(U, %) is a perfect
complex of A/I-modules. Note that we do not need to assume that p is invertible
on U (see the remark after [Mil06l, Thm. II.3.1]).

If j:U - V is an open immersion, we set

3(I7 )1ean = (W7 ) 1eans
Rje(F7 ) 1ean = (s Gu F1 ) 1eas -

for any (#;)1e3, € PDG ™ (U, A). While the extension by zero ji always gives us
a Waldhausen exact functor

G PDG ™ (U, A) - PDG™(V, A),
the total direct image

Rj.:PDG™(U,A) - PDG™(V,A)
is only a well-defined Waldhausen exact functor if p is invertible on V-U. If V-U
contains places above p, then R j. (7 )es, is still a system of DG-flat complexes

compatible in the sense of Definition (2), but for I € I, the cohomology of the
complex of stalks of the complexes R j. 7] in the geometric points over places above
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p is in general not finite, such that Rj.7; fails to be a perfect complex. In any
case, we may consider Rj, as a Waldhausen exact functor from PDG" (U, A) to
the Waldhausen category of complexes over the abelian category of inverse systems
of étale sheaves of A-modules, indexed by Jj.

The pullback f* along a morphism of schemes f and the pushforward f, along
a finite morphism of schemes are also defined as Waldhausen exact functors by
degreewise application. No Godement resolution is needed, since these functors are
exact on all étale sheaves.

As a shorthand, we set

RT(U, (47 )1e3,) = R(X, j1(F7 ) 1e34)

for j:U — X the open immersion into X = SpecOp. Under our assumption that
p # 2, this agrees with the definition of cohomology with proper support in [Mil06,
§I1.2]. If F' is a totally real number field and (F;) ez, (~1) is smooth at oo, then it
also agrees with the definition in [FK06l §1.6.3], but this is not the case in general.
For any closed point z of X and any complex #* in PDG™ (z, A), we set

RT(%, F*) =T(Speck(x),2* G, F°)
and let §, € Gal(k(z)/k(x)) denote the geometric Frobenius of k(x). We obtain
an exact sequence
0-RI(z,7*) > RO(&, 7*) 23% RO(%, 7°) - 0
in PDG®"(A) [Wit08, Prop. 6.1.2]. Note that if 2" is the geometric point corre-
sponding to another choice of an embedding F' c F',, and if §/, denotes the associated
geometric Frobenius, then there is a canonical isomorphism

o RT(%, F°) - RI(2', F°)
such that
(6.1) oo (id-3Fz) :(id—g_;)oo.

At some point, we will also make use of the categories PDG“" (Spec F,, A) for
the local fields F, together with the associated total derived section functors. In
this case, one can directly appeal to the constructions in [Wit08 Ch. 5]. We write
E}* for the maximal unramified of Fj in F, and note that we have a canonical

identification Gal(F " /F,) = Gal(k(x)/k(x)).

Lemma 6.3. Let j:U — V denote the open immersion of two open dense sub-
schemes of X and assume that i:x — V is a closed point in the complement of U
not lying over p. Write n,:Spec F,, — U for the map to the generic point of U.
Then there exists a canonical chain of weak equivalences

(6.2)  RI(&,i*Rj.F*) > RI(Spec F™ n* Gy F*) < RI(Spec F™, n* #*)

in PDG™ (A) compatible with the operation of the Frobenius on each complex and
hence, a canonical chain of weak equivalences

(6.3) RIT(z,i" Rj. F°) 5 RT(Spec Fy,n: Gu F°) bl RT(Spec Fy,niF*)
in PDG® " (A).

Proof. From [Mil80, Thm. III.1.15] we conclude that for each I € J,, the complex
1, Gu F1° is a complex of flabby sheaves on Spec F,, and that

RI(&,i* Rj.F) = T'(Spec F;",n: Gu F1°)
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is an isomorphism. Write G, for the Godement resolution on Spec F), with respect
to Spec F';, — Spec F,. Then

n. Gu 1 = Gr, n, Gu 97 < Gr, 0, 97

are quasi-isomorphisms of complexes of flabby sheaves on Spec F,,. Hence, they
remain quasi-isomorphisms if we apply the section functor I'(Spec F2*, —) in each

degree. Since the Frobenius acts compatibly on F* and k(«), the induced operation
on the complexes is also compatible. The canonical exact sequence

0 - I'(Spec F,,,-) = I'(Spec F;", -) 4%, I'(Spec F)',-) =0

on flabby sheaves on Spec F}, implies that the morphisms in the chain (6.3)) are also
quasi-isomorphisms. O

Remark 6.4. Note that for  lying over p, the proof of the lemma remains still valid,
except that the complexes in the chain (6.2)) do not lie in PDG“"" (A).

If A" is another adic Z,-algebra and M* a complex of A’-A-bimodules which is
strictly perfect as complex of A’-modules, we may extend Wjse to a Waldhausen
exact functor

Uy PDG™ (U, A) - PDG ™ (X, A"),
(25)ge3, = (Lim A'/T @ M* @5 25°)1e3,
JeTa
such that
Upe RT(U, 2°) - RT(U, Uy (2°))
is a weak equivalence in PDG®™(A’) [Wit08| Prop. 5.5.7].

7. ADMISSIBLE EXTENSIONS

As before, we fix an odd prime p and a number field F. Assume that Fo/F is
a possibly infinite Galois extension unramified over an open or closed subscheme
U =Ur of X =SpecOp. Let G = Gal(Fw/F) be its Galois group. We also assume
that G has a topologically finitely generated, open pro-p-subgroup, such that for
any adic Zp-algebra A, the profinite group ring A[[G]] is again an adic ring. For
any intermediate number field K of F/F, we will write Ux for the base change
with X = SpecOk and fg:Uk — U for the corresponding Galois covering of U,
such that we obtain a system of Galois coverings (fx:Ux — U)fpckcr,., which we
denote by

fl UFW - U.

As in [Witl4] Def. 6.1] we make the following construction.
Definition 7.1. Let A be any adic Z,-algebra. For #* ¢ PDG™ (U, A) we set

fiffF* = (lim  lim  A[[G]]/J ®qey) frifiF17) seanian
Iedp FcKcFo

As in [WitI4] Prop. 6.2] one verifies that we thus obtain a Waldhausen exact
functor
ff PDG™(U,A) - PDG™ (U, A[[G]]).
In particular, if U is open and dense in X and if k:U — W denotes the open

immersion into another open dense subscheme W of X, we obtain for each complex
F* in PDG“™ (U, A) a complex

RFC(W Rk’x—f!f*.‘]:.)
in PDG"(A[[G]]).
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Remark 7.2. Set V =Uu (X -W) and let j:U - V denote the corresponding open
immersion. Write j:V — X and k":W — X for the open immersions into X. For
any étale sheaf G on U, the canonical morphism

.
Kk.GYG 2 jL5GY G >, GG
is seen to be a quasi-isomorphism by checking on the stalks. Hence, for any #° in
PDG" (U, A), there is a weak equivalence

RT (W, Rk N[ F*) 2RIV, fif F°).

We recall that the righthand complex is always in PDG“™(A). Hence, the same is
true for the lefthand complex without any condition on U and W, even if Rk, fi f* F*
fails to be a perfect complex. In particular, we may use the two complexes inter-
changeably in our results.

We recall how the functor f,f* transforms under the change of the extension
F./F and under changes of the coefficient ring A.

Proposition 7.3. Let f:Up_ — U be the system of Galois coverings of the open
or closed subscheme U of X associated to the extension Fuo|F with Galois group
G which is unramified over U. Let further A be an adic Z,-algebra and F* be a
complez in PDG™ (U, A).

(1) Let A" be another adic Z,-algebra and let P* be a complex of A'-A[[G]]-
bimodules, strictly perfect as complex of A'-modules. Then there exists a
natural weak equivalence

Uprapse if F 2 fif " Upe fif F°

(2) Let F., c Fs be a subfield such that F.,|F is a Galois extension with Galois
group G' and let f':Up. — U denote the corresponding system of Galois
coverings. Then there exists a natural isomorphism

Uagren hf F = (0 F*

in PDG™ (U, A[[G']]).

(3) Let F'|F be a finite extension inside Foo[F, let fpr:Up: — U denote the
associated étale covering of U and let g:Up, — Up be the restriction of
the system of coverings [ to Up. Write G' ¢ G for the corresponding open
subgroup and view A[[G]] as a A[[G']]-A[[G]]-bimodule. Then there exists
a natural weak equivalence

Vaen fif F* 2 fr (99”) fr F°
in PDG ™ (U, A[[G']]).

