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ABSTRACT. This paper is lead by the question whether there is a nice struc-
ture theory of finitely generated modules over the Iwasawa algebra, i.e. the
completed group algebra, A of a p-adic analytic group G. For G without any
p-torsion element we prove that A is an Auslander regular ring. This result
enables us to give a good definition for pseudo-null A-modules. Then the cate-
gory of A-modules up to pseudo-isomorphisms is studied and we obtain a weak
structure theorem for the Z,-torsion part of a finitely generated A-module. A
local duality theorem as well as the Auslander-Buchsbaum equality are fur-
ther main issues. The arithmetic applications to the Iwasawa theory of abelian
varieties are published elsewhere.

INTRODUCTION

The increasing interest in the Iwasawa algebra, i.e. the completed group algebra
MG) = Z,[G]

of a compact p-adic analytic group G stems at least from the following two rea-
sons: Firstly, in a purely algebraic sense A(G) is a prototype of a “regular” - in
general non-commutative - ring. The category A(G)-mod of finitely generated
A(G)-modules owns a very rich structure which we want to give even more ev-
idence of in this paper. Secondly, the p-adic Lie groups occur very naturally in
arithmetic geometry as Galois groups of extensions k., of a number field &, e.g.
by adjoining p-torsion-points of an abelian variety defined over k for any rational
prime p. Considering arithmetic objects like (the Pontryagin dual of) Selmer or
ideal class groups above ko, as A(G)-modules has proved as a very successful
method in Iwasawa theory (cf. [15], [9], [8]). Though this last aspect widely mo-
tivated our study of A(G) the results of this paper are “purely algebraic”. For a
detailed discussion of its arithmetic applications we refer the reader to [27] and
a forthcoming paper [32].

Let us assume for simplicity that the p-adic analytic group G is torsion-free and
a pro-p-group. Then, A(G) is a (both left and right) Noetherian ring without
zero-divisors. Furthermore, by results of Brumer it is known that A(G) has finite
projective dimension equal to pd(A(G)) = dim(G) + 1, where dim(G) denotes the
dimension of G as p-adic analytic manifold and agrees with its p-cohomological
dimension. So in some sense A(G) should be considered as a “regular” ring and
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it is natural to ask whether there is a nice structure theory for A(G)-modules? A
more modest question but possibly fundamental for the first one is

What is a good definition of pseudo-null resp. pseudo-isomorphism
in the context of A(G)-modules?

We recall that for a commutative Noetherian ring R and a finitely generated
R-module M the definition is the following: The dimension of M is defined to
be the Krull dimension of the support of M in Spec(R) and M is said to be
pseudo-null, if its codimension is greater than 1. M. Harris already proposed a
vague definition of pseudo-null using a certain filtration of A(G), which in general
differs from the 9M-adic one, where 9t denotes the maximal ideal of A(G), and
cannot be described easily. Besides some more or less trivial cases it turned out
very difficult to verify whether a module is pseudo-null.

In this article we give an answer to this question using the following strategy.
First, we establish a dimension theory for finitely generated A(G)-modules. This
part bases partially on results of Bjork ([4]), who showed that each finitely gener-
ated module over an Auslander regqular or more generally Auslander Gorenstein
ring (for the definitions see 3.3) is intrinsically equipped with a canonical filtration

To(M) CTy(M) C - CTyy (M) CTy(M) = M.

Using this filtration he defines the dimension of a A-module M. It turns out that
for a commutative regular local ring this dimension equals the Krull dimension
and that T;(M) is just the maximal submodule of M with dimension less or equal
to <.

Thus the following theorem states a fundamental structure property of A(G) and
will be crucial for the applications in Iwasawa theory ( [32]). Here and in what
follows we assume that G is a compact p-adic analytic group without p-torsion
(but not necessarily pro-p).

Theorem. (Theorem 3.26) A(G) is an Auslander regular ring.

For the purpose of studying the Z,-torsion part of A(G)-module the following
consequence for the completed group algebra Z/p™[G] = A/p™ with coefficients
in Z/p™ becomes very useful.

Theorem. (Theorem 3.30)

(i) Z,/p"[G] is an Auslander-Gorenstein ring with injective dimension equal
to c¢d,(G).
(i) F,[G] is an Auslander regular ring of dimension cd,(G).

If one is ready to neglect the Z,-torsion part - which can be controlled by the
last theorem and a further result below, anyway - then it might be convenient to
consider also modules over the ring Q,[G] := Z,[G] ®z, Q,.