(4) With the notation of (3), let G* be a complex in PDG ™ (Up/,A) and
view A[[G]] as a A[[G]]-A[[G']]-bimodule. Then there exists a natural
weak equivalence

Uarien fr 99" G° = fif (fF.G°)
in PDG™(U, A[[G]]).
Proof. Part (1) - (3) are proved in [WitT4l Prop. 6.5, 6.7). We prove (4). First,
note that for any F”' c F,, containing F’ and any I € J5 the canonical map
grn g (M), = e fen fen(Ay

induces an isomorphism

AI[Gal(F" |F)] @ rcair py] 95 Gin (M D ug, 2 fo frem frn (M.
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Hence,
Uaren(99*Av,, ) 2 fi fif Au
in PDG"(Up/, A[[G]]). We further recall that

f!f*fF’*g. = \Ilfgf*AufF’*g.
in the notation of [Wit14, Prop. 6.3]. The projection formula then implies
Vipag fr G 2 fr(Ups, ppoau (G7))
= fF’*(\I/‘I’A[[c]](gzg*AuF,)(g.))
= fr (Yaren (997 6°))
as desired. O

To understand Part (1) of this proposition, note that if p is a representation
of G on a finitely generated and projective A-module and P, is the corresponding
A-Z,[[G]]-bimodule as in Example then

(7.1) M(p)=Yp, fif (Zy)u

is simply the smooth sheaf of A-modules on U associated to p [Wit14l Prop. 6.8].
In general,

(7.2) Vp F*=VUps fif* F°

should be understood as the derived tensor product over A of the complex of sheaves
associated to P*® and the complex F°.

Let Fey. denote the cyclotomic Zj-extension of F' and let M be the maximal
abelian p-extension of Fiy. unramified outside the places over p. Assume that F'is a
totally real field. By the validity of the weak Leopoldt conjecture for Fiy., the Galois
group Gal(M/F.y.) is a finitely generated torsion module of projective dimension
less or equal 1 over the classical Iwaswa algebra Z,[[Gal(Feyc/F')]] INSW00, Thm.
11.3.2]. Like in [Kak13|, we will assume the vanishing of its Iwasawa p-invariant in
the following sense:

Assumption 7.4. For every totally real field F', the Galois group over Fgy. of
the maximal abelian p-extension of F,. unramified outside the places over p is a
finitely generated Z,-module.

In particular, for any totally real field F and any finite set ¥ of places of F
containing the places over p, the Galois group over Fiy. of the maximal abelian p-
extension of Fiy. unramified outside X is also a finitely generated Z,-module, noting
that no finite place is completely decomposed in Fey/F [NSWO00, Cor. 11.3.6]. We

also observe that the Galois group Gal(Fép )/ Fiyc) of the maximal p-extension of F
unramified outside X is then a free pro-p-group topologically generated by finitely
many elements [NSWO00, Thm. 11.3.7].

Definition 7.5. Let F' be a number field. An extension F.,/F inside F is called
admissible if

(1) Fw/F is Galois and unramified outside a finite set of places,

(2) Fo contains the cyclotomic Z,-extension Fiy.,

(3) Gal(Fs/Fgyc) contains an open pro-p subgroup that is topologically finitely
generated.

Definition 7.6. Let F be a totally real number field and F../F an admissible
extension.

(1) We call Foo/F really admissible if Fo, is totally real.
(2) We call Foo/[F CM-admissible if F, is totally imaginary and there exists
an involution ¢ € Gal(Fw/F) such that the fixed field F’, of ¢ is totally real.
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The notion of really admissible extensions is slightly weaker than the notion of ad-
missible extension used in [Kak13, Def. 2.1]: We do not need to require Gal(Feo /F)
to be a p-adic Lie group. For example, as a result of the preceeding discussion, we
see that we could choose Fo, = Fép ) for some finite set of places ¥ of F' containing
the places above p.

If Fo/F is an admissible extension, we let G = Gal(Fs/F) denote its Galois
group and set H = Gal(Fuw/Fcyc), I' = Gal(Foyc/F'). We may then choose a con-
tinuous splitting I' - G to identify G with the corresponding semidirect product
G=HxT.

If a really admissible extension Fo/F is unramfied over the open dense sub-
scheme U =W of X, A=7Z, and ¥°* = (Z,)y(1), then

lim  RTc(U, fif*(Zp)v(1))[-3]
TeTz,11em

is by Artin-Verdier duality and comparison of étale and Galois cohomology quasi-
isomorphic to the complex C(F./F) featuring in the main conjecture [Kakl3|
Thm. 2.11]. In particular,

RT(U, fif*(Zp)u (1))

is in fact an object of PDG"*"# (Z,[[G]]). We will generalise this statement in
the next section.

Note that for a CM-admissible extension F,/F, the automorphism ¢ is uniquely
determined and commutes with every other field automorphism of F,,. Conse-
quently, F* /F is Galois and a hence, a really admissible extension. As usual, we

write

1- 1+
e_ = 5 L7 ey = 9 L GA[[G]]

for the corresponding idempotents.

8. THE S-TORSION PROPERTY

Assume that F,,/F is an admissible extension that is unramified over the open
dense subscheme U of X = Spec Op and that k:U — W is the open immersion into
another open dense subscheme of X. Note that p must be invertible on U, because
the cyclotomic extension Fey./F is ramified over all places over p. We also fix an
adic Zjp-algebra A. Our purpose is to prove:

Theorem 8.1. Assume that Fe/F is really admissible and that p is invertible on
W. Let F* € PDG""®(U,A) be a complex of A-adic sheaves smooth at co. If
Assumption [7.4) is satisfied, then the complexes

REC((W Rk, fif*#°(1)), RI(W,kfif*#*)
are in PDG""# (A[[G]]).

In the course of the proof, we will also need to consider the following local variant,
whose validity is independent of Assumption [7.4]

Theorem 8.2. Assume that Fo[F is an admissible extension with k:U — W as
above. Let1:¥ — W denote a closed subscheme of W and assume that p is invertible
on . For any complex of A-adic sheaves F* in PDG ™ (U, A)

RT(Z,i* Rk fif  F*)
is in PDG"" " (A[[G]]).
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Using [WitI4l Prop. 4.8] we may at once reduce to the case that A is a finite
semisimple Z,-algebra and that Fo/Fy. is a finite extension. It then suffices to
show that the complexes appearing in the above propositions have finite cohomology
groups. We may then replace F°* by a quasi-isomorphic strictly perfect complex.
Using stupid truncation and induction on the length of the strictly perfect complex
we may assume that  is in fact a flat and constructible sheaf (unramified over o).
Note further that the cohomology groups

FcKcFo
H"(X,i" Rk fif F°) = 121 H"(Zk,i" Rk fjc F)
FcKcFo
do not change if we replace F' by a finite extension of F' inside Fs. So, we may
assume that Fo, = Foye and that no place in 3 splits in Foo/F. Further, we may
reduce to the case that X consists of a single place x. In particular, z does not split
or ramify in Fo/F and z does not lie above p.

We prove Theorem in the case that x € U. Under the above assumptions on

x, there exists a quasi-isomorphism

RI(z,i" Rk fif " F)2RT(z,i" fif*F) 2RI (x,q19"3" F)

where g:T. — x is the unique Z,-extension of x. We can now refer directly to
[Wit14l Thm. 8.1] or identify

Hn(mvg!g*i*?-) = Hn(Galk(w)7M®Fp FP[[F]]H)

with Galy(,) the absolute Galois group of the residue field k(z) of 2, M the stalk of
F in a geometric point over  and F,[[T']]* being the Galy(,)-module F,[[T']] with
o € Galy(,) acting by right multiplication with the image of o™l in I'. Tt is then
clear that the only nonvanishing cohomology group is Hl((}alk(gp)7 Mg, Fp[[T]]F),
of order bounded by the order of M.

Now we prove Theorem in the case that x ¢ W - U. By Lemma and the
smooth base change theorem there exists a chain of quasi-isomorphisms

RI(z,i* Rk, fif F°) = RT'(Spec Fy, ih* 1} F),

where F), is the local field in x with valuation ring OF,, 7,: Spec F; - U is the map
to the generic point of U, and h: Spec(Fy)eye = Spec Fy; is the unique Z,-extension
of F, inside F,. We may now identify

H"(z,i* Rk, fif*F°) = H"(Galp,, M @5, F,[[T]]})

with Galg, the absolute Galois group of the local field F; in x, M the finite Galg, -
module corresponding to 7% # and F,[[I']]* being the Galp,-module F,[[T']] with
o € Galp, acting by right multiplication with the image of ! in I'. The finiteness
of the cohomology group on the righthand side is well-known: We can use local
duality to identify it with the Pontryagin dual of

H* " (Gal(f,),,., M™)

where M™ is the first Tate twist of the Pontryagin dual of M.

Finally, we prove Theorem Assume that Foo/F is really admissible, that ¥
is smooth at oo, and that p is invertible on W. We begin with the case of étale
cohomology with proper support. Letting i:¥ — W denote the complement of U in
W, we have the exact excision sequence

)cyc’

0 RT(W. kik* REfif *F(1)) > RT(W.Rk. fif *#(1))
S RT(W,iri* Rkofif* (1)) = 0
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and quasi-isomorphisms

RT(W,kik™ Rk fif*F(1)) 2 RTe(U, fif*F (1)),
RI(W,ii* Rk fif *F(1)) 2 RI(S, i* Rk fif* 7 (1)).