Theorem. (Theorem 3.29) Q,[G] is an Auslander regular ring of dimension
cd,(G).
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Using these results, it is quite obvious how to define pseudo-null:

A finitely generated A-module is called pseudo-null if and only if
its co-dimension is greater or equal to 2.

In the case G = Zg this is just the usual definition. So we are convinced that our
definition is the right generalization to the non-commutative case.

Once having available the notation of pseudo-null modules it is natural to ask
whether there holds a structure theorem of A(G)-modules up to pseudo-iso-
morphism which is analogous to the well known structure theorem for finitely
generated modules over a commutative regular ring.

The first result in this direction is the following weak analogue: the Z,-torsion
part of a finitely generated A(G)-module is uniquely determined in the quotient
category A-mod/PN of the category A-mod of finitely generated A = A(G)-
modules with respect to the Serre subcategory PN of pseudo-null A-modules.

Theorem. (Theorem 3.40) Assume that G is a p-adic analytic group without
p-torsion such that both A = A(G) and A/p are integral. Then, for any A-module
M, there exist uniquely (up to order) determined natural numbers ny, ..., n, such
that

torz, M = @ A/p™ mod PN.

1<i<r

It seems that our results have motivated various mathematicians to search for
the full analogue of the structure theorem. Very recently, P. Schneider [29] has
succeeded and proved that in the quotient category any finitely generated A(G)-
torsion module decomposes into the direct sum of cyclic modules. Though it is
quite easy to see that any A(G)-torsion module decomposes into indecomposable
objects in the quotient category and that any simple object in this latter category
is cyclic of the above form (see 3.15, 3.16), it is quite deep to show that the
indecomposable objects are cyclic. To this aim P. Schneider shows that A(G) is
a (non-commutative) maximal order and applies a general theorem of Chamarie

7).

Now we want to state two further main results on the structure of A(G), if G is a
pro-p Poincaré group of finite cohomological dimension and such that A = A(G)
is Noetherian. The first result tells us that A(G) “admits local duality a la
Grothendieck”, i.e. if local cohomology is defined in an natural way (see section
5), we obtain

Theorem. (Theorem 5.6) For any M ¢ A(G)-mod, there are canonical isomor-
phisms

E'(M) = Hom (Hyy ' (M), Hiy(A)) = Hyy' (M),
where d = cd,(G) + 1.

The second result generalizes the Auslander-Buchsbaum equality.

Theorem. (Theorem 6.2) For any M € A-mod, it holds
pd, (M) + depth, (M) = depth, (A).
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1. BASIC PROPERTIES OF A-MODULES

1.1. Preliminaries. The aim of this work is to give some complements to the
theory of A-modules, where we denote by A = A(G) the completed group algebra
of a profinite group G over Z,

A(G) = Z,[G] = mZ,[G/U).
U
Here U runs through the open normal subgroups of G. We start by recalling
some well-known facts concerning A, proofs of which can be found in [25, V§2].
By a (left) A-module M we understand a separated topological module, i.e M is
a Hausdorff topological Z,-module with a continuous G-action. Since the invo-
lution of A given by passing to the inverses of group elements induces a natural
equivalence between the categories of left and right A-modules, we will often ig-
nore the difference without further mention. The category C = C(G) of compact
A-modules and the category D = D(G) of discrete A-modules will be of particular
interest. Both are abelian categories, and Pontryagin duality defines a contravari-
ant equivalence of categories between them. Hence, while C has sufficiently many
projectives and exact inverse limits the dual statement holds for D.
By I we denote the augmentation ideal of A, i.e. the kernel of the canonical
epimorphism
Zy|G] - Z,
and by
Mg = M/IoM
the module of coinvariants of M. Then, the G-homology H,(G, M) of a compact
A-module M can be defined as left derived functor of —g or alternatively as
Torﬁ\(Zp, M), where Tor denotes the left derived functor of the complete tensor
product —®, — . We obtain a canonical isomorphism H;(G, M) = H(G, MV)Y,
where H*(G, —) denotes the usual G-cohomology for a discrete A-module consid-
ered as a discrete abelian group and Y is the Pontryagin dual.

In order to state the topological Nakayama lemma we define the radical Radg of
A to be the intersection of all open left maximal ideals. It is a closed two-sided
ideal and its powers define a topology on A which is called the R-topology. If a
p-Sylow group G, is of finite index in G, then this topology coincides with the
canonical one [25, 5.2.16], Radg is an open ideal of A and all (left) maximal ideals
are open. Furthermore, A(G) is a local ring if and only if G is a pro-p-group. In
this case the maximal ideal of A is equal to pA + Ig.