By Theorem [8.2] we may thus reduce to the case W = U. Furthermore, we may
shrink U ad libitum. Hence, we may assume that ¥ is locally constant on U and
smooth at co. Consequently, there exists a finite Galois extension F’/F such that
F' is totally real, gp:Ups — U is étale and g, ¥ is constant. Then F(  /F is an
admissible extension and

p =g F(Ur)
may be viewed as a continuous representation of G' = Gal(F¢,./F') on a finitely

generated, projective A-module. Write g: U, Fl,. = U for the corresponding system
of coverings of U and observe that there exists a quasi-isomorphism

P, (RTc(U, g™ (Zp)u(1))) 2 RTe(U, fif 7 (1))

with ®, being defined by [Wit14l Prop. 5.9, 6.3, 6.5, 6.7]. Since ®, takes com-
plexes in PDG™"*" (Z,[[G]]) to complexes in PDG"*"# (A[[T']]), it remains
to show that the cohomology groups H (U, g19* (Z,)u (1)) are finitely generated as
Zy-modules. Now

0 if n+2,3,
He (U, 99" (Zp)u (1)) = Gal(M/F(y) ifn=2,
Ly, if n =3,

with M denoting the maximal abelian p-extension of FY, . unramified over U [Kak13]
p. 548]. At this point, we make use of our Assumption on the vanishing of the
p-invariant to finish the proof for the first complex.

We now turn to the second complex. If we had a good notion of a A-dual
for complexes in PDG®" (U, A) at our disposal, then we could reduce this case
immediately to the case that we have treated before, using a duality statement of
the type given in [FKO0G|, §1.6.2]. Since this theory has not yet been developed, our
argument is a little more involed. We still assume that A is a finite ring. Write
Y=W-U,V=Uu(X-W)and j:U -V, £:V - X i:3 - X for the natural
immersions. As mentioned in Remark [7.2] the exists a weak equivalence

RT(V.Rjif"F) 2 ROD(W ki fif* F).
Moreover, there is an exact sequence
0= ORI Nf*F >RUoj)NF > ii"Rifif ' F -0

Using Theorem [8:2) we may thus reduce to the case that V = X, W = U and # locally
constant on U and smooth at co. Recall that we assume that Foo/F = Feyo/F is
the cyclotomic extension. Write F, for the intermediate fields of Fyc/F. Write

F = Homy (F,Qp/Zp)
for the Pontryagin dual of the locally constant sheaf ¥ and
AY =Homeont (4, Qp/Zy)

for the Pontryagin dual of any compact Zy,-module A. By Artin-Verdier duality
[Mil06, Thm. II.3.1] there exists an isomorphism

H (U, fif*#)" 2 im H (U, , f7,, 7Y (1)) = Hy 7 (Upy., £ #7(1)).

n
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By what we have already proved above, RT.(U, fif*#Y(1)) is a complex in the
category PDG "™ (U, A[[T']]). Hence, we may apply Proposition to conclude
that

HY ™ (Urye, 17V (1)) 2 HE7(U, o f* (1))

is a finite group for all integers s. This implies that H*(U, fif* F) is a finite group
and hence, RT(U, fif*¥) is in PDG®""" (U, A[[T']]), as claimed. This finishes
the proof of Theorem [8:1]

Corollary 8.3. Assume that Fo[|F is CM-admissible and that p is invertible on
W. Let F* € PDG""®(U,A) be a complex of A-adic sheaves smooth at co. If
Assumption is satisfied, then the complexes

e+ RT(W. Rk fif*7°(1)), e-RU(W. Rk fif*F°),
e RD(W, ko fif* 7°), e RT(W, ki fif*7°(1))

are in PDG"" " (A[[G]]).

Proof. Without loss of generality, we may enlarge F,, by adjoining the p-th roots
of unity. In particular, the cyclotomic character

Ecycp+ GlalF - sz QC = CscyC(g)v ge€ GalF7 C € [p

factors through G = Gal(F/F). Set G, = Gal(F% /F) and write g, for the image
of g€ G in G,. We then obtain for every odd n € Z a ring isomorphism

A[IGT] = A[[GL I < A[[GH]], Gag = (9+s€eye(9)"94)-

The projections onto the two components corresponds to the decomposition of
A[[G]] with respect to e, and e_.

We will construct the corresponding decomposition of A(A[[G]]), where A ¢
{PDG™, wy PDG" , PDG™"""# } Write 1. for the A-A[[G]]-bimodule A
with g € G acting by ecyc”(g7") from the right and v~ [[G]]° for the A[[G]]-
A[[G]]-bimodule A[[G]] ®4 T, .~ with the diagonal right action of G. According
to Example we obtain Waldhausen exact functors

U, e AAG]]) - AA[[G]]).

€cyc

Moreover, considering A[[G.]] as a A[[G+]]-A[[G]]-bimodule or as a A[[G]]-
A[[G.+]]-bimodule, we obtain Waldhausen exact functors

Varre, i AAG]D) » AM[[GD,  agear AW[[G]]) ~ AA[[G]]).

Note that the composition

Ve, © Yage, i AAG]]) — AA[[G]])
is just the projection onto the e,-component, whereas the projection onte the e_-
component may be written as

W,

Ecyc

_aqrens AA[[G]]) ~ AA[IGT])

c

aes © Yare o Yare. o Y,
for every odd n € Z. We further note that
U, wttens (A F) = fif  F(n).

With this description, the claim of the corollary is an immediate consequence of
Theorem [R] ]
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8.1. Calculation of the cohomology. We retain the notation from the beginning
of the previous section. Our objective is to investigate the cohomology of the
complexes

RT.(W,Rk.fif*F(1)), RI(W,kifif*F), RIT(X,i"Rkfif F)

for a constructible adic sheaf 7, i.e. a complex in PDG®™ (U, A) concentrated
in degree 0. We will not use these results in the proof of our main conjecture in
Section[12] but they might help to tie the connection to classical objects in Iwasawa
theory. In particular, as a central result of this section, we want to establish the
link with the p-adic realisations of Picard-1-motives considered in [GP15].

The following two propositions are direct consequences of Proposition The-

orem [8:2] and Corollary [8:3]

Proposition 8.4. Let Foo/F be any admissible extension unramified over U. As-
sume that i:x — W is a closed point not lying over p. Then

H* (2,0 Rk fif* F) 2 Uim B (2 gy, ix RELT)
F/
where F' runs through the finite subextensions of Feo | F and zpy, denotes the finite

set of places of F. . lying over x. In particular,
H(z, 0" Rk fif*F)=0

fors+1 ifxelU and for s+ 1,2 if e W -U.

yc

Proposition 8.5. Let F be totally real and Foo/F be a CM-admissible extension
unramified over U. Assume that p is invertible on W and that F is smooth at co.
If Assumption[7.) is valid, then
e H(W, Rk, fif 7 (1)) 2 lime, ™ (W, RE.F (1))
FI
e- Hi(W,Rk. fif *F) 2 lime H ™' (Wey Rk F)
FI
e H*(Wokifif* ) 2 lime, B (W, ko F)
FI
e H*(W, ki fif *F) 2 lime_ H* ™ (Wgy ki F)
FI

where F' runs through the finite subextensions of Foo/F. In particular,
(1) e, HX(W, Rk if*F(1)) =e-H (W, REk.fif*F) =0 fors+2 if U+ W and
fors+2, 3 if W=U.
(2) e, H' (W, ki fif*F) = eeH (W ki fif*F(1)) =0 for s + 2 if U # W or if
U =W and FeofFeye is infinite and for s # 1,2 if U = W and Foo/F is
finite.

In particular, we obtain the following corollary.

Corollary 8.6. Let F be totally real and Foo/F be a CM-admissible extension
unramified over U. Assume that p is invertible on W + U and that F is smooth at
oco. If Assumption[7.4) is valid, then

e H2(W, Rk, fif* (1)), e- H2(W,Rk.fif*F),
e HA(W, kyfif* F), e H*(W, ko fif* 7 (1))

are finitely generated and projective as A[[H]]-modules and have strictly perfect
resolutions of length 1 as A[[G]]-modules. In particular, we may consider their
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classes in Ko(A[[G]], A[[G]]s) and obtain
[es HX(W, Rk fif *#(1))] = [es RT(W, Rk, f1f* 5 (1))],
[e- HE(W. Rk fif* )] = [e- RT(W, Rk if* 7)),
[e. H* (W, ki fif *#)] = [ex RE(W, i fif* )],
[e- HX(W, ki fif* 7 (1))] = [e- RE(W, 5 f1f* (1)),

Proof. We give the argument for X = e, H2(W ki fif*F); the proof of the other
cases is essentially the same. The A[[G]]-module X is the only nonvanishing co-
homology group of the perfect complex of A[[G]]-modules

P*= lim e, RD(W,j(fif* F)r)-
TeTaran

Since for any simple A[[G]]-module M,
M &1y P* 2 es RD(W, 1M ®4(1cy/3ac(aticn)) (L F)sac(arian)))

has no cohomology except in degrees 1 and 2, we conclude that there exists a
strictly perfect complex of A[[G]]-modules concentrated in degrees -1 and 0 and
quasi-isomorphic to X.