ON THE STRUCTURE THEORY OF THE IWASAWA ALGEBRA 5

Lemma 1.1. (Topological Nakayama Lemma)
(i) If M € C and RadgM = M, then M = 0.

(ii) Assume that G is a pro-p-group, i.e. A a local ring with mazximal ideal
M. Then the following holds:
(a) M is generated by x1,...,x, if and only if x; + MM, i = 1,...,r,
generate M /MM as F,-vector space.
(b) Let P € C be finitely generated. Then P is A-free if and only if P is
A-projective.

Compare [2] for a thorough discussion.

Concerning the projective dimension pd, M, respectively global dimension pd(A)
of A, which are both defined with respect to the category C, there are the following
results due to Brumer, where cd,(G) denotes the p-cohomological dimension of
G
pd,Z, = cd,(G) and pd(A) = cd,y(G) + 1.

If A is Noetherian (e.g. if G is a p-adic Lie group, see below), the forgetful functor
from the category C of compact A-modules to the category A-Mod of abstract
A-modules defines an equivalence between the full subcategory Cy, of finitely
generated compact A-modules and the full subcategory A-mod of finitely gener-
ated abstract A-modules. In particular, the different definitions of the projective,
respectively global dimension coincide in this case.

1.2. p-adic Lie groups. In this subsection we recall some facts about (compact)
p-adic Lie groups or also called (compact) p-adic analytic groups, i.e. the group
objects in the category of p-adic analytic manifolds over @Q,. There is a famous
characterization of them due to Lazard [23] (see also [11] 9.36):

A topological group G is a compact p-adic Lie group if and only if G contains a
normal open uniformly powerful pro-p-subgroup of finite index.

Let us briefly recall the definitions: A pro-p-group G is called powerful, if [G, G| C
GP for odd p, respectively [G, G] C G* for p = 2 holds. A (topologically) finitely
generated powerful pro-p-group G is uniform if the p-power map induces isomor-
phisms

PAG)/Pin(G) = Pia(G)/Pia(G), i 2 1,
where P;(G) denotes the lower central p-series given by
Pl(G) =G, Pi+1(G) = R(G)p[H(G),G], 1> 1,
(for finitely generated pro-p-groups). It can be shown that for a uniform group
G the sets GP' := {¢”'| g € G} form subgroups and in fact G* = P,.1(G), i > 0.
For example, all the congruence kernels of GL,(Z,), SL,(Z,) or PGL,(Z,) are

uniform pro-p-groups for p # 2, in particular the lower central p-series of the first
congruence kernel corresponds precisely to the higher congruence kernels.

It is a remarkable fact that the analytic structure of a p-adic Lie group is already
determined by its topological group structure. Also, the category of p-adic an-
alytic groups is stable under the formation of closed subgroups, quotients and
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group extensions (See [11], chapter 10, for these facts). The following cohomo-
logical property is indispensable ( for the definition of Poincaré groups see [25]).

A p-adic Lie group of dimension d (as p-adic analytic manifold) without p-torsion
is a Poincaré group at p of dimension d.

With respect to the completed group algebra we know that A(G) is Noetherian
for any compact p-adic Lie group (see [23]V 2.2.4). If, in addition, G is uniform,
then A(G) is an integral domain, i.e. the only zero-divisor in A(G) is 0 ([23]). In
fact the latter property also holds for any p-adic analytic group without elements
of finite order (see [26]). For instance, for p > n + 2, the group GI,(Z,) has no
elements of order p, in particular, GLy(Z,) contains no elements of finite p-power
order if p > 5 (see [17] 4.7) .

In this case (i.e. A is both left and right Noetherian and without zero-divisors) we
can form a skew field Q(G) of fractions of A (see [14]). This allows us to define
the rank of a A-module:

Definition 1.2. The rank rtkxM is defined to be the dimension of
M @5 Q(G) as a left vector space over Q(G)

rkaM = diIIIQ(G)(M XA Q(G))

2. HOMOTOPY THEORY OF MODULES

In this section we briefly recall some definitions and results from the homotopy
theory of modules in the setting of U. Jannsen, who developed further the ho-
motopy theory which was introduced by Eckmann and Hilton and extended by
Auslander and Bridger [1]. The proofs can be found in [20, §1] or in [25, V§4].
Though this theory works in much larger generality, we restrict ourselves to the
case where A is a Noetherian (= right and left Noetherian) ring (= associative
unital ring). Furthermore, all A-modules considered are assumed to be finitely
generated.