To show that X is a projective A[[H]]-module, it is sufficient to show that for
any simple A[[H]]-module M, the complex M ®%[[H]] P* has no cohomology in
degree 1. We may assume that A and H are finite. Write g:Ur, — U, for the
Galois covering of Ur__ with Galois group H. Then ‘

M @y P11 2 e. RT(Wk,,, it M @[y 919" F)
and
e H' (W, M @A) 919" F) =0
as desired.
We then have
[X]=[P*]=[es RD(W, i fif )]
in Ko(A[[G]], A[[G]]s)- O

9. NONCOMMUTATIVE EULER FACTORS

Assume as before that Fo./F is an admissible extension of a number field F'
which is unramified over a dense open subscheme U of X and write f:Up_ —
U for the system of Galois coverings of U corresponding to Foo/F. Let W be
another dense open subscheme of X containing U, but not the places over p and let
k:U — W denote the corresponding open immersion. We consider a complex ¥° in
PDG™(U,A). As the complexes

RT(z,i* Rk fif* F°)

are in PDG®""“" (A[[G]]) for iz — W a closed point, we conclude that the
endomorphism

RT(Z,i Rk fif* ) 55 R, i* Rbofif* F°)

is in fact a weak equivalence in wyPDG " (A[[G]]). Hence, it gives rise to an
element in K; (A[[G]]s).

Definition 9.1. The noncommutative Euler factor of Rk, F* at =, denoted by
L:FM/F(vak*f.L

is the inverse of the class of the above weak equivalence in K; (A[[G]]s).
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Note that Lp,_/p(z,RE.7*) is independent of our specific choice of a geomet-
ric point above z. Indeed, by and Relation (R5) in [Wit14l Def. A.4], we
conclude that the classes [id — §.] and [id - §, ] agree in K; (A[[G]]s). Moreover,
L r(2, Rk, F*) does not change if we enlarge W by adding points not lying over
p or shrink U by removing a finite set of points different from =x.

Proposition 9.2. The noncommutative Euler factor is a characteristic element
for RT(x,i* Rk fif*F°):

0Ly (2, RE.F®) = ~[RT(z,i" RE i f*F°)]
in Ko(A[[G]], A[[G]]s).
Proof. The complex RT'(x,i* Rk, fif*F*) is weakly equivalent to the cone of the
endomorphism

RD(2,i Rk fif* F°) 5% R4, i Rk fif F°)

shifted by one. Hence, the result follows from the explicit description of 9 given in

[Wit14, Thm. A.5). O

Definition 9.3. For a generator v € I', we define the local modification factor at z
to be the element

Mp_jpq (2, REF®) = Ly p(2, REF®)sy([RT(z,i" Rk F°)]).
in Ky (A[[G]D)-
We obtain the following transformation properties.
Proposition 9.4. With k:U — W as above, let A be any adic Z,-algebra and let
F* be a complex in PDG™ (U, A).
(1) Let A" be another adic Z,-algebra. For any complex P* of A'-A[[G]]-
bimodules which is strictly perfect as complex of A'-modules we have
Vprigyyss (Lpar(z,REF?)) = L r(2, REV 5. (F7))
in K1 (A'[[G]]s) and
\IJP[[G]]‘;’(MFN/F,’)/(Z.?Rk*.‘T')) = MFN/F7’Y(‘%.7R‘]€*@15.(T.))
in Ky (A'[[G]]).
(2) Let FL/F be an admissible subextension of Feo/F with Galois group G'.
Then
Unrre (Lroyr(@,REF®)) = Lpyp(v, RELF)
in Ki(A[[G']]s) and
Varten (M py (2, REF®)) = Mpr jpq (2, RECF®)
in K1 (A[[G']]).
(3) Let F'|F be a finite extension inside Foo[F. Set r:=[F'n Feyo: F]. Write
fr:Up — U for the corresponding étale covering and xp: for the fibre

in Spec Opr above x. Let G' ¢ G be the Galois group of the admissible
extension Foo [F' and consider A[[G]] as a A[[G']]-A[[G]]-bimodule. Then

Uaren(Lrer(@ REF)) = T] Lroyr (v, Rk i F*)
YET pr
in K1 (A[[G']]s) and
Uaren(Mre.jpq (2, REF*)) = T1 Mpojprqyr (u, Rk f1 )
YET pr

in K1 (A[[G]])-
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(4) With the notation of (3), assume that G* is a complex in PDG™ (Ugr, A)
and consider A[[G]] as a A[[G]]-A[[G']]-bimodule. Then
[T Yagen(Len e (v, REGY)) = L yp (e, R frr . G)
YET pr
in K1(A[[G]]s) and
[T Yaren(Me ey (v, RE.G®)) = M jpo o (2, Rk frr, G°)

YET pr
in K (A[[G])).
Proof. Note that the functor ¥ commutes up to weak equivalences with RT", i,
and Rk, [Wit08, 5.5.7] and apply Proposition [7.3] and Proposition Part (1)
and (2) are direct consequences.

For Part (3), we additionally need the same reasoning as in the proof of [Wit14]
Thm. 8.4.(3)] to verify that for any G* in PDG"(Up/, A)

(9.1) [[d-3F; CRI(yxs &, REk.gigG®)] =[id-Fy C RI(9,REk.q19" 1 G")]
in Ky (A[[G']]s). Here, g:Up,_ — Up: denotes the system of coverings induced by

f- This implies the formula for \IIA[[G]](ﬁFm/F(a:,Rk,,T')). Moreover, we have a
weak equivalence

Upren RE(z, RE N F*) 2 R (2p, REgig™ [ F°)
in PDG“"(A[[G']]). In particular,
sy ([Paran ROz, REAFF)]) = [T s (RT(y, Rkwgng” fi 7))
YET pr
from which the formula for W ey (M. /r~ (2, Rk F*)) follows.
For Part (4) we use (9.1)) to show
[T Yaren(Lenyr (v, REG®)) =
YET pr
= Uren([id -3 C RT(zp %o &, Rkagig*G*)] )
= [[d-F. O RL(&RE S frG)]
= [:Fm/p(.%‘,Rk’*fF/*g.).
On the other hand, we also have
Uaren RI(zp, REgig™6°) 2 R (2, REL fif " fr G°),

thence the formula for the local modification factors. O

10. EULER FACTORS FOR THE CYCLOTOMIC EXTENSION

In the case Fo = Feyc, we can give a different description of Lp_/r(z, F*). We
will undergo the effort to allow arbitrary adic Z,-algebras A as coefficient rings,
but in the end, we will use the results only in the case that A is the valuation
ring in a finite extension of Q. If one restricts to this case, some of the technical
constructions that follow may be skipped.

Let A[t] be the polynomial ring over A in the indeterminate ¢ that is assumed to
commute with the elements of A. In Section [13| we define a Waldhausen category
w:P(A[t]): The objects are perfect complexes of A[t]-modules and cofibrations
are injective morphism of complexes such that the cokernel is again perfect. A
weak equivalence is a morphism f: P* - Q° of perfect complexes of A[t]-modules
such that A ®]}\[ ] f is a quasi-isomorphism of complexes of A-modules. Here, A is

considered as a A-A[t]-bimodule via the augmentation map and A ®HA[t] - denotes
the total derived tensor product as functor between the derived categories.
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If A is noetherian, then the subset
Sy={f(t) e Alt]| f(0) e A"} c A[t]

is a left and right denominator set, the localisation A[t]s, is semilocal and A[t] -
A[t]s, induces an isomorphism
Ky (wP(A[2])) 2 Ky (Aft]s,)

(Proposition [13.1). For commutative adic rings, which are always noetherian
[War93 Cor. 36.35], we may further identify

Ki(Aft]s,) = Alt]s,
via the determinant map. In general, S; is not a left or right denominator set. We
then take
Ky (Aft]s,) = Ki (wP(A[t]))
as a definition.
For any adic Zy-algebra A and any v €I' = Z,,, the ring homomorphism

evy: A[t] = A[[T]], - f(8) = f(7).
induces a homomorphism
evy: K (Aft]s,) = Ki(A[[I]]s)

(Proposition [13.2)). In the noetherian case, the proof boils down to a verification
that ev,(S;) c S.

Definition 10.1. For 7* = (7)1c5, € PDG" (U, A) we define

L(z, Rk F°,1) = [P* 2255 P11 e Ky (A[t]s,)

where
P* = A[t]® lim RT(4,i* Rk, F°).
1eT
For any 1+~ €T, we write L(z,Rk.F*,v) for the image of L(z,Rk,F*,t) under

K1 (A[t]s,) —> K1 (A[[T]]s).

Since the endomorphism id —t§,, is canonical, it follows easily from the relations
in [Witldl Def. A.4] that L(z, F°,t) does only depend on the weak equivalence class
of F° and is multiplicative on exact sequences. So, it defines a homomorphism

L(z,Rk.(-),1):Ko(PDG ™ (U, A)) - K1 (A[t]s,).
Proposition 10.2. Let v, € T' be the image of F, in I'. Then
Lryr (@, REF*) = L(x, REF*7,0).