Definition 2.1. A morphism f : M — N of A-modules is homotopic to zero, if
it factors through a projective module P :

f:M— P — N.

Two morphisms f, g are homotopic (f ~ g), if f — g is homotopic to zero. Let
[M, N] = Homy (M, N)/{f =~ 0} be the group of homotopy classes of morphisms
from M to N, and let Ho(A) be the category, whose objects are the objects of
A-mod and whose morphism sets are given by Homyex) (M, N) = [M, N], i.e. the
category of “A-modules up to homotopy.”

Remark 2.2. The additive homotopy category of modules is not abelian in general.
It can be shown that it forms a closed model category (for suitable definitions
of (co)fibrations and weak equivalences). In general, it cannot be extended to a
triangulated category: If it were a triangulated category in general there would
have to exist for any module M a weak equivalence between M and QQM, where
() denotes the loop space functor which will be introduced below. But for a ring
A with finite projective dimension this would imply that all modules in A-mod
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are projective.

However, if A is a quasi-Frobenius ring (for the definition and properties see [33,
4.2]), e.g. the group algebra of a finite group over a field A = k|G|, then its
associated homotopy category is triangulated ([13, IV Ex. 4-8]).

It turns out that M and N are homotopy equivalent, M ~ N, i.e isomorphic in
Ho(A), if and only if M & P = N @ @ with projective A-modules P and . In
particular, M ~ 0 if and only if M is projective.

Definition 2.3. For M ¢ A-mod we define the higher adjoints of M to be
E'(M) := Ext}(M,A), >0,

which are a priori right A-modules by functoriality and the right A-structure of

the bi-module A. By convention we set E‘(M) = 0 for i < 0. The A-dual E°(M)

will also be denoted by M*. If A = A(G) is a completed group algebra these
adjoints will be considered as left modules via the involution of A.

Remark 2.4. In case A is the completed group algebra of a profinite group G we
call the E*(M) also Twasawa adjoints of M as E'(M) is isomorphic (up to the
inversion of the group action) to Iwasawa’s adjoint a(M) for G = Z,,.

It can be shown that for 4 > 1 the functor E’ factors through Ho(A) defining a
functor

E': Ho(A) — mod—A.

Now we will describe the construction of a contravariant duality functor, the
transpose

D : Ho(A) — Ho(A),
where we denote the homotopy category of right A-modules also by Ho(A). For
every M e A-mod choose a presentation P, — Py — M — 0 of M by projectives
and define the transpose DM by the exactness of the sequence

0—> Mt —= P — P/ —= DM —>0.

Then it can be shown that the functor D is well-defined and one has D? = Id.
Furthermore, if pdyM < 1 then DM ~ E'(M).

Sometimes it is also convenient to have the notation of the 1% syzygy or loop
space functor © : A-mod — Ho(A) which is defined as follows (see [20, 1.5]):
Choose a surjection P — M with P projective. Then QM is defined by the exact
sequence

0 QM P M 0.

The next result will be of particular importance:

Proposition 2.5. For M € A-mod there is a canonical exact sequence

0—=BEDM —= M -2 M+ —~ E2DM —0,

where ¢y is the canonical map from M to its bi-dual. In the following we will
refer to the sequence as “the” canonical sequence (of homotopy theory).
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A A-module M is called reflezive if ¢y, is an isomorphism from M to its bi-dual
M= M+,

As Auslander and Bridger suggest the module EXDM should be considered as tor-
sion submodule of M. Indeed, if A is a Noetherian integral domain this submodule
coincides exactly with the set of torsion elements tory M.

Definition 2.6. A A-module M is called A-torsion module if ¢y = 0, i.e. if
tora M = E!'DM = M. We say that M is A-torsion-free if EXDM = 0.

Since M ™t embeds into a free A-module (just take the dual of an arbitrary sur-
jection A™ — M) the torsion-free A-modules are exactly the submodules of free
modules. A different characterization of torsion(-free) modules will be given later
using dimension theory, see 3.7.

For A := A(G), where GG is a p-adic Lie group, the above definition can be in-
terpreted as follows: A finitely generated A-module M is a A-torsion module if
and only if M is a A(G")-torsion module (in the strict sense) for some open pro-p
subgroup G' C G such that A(G") is integral. Indeed, for any open subgroup H
of a p-adic Lie group G there is an isomorphism E}\(G)DA(G) o E}\(H)DA(H) of
A(H)-modules by proposition 2.7 (ii) (see below) and the analogue statement for
DM.

For a closed subgroup H C G we denote by Indg (M) = M®n)A(G) the com-
pact induction of a A(H)-module to a A(G)-module.

Proposition 2.7. Let H be a closed subgroup of G.

(i) For any M € A(H)-mod and any i we have an isomorphism of A-modules

Ej) ) (Indg M) = IndgE} ;7 (M).

(ii) If, in addition, H is an open subgroup, then there is an isomorphism of

A(H)-modules ' 4
Eh ) (M) = E} (g (M).

Proof. The first statement is proved in [27, lemma 5.5] while the second one can
be found in [20, lemma 2.3]. O

3. AUSLANDER REGULARITY

3.1. Filtrations of A-modules. Since the completed group ring A of a p-adic
Lie group without p-torsion is (both left and right) Noetherian and has finite
global homological (and therefore finite injective) dimension we can apply the
results of J.-E. Bjork [4], which we will describe in this section.

Let A be a (not necessarily commutative) Noetherian ring with finite injective
dimension d, i.e d is the minimal integer with respect to the property that
E/ (M) = 0 for all (left and right) A-modules M and integers j > d. Of course,
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this is equivalent to the condition that both the left and the right A-module A
has (bounded) injective dimension d. It can be shown that these left and right
injective dimensions are the same (see [35]). The analogous statement that the
left and the right global homological dimension are the same is a consequence of
the Tor-dimension theorem [33, 4.1.3].

In this section all A-modules are assumed to be finitely generated.

Since projective A-modules are reflexive, we get the equality

M = RHom(RHom(M, A), A)
for left (or right) A-modules M in the derived category of complexes of A-
modules (more generally, this equality holds for all perfect complexes). Calculat-
ing RHom(RHom (M, A), A) by the bidualizing complex, the associated filtrations

give rise to two convergent spectral sequences (see [24] for the convergence), the
first of which degenerates. The second one becomes

BT = EP(E7I(M)) = H(A%(M)),
where A*(M) is a filtered complex, which is exact in all degrees except zero:
HY(A®) = M, i.e. there is a canonical filtration

To(M) C Ti(M) C -+ C Tga(M) C To(M) =M
on every module M (The natural numbering of this filtration arising from the
double complex is descending but we found it more convenient to reverse it). The
convergence of the spectral sequence implies

EPda — Tap(M)/Tgp-1(M) ifp+q=0,
0 0 otherwise.

(By convention, T;(M) = 0 for i < 0).

Definition 3.1. (i) The number § := min{i | T;(M) = M} is called the
dimension 6(M) of a A-module M # {0}. We set 6({0}) = —oc.
(i) If M is a A-module we say that it has pure é-dimension if Ts_;(M) =0,
i.e. the filtration degenerates to a single term M.

(iii) A A-module M is called pseudo-null, if it is at least of codimension 2, i.e.
if (M) <d-—2.

By Grothendieck’s local duality theorem, this definition coincides with the Krull
dimension of suppy (M) if A is a commutative local Noetherian Gorenstein ring,
see [6, Cor. 3.5.11].

First we want to state some basic facts on the d-dimension. The functoriality of
the spectral sequence implies

Proposition 3.2. (i) If0 — M’ — M — M" — 0 is an ezxact se-
quence of A-modules then

T;(M") C T;(M) for all i
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and §(M") < 6(M).

In order to analyze this spectral sequence more closely, the Auslander condition
(for not necessarily commutative rings) is essential:

Definition 3.3. (i) If M # 0 is a A-module, then
J(M) = minfi | E¥(M) # 0}

is called the grade of M. By convention, j({0}) = oo.

(ii) A Noetherian ring A is called Auslander-Gorenstein ring if it has finite
injective dimension and the following Auslander condition holds: For any
A-module M, any integer m and any submodule N of E™(M), the grade
of N satisfies 7(INV) > m.

(iii) A Noetherian ring A is called Auslander regular ring if it has finite global
homological dimension and the Auslander condition holds.