Proof. Since p is invertible on W, the extension Fy./F is unramified over W. By
the smooth base change theorem applied to the étale morphism fx:Wyx — W for
each finite subextension K /F of Fgy./F and the quasicompact morphism k:U - W
there exists a weak equivalence

A REF 2RENf T
in PDG™ (W, A). Hence, we may assume z € U = W.

For any finite subextension K/F in F,y./F write zx for the set of places of K
lying over x and g:xp,,, — x for the corresponding system of Galois covers. (We
note that this system might not be admissible in the sense of [Wit14l Def. 2.6] for
any base field F c k(x): for example if F' = Q and x = (¢) with ¢ # p splitting in the
cyclotomic Zp-extension of Q.) By the proper base change theorem there exists a
weak equivalence

i*flf*f. ~ g!g*i*?—o-
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By our choice of the embedding F c F,, we have a compatible system of morpisms

Speck(z) - zx for each K c Fy. and hence, distinguished isomorphisms
a:Z[Gal(K[F)] ®z Mz — (9r19x M)z
for the stalk 9 in & of any étale sheaf M on x. The action of the Frobenius §, on
the righthand side corresponds to the operation of -y;' ® F, on the lefthand side.
By compatibility, we may extend « to an isomorphism
a: WA RI(Z,7F*) 2 RT(&, g™ " F*)
in PDG ™ (A[[T']]). Hence,
Lrpeyr(@,REF) = [i[d =7 ©F, C Uagryy RI(E,07 7))

in Ky(A[[T']]s). Furthermore, we may choose a strictly perfect complex of A-
modules P* with an endomorphism f and a quasi-isomorphism

B: P* — I(El RI(z,i"F°)
Tedp
under which f and §, are compatible up to chain homotopy [Wit08, Lemma 3.3.2].
Hence, using [Wit08, Lemma 3.1.6], we may conclude
[id-tf C Alt]s, ®a P*]™' = L(z,Rk. F°,1)
in Ky (Aft]s,) and
L(xaRk*g:.v’Y;l) = ‘CFCyC/F(xaRk*-‘]:.)
in Ky (A[[I]]s). O
We will make this construction a little more explicit in the case that F = (F7)res,
is a complex in PDG™ (U, A) concentrated in degree 0, i. e. for each I € J,, the
object #7 is a constructible flat étale sheaf of A/I-modules such that A/J®x/; 71 =
Fy for I cJ.
If x € U, then there is an obvious weak equivalence
(.{}—I,i?)IE’JA = RF(!’%J/* ka—.‘}—)

in PDG°™(A) compatible with the operation of the Frobenius §, on both sides.
Moreover,

M = lim 775
Tedp
is a finitely generated, projective A-module such that
A/I A M = Fr1.2-
Hence, we have
(10.1) L(z, Rk, F,t) = [A[t] ©x M 255 A[t] @ M

in K1 (A[t]s,) and

id—'y;1®{§m _
Ly (2. REF) = [A[[T]] @4 M —— A[[T]] ®a M]™
in Ky (A[[T]]s). In particular, if A is commutative, then the isomorphism
det «
Ki(A[t]s,) — Alt]s,
sends L(z,Rk.7F,t) to the inverse of the reverse characteristic polynomial of the
geometric Frobenius operation on M.
If x e W - U, we consider the perfect complex of A-modules
P* = lim RD(E, 1 7).
IGjA
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We may then use Lemma [6.3] to identify L(x, #,t) with the class

[A[T]®a P* 2252 A[t] @4 P*]!

in K;(A[t]s,). By construction, P* may also be canonically identified with the
homogenous continuous cochain complex

Cts(Gal(Fw/F ) N)Gdl(F /Fm

(in the notation of [NSWQ0, Ch. II, §7]) of the compact Gal(F,/F,)-module N
corresponding to 1} F. Let F'" be the maximal tame extension of F), inside F, and

set Ny, = NCUF/F) - Since 2 does not lie over p, N, is a direct summand of
the finitely generated and projective A-module N. The inflation map provides a
quasi-isomorphism

X (Gal(Fy/F,), Ny) S0 /E) s pe,
Let 7 be a topological generator of Gal(F*/F™) and ¢ € Gal(FY/F,) a lift of the
geometric Frobenius §,. Then 7 and ¢ generate Gal(F!/F,) topologically and
prot =771

with ¢ = ¢, the number of elements of k(x) [NSW00, Thm. 7.5.3]. We define a
strictly perfect complex D2 (N) of A-modules with an action of §, as follows: For
k#0,1 we set DE(N) :=0. As A-modules we have D?(N) = DL(N) = N;, and the
differential is given by id — 7. The geometric Frobenius §, acts on D2(N) via ¢
and on D}(N) via

1-71 tr x

o (T ) e AllGal(FE R
There is a quasi-isomorphism compatible with the §,-operation
(e D;(N) S X (Gal(F;r/FI), Ntr)Gal(Fir/F;r)

cts

given by
a(n):G = Ny, " > T for ne D°(N),
a(n):G x G - Ny, (Ta<Pb,7'C30d) - 71—7' n for neDl(N).
-7

Note that

-7t Ti( ) (r— 1)1

is a well-defined element of A[[Gal(
We conclude that for v e W - U,

F,)]] for any a,c € Z,.

1-tF .

L(z,Rk.7,t) =[A[t] @1 D°(N) — A[t] @2 D*(N)]™!

1- t&

[A[t]®x D'(N) — A[t] @4 D'(N)]

in K1(A[t]s,) and

1-7;' ®F.
_

Lryor(z,REF) =[A[[T]] @1 D°(N) Al[r]] @1 DY (V)]

1-7;' ®F.

[A[[T]] ®a D' (N) A[[T]]@x D'(N)].

If the order of the image of Gal(F,/F"") in the automorphism group of M is prime
to p, (for example if ¥ is smooth at z) then

N = NGal(fz/F;r)
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is a direct summand of Ny and hence, also finitely generated and projective as
A-module. Our formula then simplifies to

L(x, Rk F,t) =[A[t] ®a Nor —22% A[t] ®p Nl ™

[A[t] ®a Now —25% A[t] ®p Nux]-

(10.2)

Hence, if A is commutative, then det L(x, F,t) is the quotient of the reverse char-
acteristic polynomials of the geometric Frobenius operations on Ny, (-1) and Ny;.

11. ARTIN REPRESENTATIONS

From now on, we let F' denote a totally real number field. Consider an Artin
representation p: Galp - Gl,(O¢) (i. e. with open kernel) over the valuation ring
Oc¢ of a finite extension field C of Q, inside a fixed algebraic closure @p. Assume
for simplicity that p is unramified over W: For each z € W, p rGal(f,, JFar) is trivial.
Then p corresponds to the smooth O-sheaf M (p) on U c¢ W defined by and
therefore, to an object in PDG*™ (U, O¢).

The augmentation map ¢: Oc[[I']] = O¢ extends to a map

¢ K1 (Oc([[I]s) 2 Oc[[T]]s ~ P(O).

Indeed, let ¢ € Oc[[T']]§. Since O¢[[I']] is a unique factorisation domain and the
augmentation ideal is a principal prime ideal, we may assume that not both a and
s are contained in the augmentation ideal. Hence, we obtain a well-defined element

P(3) = [p(a) :p(5)] € P1(C) = Cu {00}

Note that this map agrees with ¢’ in [Kak13l §2.4]. From (10.1) and (10.2) we
conclude

p(L(z, Rk M(p)(n))) =

[1:det(1-p(F)a™)] itreU,
[det(1 - p(F2)gy ™) s det(1 - p(Fo)g,™)] ifzeW-U,

where ¢, denotes the number of elements of the residue field k(xz). We have
det(1 - p(Fz)q;") = 0 if and only if n = 0 and p Gai(Fer/F,) contains the trivial
representation as a subrepresentation. o B

Set ¥ == Spec(Op)-W, T = W-U and let a:Q, - C be an embedding of Q,, into
the complex numbers. We can then associate to the complex Artin representation
a o p the classical -truncated T-modified Artin L-function

Lyr(aop,s)=[] det(l-ao p(T2)a°) ! []det(1-ao (F2)a™®).
zeW xeT

Note that we follow the geometric convention of using the geometric Frobenius in
the definition of the Artin L-function as in [CL73]. With this convention, we have

Lyr(aep,n)= I—V[V a(P(Lpyr (2, REM(p)(n))))

forallmeZ, n>1.
By [CL73, Cor 1.4] there exists for each n € Z, n < 0 a well defined number
Ls.7(p,n) € C such that
a(Ls r(p,n)) =Ly r(aop,n)eC
Consequently,

Ly r(p,n) = Ler(pn)  T1 - oL@z, REM(p)(n)) ™
zeX'UT’-SuT
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if ¥ cX and T ¢ T' with disjoint subsets ¥’ and 7" of X = Spec OF such that p is
unramified over X — ¥’ and all the primes over p are contained in X'
Let kp: Galp — Z; denote the cylotomic character such that

7(Q) = ¢
for every o € Galp and ( € pp~. Further, we write wp:Galp — pp_1 for the Te-
ichmiiller character, i.e. the composition of kp with the projection Z; — 1.
Finally, we set €z = kpw ' and note that ep factors through I' = Gal(Foyc/F).
Assume that p factors through the Galois group of a totally real field. Then
M (p) is smooth at co. Under Assumption it follows from [Gre83] and from the
validity of the classical main conjecture that there exists unique elements

Lreyep(W,REM(p)(1)) € K1 (Oc[[I]]5s)
such that for every n >0

(11.1) P(Pen (Lpyoyr (W, REM(p)(1)))) = Ly r(pwi, 1 -n).

Beware that Greenberg uses the arithmetic convention for L-functions.

Definition 11.1. Let v € I' be a generator. We define the global modification
factors of Rk.M(p)(1) to be

Mp,ojpy (W, REM(p)(1)) =L, /r (W, REM(p)(1))
sy([RT(W,RE.M(p)(1))])

12. NONCOMMUTATIVE L-FUNCTIONS FOR A-ADIC SHEAVES

Throughout this section, Assumption[7.4]is in effect. We recall the main theorem
of [Kak13].

Theorem 12.1. Let U c SpecOFp be a dense open subscheme with complement ¥
and assume that p is invertible on U. Assume that Fo[F is a really admissible
extension which is unramfied over U and that G = Gal(Fw/F) is a p-adic Lie
group. Then there exists elements Ly_;p (U, (Zp)u (1)) € Ki(Zy[[G]]s), unique up
to elements in SK1(Z,[[G]]), such that

(1)

L (U, (Zp)u(1)) = =[RL(U, fif*(Zp)u(1))],
(2) For any Artin representation p factoring through G

@, (Lpr(U,(Zp)u(1))) = L, sr (U, M(p)(1))

Proof. This is [Kak13l, Thm. 2.11] translated into our notations. Recall that our
P,-n corresponds to ®j.n in the notation of the cited article. Moreover, Kakde
uses the arithmetic convention in the definition of L-values. Further, note that
the p-adic L-function Lg__;r(U, M(p)(1)) is uniquely determined by the values
O(Pen (Lp,,. r(U,M(p)(1)))) for n < 0 and n = 0 mod p - 1. Finally, Kakde’s
complex C(Fo/F") corresponds to RT'o(U, fif*(Z,)u (1)) shifted by 3 and therefore,
the images of the two complexes under 9 differ by a sign, but at the same time, his

definition of d differs by a sign from ours. O

(Er———

We will improve this theorem as follows. Let Z = Zp be the set of pairs (U, Fuo)
such that U c Spec O is a dense open subscheme with p invertible on U and Foo/F
is a really admissible extension unramified over U.

Theorem 12.2. Let v € I' = Gal(Fyyc/F) be a generator. There exists a unique
family of elements

(MFOQ/F7’Y(U’ (ZP)U(]')))(U7F°°)EE
such that
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(1) Mp_jpq (U, (Zp)u(1)) € Ki(Zy[[Gal(Fos [ F)]]),
(2) if U cU" with complement ¥ and (U, Fw),(U', Fs) € Z then

My jr\ (U (Zp)ur (1)) = Mp_jr~ (U, (Zy)u (1)) QMF“,/F,V(-% (Zp)u (1)),

(3) if (U, Fso),(U,FL) €= and F., c Fy is a subfield, then
Uz, t1car 7)) (MeL jpy (U (Zy)u (1)) = Mpr 54 (U, (Zy)u (1)),

(4) if (U,Fsx) € 2 and p:Gal(Fu/F) — Gl,(O¢) is an Artin representation,
then

D, (M 1pA (U, (Zp)u (1)) = Mp,, /r~ (U, M(p)(1)).

Proof. Uniqueness: Assume that my(U, Fw), k = 1,2 are two families with the
listed properties. Then

d(Foo) = ma(U, Foo)"'my (U, Feo)
does not depend on U.
Let (U, F) € E be any pair such that Fo/Fyc is finite and write f:Up_, - U
for the system of coverings of U associated to Fs/F. Then the elements
mi (U, Foo ) sy (=[RTc(U, f1.f*(Zp)u(1))])
both agree with Lr_ (U, (Z,)yr (1)) modulo SK;(Z,[[Gal(Fu/F)]]). Hence,
d(Fs) € SKq(Z,[[Gal(F /F)]])-
By Corollary we may find a pair (U’, F.,) € ZE such that F. /F, is finite, U’ c U,
and
Uy, [[Gal(Fu/)]] SK1(Zp[[Gal(FL [ F)]]) = SKi(Z,[[Gal(FL/F)]])

is the zero map. We conclude d(Fo) =1 for all (U, Fs) with Fo/Fey. finite. Now
for any really admissible extension F,,/F,

K1 (Zy[[Gal(Fo /F)]]) = im Ky (Z,[[Gal(Fe,/F)]])
FL,

where F, runs through the really admissible subextensions of Foo/F with F. /Feyc
finite. We conclude d(Fs) =1 in general.
Existence: For (U, Fw) € E with Fo/Feyc finite, choose (U’, F.,) as above and
any m € K1(Z,[[Gal(F./F)]]) such that
msy (=[RT(U, fif*(Zp)u(1))]) =
L p(U' (Zp)o (1)) mod SKi(Zy[[Gal(Fe,/F)]])
Define

Mp_jpr (U, (Zp)u (1)) = Vg, ((Gara/my1(m)  [1 Meojpq (2, (Zy)u(1)).
xeU-U’

Corollary 12.3. There exists a unique family of elements

(£F°°/F(U7 (ZP)U(l)))(U,FN)eE
such that

(1) Lr.r(U,(Zp)u(1)) € Ki(Zp[[Gal(Foo/F)]]s),
(2) if (U,Fe) €2 and f:Ug, — U denotes the associated system of coverings,
then

0L, 1r(U, (Zp)u (1)) = =[RT(U, fif*(Zp)u(1))]
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(3) if U' c U with complement & and (U', Fs), (U, Feo) € 2 then

Lpr(U,(Zp)u(1)) = Lrr(U',(Zyp)u(1)) I_LLFw/F(xv (Zp)u(1)),

(4) if (U, Fs),(U,FL) €Z and F., c Fs is a subfield, then
Vz,t1cairL /) (L p (U (Zyp)u (1)) = Lg e (U, (Zp)u (1)),
(5) if (U, Fs) € E and p:Gal(Fw/F) - G1,(O¢) is an Artin representation,
then
P (Lpn/r (U, (Zp)u(1))) = L., yr (U, M(p)(1)).
Proof. Fix a generator v € I' and set

Lrr(U(Zp)u(1)) = Mr_ 5 (U, (Zp)u (1)) sy (=[RT(U, fif " (Zp)u(1))])
If (U(U, Foo))(u,F..)ez is a second family with the listed properties, then

(U, Foo)sy([RU(U, f1f " (Zp)u(1))]) = M jp (U, (Zp)u(1))
by the uniqueness of My_/p (U, (Zy)u(1)). O

Let © = O be the set of tripels (U, Fio, A) such that U c Spec O is a dense open
subscheme with p invertible on U, F../F is a really admissible extension unramified
over U and A is an adic Z,-algebra.

Theorem 12.4. Let v € I' = Gal(F.y./F) be a generator. There exists a unique
family of homomorphisms

(M7 (U, (-)(1)):Ko(PDG"> (U, A)) » K1 (A[[Gal(Feo [ F)]]))

such that
(1) for any (U, Feo,Zyp) € ©, Mp_p~(U,(Zyp)u (1)) is the element constructed
in Theorem
(2) if j:U" > U is an open immersion and (U', Fo, ), (U, Foo,A) € © then

My jpy (U, 72 (1)) = Mp_jrn (U 5 F°(1) ] Mpojrq(z,7°(1)),
zel~U"

(U,Fo,A)e®

for any F* in PDG">= (U, A).
(3) if (U, Foo,N), (U, FL,A) €O and F., c Fy, is a subfield, then
Yz t1carF ) (Me.py (U, 2 (1)) = Mprjrq (U, 7°(1)),
for any F* in PDG®""> (U, A).
(4) if (U, Feo,\),(U,FL,A") € © and P* is a complex of N'-A[[Gal(Fs/F)]]-
bimodules, strictly perfect as complex of A'-modules then
W pefiGal(Fu /)] (MEL py (U, F2(1))) = Mp_ (U, W s (F°)(1))
for any F* in PDG""> (U, A).