Remark 3.4. Let A be a commutative ring. Then A is Auslander-
Gorenstein if and only if it is Gorenstein (in the usual sense). Similarly, A is
Auslander regular if and only if it is regular (in the usual sense) and of finite
Krull dimension. (The implications concerning the injective, respectively global
homological dimensions are well known, for the Auslander condition see [1, Cor.
4.6,Prop. 4.21] )

In the next section we will prove that A = A(G) is Auslander regular for any
p-adic Lie group without p-torsion. Generally, for this kind of rings we get the
following properties:

Proposition 3.5. Let A be an Auslander regular ring and M a A-module. Then
(i) (a) For all i, there is an ezxact sequence of A-modules
where Qi(M) is a subquotient of @, B HHIETHR(M).
(b) To(M) = EE4(M) and Ty(M)/To(M) = E4-1E1 (M),

(c) Ti(M)/T;_1(M) = 0 if and only if B¢ ESH(M) = 0.
(i) o(M)+ j(M) =d for M # 0.
(iii) (a) j(EY(M)) > i, i.e. EFEY(M) =0 for all j <i.

(b) 0(EY(M)) < d —1.

(c) B (M) has pure §-dimension 6(M).

(iv) EFODHEEOEIM (V) =0 for all k > 1.
) (a) For all 0 < i < d, E'EY(M) is either zero or of pure §-dimension
d—1.
(b) M has pure §-dimension if and only if E'EY(M) = 0 for alli > j(M).
(vi) (a) o(Ty(M)) <.
(b) T;(M) is the mazimal submodule of M with §-dimension less or equal
to 1.
(¢) The functor T; is left exact.
(d) Tis(M/T;(M)) = 0.
(vii) If (M) =0 then M has finite length.
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Proof. Except for (i) (a), (i) (b) and (vi), these properties are all proved in [4]
or trivial: Prop. 1.21, 1.16, Prop. 1.18, Remark before 1.19, Cor. 1.20, Cor. 1.22
and 1.27., while (i)(a) is proved in [24, Cor. 4.3]
The assertion (i)(b) is clear, as E% " = Ey ™" because of (iii)(a). So let us prove
(vi): By (iii), (a) is equivalent to j(T;(M)) > d — i and this is true because of
the Auslander condition using induction (cf. the proof of (iii)). The assertion(b)
follows by prop. 3.2: If N is a submodule of dimension §(N) < i, then N =
Ti(N) C Ti(M).
Noting prop. 3.2 (i), we only have to show N NT;(M) C T;(N) in order to prove
left exactness. Since the first module has dimension 6(N NT;(M)) < i, this is a
consequence of (b).
By (c) the exact sequence
0 — Tipa1(M)/Ti(M) — Tipo(M)/Ti(M) — Tiso(M)/Tip1(M) — 0

induces the exact sequence

0 = Ti(Tia(M)/Ti(M)) — Ti(Tizo(M)/Ti(M)) — Ti(Tisa(M)/Tisa(M)).

The first and third term are zero by (i) and (iii) as above. Hence (d) follows by
induction. O
Assuming the Auslander-condition, prop. 3.2 can be sharpened as follows [5, Prop.
1.8]:

Proposition 3.6. Let 0 — M’ — M — M" — 0 be an exact sequence of
A-modules.

(i) If A is Auslander-Gorenstein, then
J(M) = min{j(M’), j(M")}
holds.
(ii) If A is Auslander regular, then

§(M) = max{§(M"),o6(M")}
holds.

For the second assertion we used prop. 3.5 (ii).

Remark 3.7. (i) Using the methods of [12], proposition 6, one can show the
existence of the following exact sequences:

0 =E*'DQ' Ty (M) =Tg—i(M) =E'E (M) =E+*DQ'Tq_;(M) =0.

Hence, T;(M) can also be obtained recursively by the formula
Ty i1(M) = ETDQT,; (M) and similarly, we get a description for
Qa_i(M) = E2DQT,_;(M). The same arguments yield for a A-module M with
Jj(M) > j the isomorphisms

BRI (M) =2 7P 2DOY (M) for k > 1.
(ii) In particular, Ty (M) = E'D(M) = tory M, i.e. the torsion submodule of M
is the maximal submodule of codimension greater or equal than 1. That means
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that M is A-torsion if and only if it is at least of codimension 1, and A-torsion-free
if and only if M is of pure dimension d.

The following class of A-modules satisfies some duality relations:

Definition 3.8. A A-module M # 0 is called Cohen-Macaulay if
J(M) = pd, (M) holds, i.e. if EX(M) =0 for all i #£ j(M).

Proposition 3.9. Let A be an Auslander reqular ring.