Proof. Applying (4) to the A/I-A[[G]]-bimodule A/I[[G]] for any open two-sided
ideal I of A and using
Ki(A[[G]]) = lim K1 (A/I[[G]]),
Tedp

we conclude that it is sufficient to consider triples (U, Fo,A) € © with A a finite
ring. So, let A be finite. Since My_,p~(U, 7°(1)) depends only on the class of F°
in Ko(PDG"*(U,A)), we may assume that #* is a bounded complex of flat
constructible étale sheaves of A-modules. Using (2) we may shrink U until #° is a
complex of locally constant étale sheaves. Hence, there exists a (U, F,, A) € © such
that F/F is a subextension of F. /F and such that the restriction of F* to Ux for
some finite subextension K/F of F. [/F is a complex of constant sheaves. By (3),
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we may replace Fo, by F.. We may then find a complex of A-Z,[[Gal(Fw/F)]]-
bimodules P°*, strictly perfect as complex of A modules, such that

Ve fif (Zp)u(1) 2 7°(1)
[Wit14l Prop. 6.8]. By (4), the only possible definition of Mp,_/r (U, #°(1)) is

Mp, 1r~y(U, 52 (1)) = Vpe[ical(Fu /7)1 (ME. mny (U, (Zp)u (1))).

Proposition 12.5. Assume that v, are two generators of I'. Then

MFi/F”(U Fr1)) =2 ([RF (U AFF(1))])
Foo[Fy'

for any (U, Fe,A) € © and any F* in PDGcont"”(U,A).

Proof. By definition, this is true for the local modification factors and by Corol-
lary it is true for #° = (Z,)y. Hence,

Mp_/p,(U,7°(1)) = ?([RFC(U, FfF AN DME,yp (U, F°(1))
by Theorem [12.4} O

Theorem 12.6. Let F'[/F be a finite extension of totally real fields. Set r :=
[F'nFey: F) and let v € Gal(Feyc/F') be a generator. Assume that (U, Feo, A) € OF
with F' ¢ Foy and write frp:Upr — U for the associated covering. Then

(1) for every F* in PDG"" (U, A),

My jpr o (Upr, fe 52 (1)) = Yarrcal(Fe py )M ry (U, F2(1)),
(2) for every G* in PDG™> (U, A),

Mg jpy (U, frr G (1)) = VariGal(Fu /P )M Fejpr 4 (Urr, G° (1))

Proof. We first note that for any complex P* of A’-A[[Gal(Fw/F)]]-bimodules,
strictly perfect as complex of A’-modules, there exists an obvious isomorphism of
complexes of A'[[Gal(Fw/F")]]-A[[Gal(Fo/F)]]-bimodules

A'[[Gal(Fu /F)]]®A' ([Gal(Fu/F)]] P° [[Gal(Fw /F)]] =
P*[[Gal(Fo/F' )]] ®A[[Gal(Fuo/F)]] A[Gal(Foo /F)]].

Hence,

(12.1)  Yaqal(Fe/m))) © Y Pe([Gal(Fu/)11 = Y Pe[[Gal(Fu/F)]) © YA[[Gal(Fu/F)]]
as homomorphisms from K;(A[[Gal(Fw/F)]]) to Ki(A'[[Gal(Fw/F")]]). Like-
wise, for a complex Q°® of A’-A[[Gal(F./F")]]-bimodules, strictly perfect as com-
plex of A’-modules, we have an equality

(12.2)  Wprq(cai(re/F)]) © YQo[[Gal(Fu/F)]15 = Y Pe[[Gal(Fu/F)]]P © YA[[Gal(Fu/F)])-
in Hom(K; (A[[Gal(Fw/F")]]), K1 (A'[[Gal(F /[ F)]]))-

In particular, we may reduce to the case of finite Z,-algebras A. By Proposi-
tion [9.4}(4) we may then shrink U until #* and G* may be assumed to be strictly
perfect complexes of locally constant étale sheaves. Using the identities and
(12.2) again, we may reduce to the case A = Z, and F°* = (Z,)u, G* = (Zp)uv,.-
Moreover, we may assume that Fi,/Fy, . is a finite extension.

Let g:Up, — Ups denote the restriction of f:Up_ — U. Write

M = Z,[Gal(Fa/F")\ Gal(Fo/F)]
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for the Z,-Z,[[Gal(Fw/F)]]-bimodule freely generated as Z,-module by the right
cosets Gal(Fo/F)o for o € Gal(Fw/F) and on which 7 € Gal(F,/F) operates by
right multiplication. From Proposition [7.3] we conclude

Uz, 1Gal(Fu/F)])) RT(U, fif " (Zp)u (1)) 2 RU(U, frog19™ 1 (Zp) (1))
2RT(Ur, 99" (Zp)v,. (1)),
Uy t1ca(Fe /7)) R (Ur, 919" (Zp)v,., (1))
2 Vg (1Gal(Fo/F)) R (U, frrag19™ (Zp)u,, (1))
*RT(U, fif" fr.(Zp)u(1))
=V rrical(Fu/m)]}s RE(U, fif (Zy)u(1)).
Additionally, we note that
M, 1py (U, frr(Zp)u (1)) = Y ar((cal(Fu/F)])s Mooy (U, (Zp)u (1))

by Theorem [12.4
Hence, according to Proposition [4.1} it is sufficient to verify

(12.3)

L. r(Up (Zp)v,, (1) = Yaqcal(Fe/mL P F (U, (Zy)u (1)),
Vrtical(Fu/m)]18 Lo/ (U (Zp)u (1)) = Ya[at(Fe m)) £ P m (Urr, (Zyp) v (1)).
Let C/Q, be a finite field extension and

p':Gal(F /F") - G1,(O¢)
p:Gal(Fu/F) - GL,,(O¢)
be Artin representations. Write
o1 Oc[[Gal(Feye/ F)]] » Oc
o Oc[[Gal(Flyo/F))]] > Oc
for the augmentation maps. We denote by Indg, p and Resgl p the induced an

restricted representations, respectively.
Then for every n € Z

Prr o Ppen, 0 Vg, [[Cal(Fuf )] = PF © Praal, pren, = F © Pen1nar, o
as maps from K;(Z,[[Gal(Fw/F)]]s) to P1(C) and
¢F© Ppey © Vi, [[Gal(FueF)]) = PF7 O PRt pen = P © Pen gt

as maps from K;(Z,[[Gal(Fw/F’)]]) to P*(C). From (11.1) and the transfor-
mation properties of the complex Artin L-functions with respect to inflation and
restriction we conclude that for n < -1 and ¥ = SpecOp - U

er 0 pen (VarGal(Fu /PN LFuyr (U, (Zp)u(1))) =
= Ly g(wp' Indh, o/, 1+ n)
=Ly, g(p'wp’, 1+n)
=op 0@y (Lp r(Urr, (Zp)u,. (1)),

or 0, (Va[[gal(Fo /YN Py (Urr, (Zp)u,,, (1)) =

=Ls,, o(wp Res? p,1+n)
=Ly g(wp" Indl{zl Res? p,1+mn)
= pF 0 Ppgrr Rcsg'p(ﬁFm/F(a (Zp)u(1))))
= ¢r o @, (Varqrcal(ru/m)))s Lrn p (U, (Zy)u (1)))-
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This implies that the two sides of equation agree up to elements of the
groups SKi(Z,[[Gal(Fw/F")]]) and SK1(Z,[[Gal(Fw/F)]]), respectively. Using
Corollary we find a suitable extension F’ /F such that the possible difference
in for F, vanishes if we take the images under

Uy, ([Gal(Fu/F)]): SK1(Zp[[Gal(FL [ F')]]) = SK1(Zy[[Gal(Few /F')]])  and
Uy, [(Gal(Fu/F)]): SK1(Zp[[Gal(FL [ F)]]) — SK1 (Zp[[Gal(Fo [ F)]]),
respectively. O

Definition 12.7. Let F' be a totally real field, k&:U — W be an open immersion of
open dense subschemes of Spec O such that p is invertible on W, and A be an adic
Z,-algebra. Fix a generator v € Gal(Fey./F). For any #* in PDG""* (U, A), and
any really admissible extension Fi,/F unramified over U, we set

Mg jpy (W, Rk F* (1)) = Mp_ypr o (U, 7°(1)) ] Mpojp~(x, REF(1))
zeW-U

in K1 (A[[Gal(Fs/F)]]) and
L ;r(W,RE.F*(1))=Mp_jp(W,RE.F*(1))s,(-[RT(W,RE, fif 7°(1))])
in Ky (A[[Gal(Fo /F)]]s)-

Note that we do not assume that Fo,/F is unramified over W. If it is unramified
over W, then
RI(W,RE A7 (1)) = RT(W, fif "RE.F°(1))

and the two possible definitions of Mp_ ., (W,RE.F°(1)) agree. Moreover, by
Proposition Lr_;r(W,RE,F°(1)) does not depend on the choice of +.

Corollary 12.8. Let F be a totally real field, k:U — W be an open immersion of
open dense subschemes of Spec Op such that p is invertible on W, and A be an
adic Zy-algebra. Fiz a F* in PDG®(U,A), and a really admissible extension
Fo|F unramified over U.