(i) Let M be a Cohen-Macaulay module of dimension j. Then

E'E/ (M) = M.
(ii) In particular, if 6(M) = 0, then
E‘EY(M) = M.
Proof. In both cases the spectral sequence degenerates. U

One could hope that any A-module M can be decomposed into Cohen-Macaulay
modules in the following sense: there is an filtration of M such that the ith sub-
quotient is Cohen-Macaulay of dimension ¢. But it is easy to construct counterex-
amples which show that in general such a filtration does not exist. Nevertheless,
there is a different type of filtration: Auslander and Bridger proved the existence
of a spherical filtration (up to homotopy, i.e. after adding a projective summand
P)
My C Mgy C---CM CMy=DMe P,

the subquotients of which form spherical or Eilenberg-MacLane modules of type
E{(M), ie. for 1 <i<d

; E{(M) ifj=1

(M. AR
B (M /M;) = { 0 if j #1,0

Fossum [12] compared the spherical filtration to the filtration T;(M) for a com-
mutative Gorenstein ring and proved ([12], prop. 9) that their “torsion parts”

agree for i < d
T (M) Tag1(Mg—i—1)

T;(My) for all k < d —i.

1%

The proof generalizes at once to the non-commutative case.

Proposition 3.10. Let A be an Auslander regular ring. A A-module M with
projective dimension pd, (M) = k has no non-trivial submodule of dimension less
or equal tod —k — 1, i.e. Ty (M) = 0.

Proof. See prop. 3.5, (i) (b). d

The next result extends a well known result for commutative regular rings (see
for example [25], cor. 5.1.3).

Proposition 3.11. Let A be an Auslander reqular ring.
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(i) For any A-module M, the module E°(M) is reflexive:
E*(M) = E°E°E®(M).

(ii) Assume that d > 2 and §(M) = d —i. Then
E'(M) =2 E'E'EY(M).

Proof. Let N := E°(M) and apply proposition 3.5 (iv) to conclude that
@, EFMEF(N) = @, EFEPEY(M) = 0, i.e. Qq(N) = 0. Since we already
know by (iii)(c) that N is of pure dimension d (if N # 0), the statement (i)
follows considering (i)(a). The proof of (ii) is analogous. O

Corollary 3.12. For any i it holds

(i) EEE'E'E{(M) = E'E{(M) and
(ii) E'EiT,_ (M) = E'E (M)

Proof. To prove (i) assume first that §(E‘(M) = d — 4. Applying the proposition
to the module EY(M) gives the result while in the second case, i.e. j(E{(M) > 1,
the module E‘E'(M) is zero anyway. Noting that j(Q;(M)) > i + 2, the second
assertion follows at once calculating the long exact Ef-sequence of

0 —Ty ;1 (M)/Ty_i(M) —EE(M) — Q; — 0.
O

3.2. Modules up to pseudo-isomorphisms. As in the commutative case we
say that a homomorphism ¢ : M — N of A-modules is a pseudo-isomorphism
if its kernel and cokernel are pseudo-null. A module M is by definition pseudo-
isomorphic to a module N, denoted

M ~ N,

if and only if there exists a pseudo-isomorphism from M to N. In general, ~ is
not symmetric even in the Z,-case (cf. 25, V§3,ex.1]). While in the commutative
case ~ is symmetric at least for torsion modules (see the first remark after prop.
5.17 in [25]), we do not know whether this property still holds in the general case.
If we want to reverse pseudo-isomorphisms, we have to consider the quotient cat-
egory A-mod/PN with respect to subcategory PN of pseudo-null A-modules,
which is a Serre subcategory, i.e. closed under subobjects, quotients and exten-
sions. By definition, this quotient category is the localization (PZ)~*A-mod of
A-mod with respect to the multiplicative system PZ consisting of all pseudo-
isomorphisms (see [33, ex. 10.3.2]). Since A-mod is well-powered, i.e. the family
of submodules of any module M e A-mod forms a set,these localization exists, is
an abelian category and the universal functor ¢ : A-mod — A-mod/PN is exact
(see [31, p. 44ff]). Furthermore, ¢(M) = 0 in A-mod/PN if and only if M € PN.

Note that for any pseudo-isomorphism f : M — N the induced homomorphism
El(f) is an pseudo-isomorphism (with respect to an analogue subcategory, also
denoted by PN, of mod—A), too. By the universal property of the localisation,
we obtain a functor

E'(=) : Amod/PN — mod—A/PN,
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which is exact if it is restricted to the full subcategory A—mod='/PN of
A-mod /PN consisting of all A-modules of codimension greater or equal to 1.
The next result shows that

E'oE' 2 id : A—mod”™' /PN — A—mod”' /PN
is a natural isomorphism of functors:

Proposition 3.13. Let A be an Auslander reqular ring.

(i) Any torsion-free module M embeds into a reflexive module with pseudo-
null cokernel.
(i) Any torsion module M is pseudo-isomorphic to EYE(M).