(1) Write f:Up., — U for the system of coverings associated to Foo/F. Then
OLp ;r(W.REF*(1)) = -[RTc(W.RE. f1f7 7 (1))]
(2) If G* and F* are weakly equivalent in PDG""> (U, A), then
L r(W,RE.F*(1)) = Lp/p(W,Rk.G*(1)).
(3) If0» F'* - F* > F"* - 0 is an exact sequence in PDG" (U, \), then
Lrp(W,REF* (1)) = L yp (W Rk T (1)) Lro e (W, REF7(1)).
(4) If i:x > U is a closed point, then
Lp jp(W,REii"F*(1)) = Lp/r(z, RE.F°(1))
(5) If W' is an open dense subscheme of Spec O on which p is invertible and
k"W — W' is an open immersion, then
Lp p(W R(K'E),7°(1)) =Lp_/r(W,RE.F*(1))

[T Lryr(zREK).F(1)).
xeW'-W

(6) If FL|F is a really admissible subextension of Foo[F, then
Uy t1car /) (Lrn p (W, REF* (1)) = Ly jp(W,REF°(1)).

(7) If A is another adic Zy-algebra and P* is a complex of A'-A[[Gal(Fs /F')]]-
bimodules, strictly perfect as complex of A'-modules, then

VU percal(Fu /)]s (Lro p (W, REF (1)) = Lajp (W, REV 5. (F°)(1)).
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(8) If F'|F is a finite extension inside Fo, and frp:Up — U the associated
covering, then

Uarcal(Fa/m)]) (Lra p (W, REF(1))) = Lp o (W, Ry [ F°(1)).
(9) With the notation of (8), if G* is in PDG™* (U, A), then
YarrGal(Fu/ )N (LFapr (We REGH (1)) = Ly jp (W, RE 7,67 (1))
13. APPENDIX: LOCALISATION IN POLYNOMIAL RINGS

For the moment, let R be any associative ring with 1 and let R[¢] be the poly-
nomial ring over R in one indeterminate ¢ that commutes with the elements of
R. Write SP(R[t]) and P(R[t]) for the Waldhausen categories of strictly perfect
and perfect complexes of R[t]-modules. Consider R as a R-R[t]-bimodule via the
augmentation map

R[t] - R, t 0.
We then define full subcategories
SP“*(R[t]) = {P* e SP(R[t]) | R®p[] P* is acyclic},
P“t(R[t]) = {P°® ¢ P(R[t])| P*® is quasi-isomorphic to a complex in SP"*(R[t])}.
These categories are in fact Waldhausen subcategories of SP(R[t]) and P(R[t]),
respectively, since they are closed under shifts and extensions [Wit08| 3.1.1]. Hence,
we can construct new Waldhausen categories w;SP(R[t]) and w,P(R[t]) with the
same objects, morphisms, and cofibrations as SP(R[t]) and P(R[t]), but with
weak equivalences being those morphisms with cone in SP**(R[¢]) and P**(R[t]),
respectively. By the Approximation Theorem [T'T90l 1.9.1], the inclusion functor
wSP(R[t]) - w:P(R[t]) induces isomorphisms
Ko (wSP(R[t])) = Kn (w:P(R[1]))

for all n > 0. It might be reassuring to know that, if R is noetherian, we can identify
these K-groups for n > 1 with the K-groups of a localisation of R[¢]: Set

Se= {F(t) € R[t]| (0) € R*)

Proposition 13.1. Assume that R is a noetherian. Then S; is a left (and right)
denominator set in the sense of [GWO04, Ch. 10] such that the localisation R[t]s,
exists and is noetherian. Its Jacobson radical Jac(R[t]s,) is generated by the Ja-
cobson radical Jac(R) of R and t. In particular, if R is semilocal, then so is R[t]s, .

Moreover, the category SP™(R[t]) consists precisely of those complexes P* in
SP(R[t]) with Si-torsion cohomology. In particular,

K, (wSP(R[t])) = Kn(R[t]s,)
forn>1.

Proof. Clearly, the set S; consists of nonzerodivisors, such that we only need to
check the Ore condition:

Vs e SiVae R[t]: 3z € R[¢t]: y € Si:xs = ya.
Moreover, we may assume that s(0) = y(0) = 1. Write

s:l—isiti, a= iaiti, ,xzixiti, Y= 1+§yiti.
i=1 i=0 i=0 i=1

and assume that s; = a;_1 = 0 for ¢ > n. Comparing coefficients, we obtain the
recurrence equation

i—1 7

(131) XT; = Z ZjSi—j + Z YjQi—j +a; = Z yjbi_j + bi
j=0 j=1 j=1
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with
i—1
bi = Z bjSi_j + a;.
j=0
Write B; = (bi—nt1,---,0;) € R™ with the convention that b; =0 for ¢ < 0. Then for

12n
Bi=B; 1S =B, 157"

with
0 Sn
. 1 Sp—-1
S = 0 -~ 0 .
: 1 S1
Since R was assumed to be noetherian, there exists a m > n and y,,...,ym € R
such that

0= yjBm—j+Bm=) yjBij+B;
j=n j=n

for all ¢ > m. Hence, we can find a solution (z;,¥;)i=0,1,2... of equation with

x; =1y; =0 for ¢ >m and y; = 0 for ¢ < n. This shows that S; is indeed a left

denominator set such that R[t]s, exists and is noetherian [GW04, Thm. 10.3, Cor.

10.16).

Let N c R[t] be the semiprime ideal of R[t] generated by ¢ and the Jacobson
ideal Jac(R) of R. Then S; is precisely the set of elements of A[t] which are units
modulo N. In particular, the localisation Ng, is a semiprime ideal of R[t]s, such
that

R[t]s,/Ns, = R[t]/N = R/ Jac(R)
[GW04, Thm. 10.15, 10.18]. We conclude Jac(R[t]s,) ¢ Ng,. For the other inclu-
sion it suffices to note that for every s € S; and every n € N, the element s +n is a
unit modulo N.

The Nakayama lemma implies that for any noetherian ring R with Jacobson
radical Jac(R), a strictly perfect complex of R-modules P* is acyclic if and only
if R/Jac(R) ®g P* is acyclic. Hence, if P* is a strictly perfect complex of R[t]-
modules, then R ®p[,) P* is acyclic if and only if R[t]s, ® g P* is acyclic. This
shows that SP"*(R[t]) consists precisely of those complexes P* in SP(R[t]) with
Si-torsion cohomology. From the localisation theorem in [WY92] we conclude that
the Waldhausen exact functor

wSP(R[t]) > SP(R[t]s,),  P*w~ R[t]s, ®rpy P*
induces isomorphisms

[ Ka(R[t]s,) if n>0,
K, (w:SP(R[t])) {im (Ko(R[t]) = Ko(R[t]s,)) ifn=0.

O

The set S, fails to be a left denominator set if R = Fy({z,y)) is the power
series ring in two noncommuting indeterminates: a(1l — at) = by has no solution
with a € R[t], b € S;. Note also that a commutative adic ring is always noetherian
[War93| Cor. 36.35]. In this case, S; is the union of the complements of all maximal
ideals of A[t] containing ¢ and the determinant provides an isomorphism

d x
Ko (wiSP(A[1])) = K (A[t]s,) > A[]5,.
For any adic Zy-algebra A and any v €I' = Z,, we have a ring homomorphism

evy: Aft] = A[[T]], F(8) = f(7)-
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inducing homomorphisms K, (A[t]) = K, (A[[T']]).

Proposition 13.2. Assume that v+ 1. Then the ring homomorphism ev, induces
homomorphisms

v K (wP(A[[]])) 2 Ko (SP(A[1])) — Ko (1n PDG (A[[T]]))
for all n > 0.
Proof. Tt suffices to show that for any complex P* in SP"*(A[t]), the complex
Q" =A[[l']] @Ay P*

is perfect as complex of A-modules. We can check this after factoring out the Jacob-
son radical of A [Witl4, Prop. 4.8]. Hence, we may assume that A is semisimple,
i. e.

A= H Mni (kl)
i=1

where M, (k;) is the algebra of n; xn;-matrices over a finite field k; of characteristic
p. By the Morita theorem, the tensor product over A with the []; k;-A-bimodule

m

[Tx"

=1

induces equivalences of categories
se(al1) - 5P [Tk11).
i=1
PDG"" (A[[T]]) ~ PDG" ([T k[[T])).

=1

Hence, we are reduced to the case

—s

I
—

A=T] k.

3
In this case, the set S c A[[T']] defined in consists of all nonzerodivisors of
A[[T]], i. e. all elements with nontrivial image in each component k;[[I']]. Since
A[[T']] is commutative, this is trivially a left denominator set. Moreover, the com-
plex Q°® is perfect as complex of A-modules precisely if its cohomology groups are
S-torsion. On the other hand, as a trivial case of Proposition [I3.1] we know that
S; is a left denominator set and that the cohomology groups of P*® are S;-torsion.
Since f(0) is a unit in A for each f € Sy, the element f(v) has clearly nontrivial
image in each component k;[[I']]. Hence, ev, maps S; to S and @Q*® is indeed perfect

as complex of A-modules. O
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