Proof. Observe that Ty_1(M) is the maximal torsion submodule in this case.
Hence, the exact sequence in (i) (a) for i = d respectively i = d — 1 proves both
statements taking under consideration (iii)(b) and proposition 3.11. O

Corollary 3.14. A homomorphism f : M — N of A-torsion modules is a pseudo-
isomorphism if and only if the induced homomorphism E!'(f) : E}(N) — E!(M)
18.

Since A is Noetherian it follows readily that any object in A—mod="/PAN has
the ascending chain condition (A.C.C.) (see [31, IL.ch.2]). But using the natural
isomorphism E! o E! 2 id its immediate that also the descending chain condition
(D.C.C.) holds in this category. A consequence of this observation is that any
object in A—mod="/PAN has finite length. Moreover, the Krull-Schmidt-Theorem
holds (loc. cit. thm. 2.2):

Proposition 3.15. Let A be an Auslander reqular ring. Then any object
q(M) € A—mod=' /PN decomposes uniquely (up to isomorphism) into a finite
direct sum of indecomposable objects q(M;) :

ME@Mi mod PN.

Proposition 3.16. Let A be an Auslander reqular ring. Then the following holds.

(i) The simple objects of A—mod=' /PN are cyclic, i.e. of the form q(A/I)
for some left ideal I of A.
(ii) There is an isomorphism of abelian groups

Ko(A—mod>' /PN) = P Z[S)]
SeZ
where I denotes the set of isomorphism classes of simple objects of

A—mod=" /PN

The class [M] of a 1-codimensional A-module M in Ky(A—mod='/PN) should
be thought of as ”generalized characteristic ideal.” At least if A is a commutative
regular ring, this class bears the same information as the characteristic ideal
which is associated with M via the structure theory of A-modules up to pseudo-
isomorphism (see [25, 5.1.7,5.18]).
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Proof. Let M be a non-pseudo-null A-module such that (M) is a simple object.
Then there exists a m € M such that Am = A/anny(m) is not pseudo-null, either.
Consequently, 0 # g(Am) C ¢(M) and by the simplicity of ¢(M) this inclusion
cannot be strict. Taking I = anny(m), this proves (i) while (ii) is just [31, II
ch.1, thm 1.7]. O

Following the structure theory for modules over a commutative regular local ring
(see [25, 5.1.7,5.18]), it is natural to hope that the following question has an
affirmative answer

Question 3.17. Let A be an Auslander regular ring and M € A-mod. Does there
exist an isomorphism in A-mod/PN

M = toraM @& R mod PN,
where R = M /toraM mod PN is a reflexive A-module?

At least for the Iwasawa algebra A(G) of an extra-powerful (for the definition see
the next subsection) and uniform pro-p-group this should follow from the tech-
niques used by Coates-Sujatha ([10]) to prove the structure theorem for torsion
modules.

Proposition 3.18. Let A be an Auslander reqular ring. For any A-module M it
holds:

E' (M) ~ E'(tory M).

Proof. From the long exact Ext-sequence we get the exact sequence
E'(M/toryM) —E'(M) —=E!(tory M) —E*(X/tory M).

While the module on the right hand side is obviously pseudo-null the first one is
so by the following argument: the long exact Ext-sequence of

0 —=M /tora M —=E°E*(M) —=E2D(M) — 0
tells us that E'(M/tory M) fits into the exact sequence
E'E'E’(M) —E' (M /tors M) —E2E2D(M),

i.e. it suffices to show that E'EE?(M) is pseudo-null. But E'E'E'E’(M) = 0
by 3.5,(v), (and E°E'E’E?(M) = 0 anyway), i.e. j(E'E°E°(M)) > 2 respectively
S(E'E'EY(M)) < d — 2. O

3.3. The graded ring gr(A). An important method to verify the Auslander
condition of a ring A consists of endowing A with a suitable filtration and studying
the associated graded ring gr(A). By a filtration on a ring A we mean an increasing
(1) sequence of additive subgroups ¥, 1 C ¥; C ¥, satisfying [ J3; = A and
(1 2; = 0 and the inclusions ;% C ¥, hold for all pairs of integers i and k. The
main example on a local ring is the M -adic filtration with ¥_; = M’ for all ¢ > 0
(by convention, 9 = A ). For our aim the closure condition will be crucial:
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Definition 3.19. The filtration X satisfies the closure condition if the additive
subgroups X, uy + -+ + X, us and u1 X, + - - + usdy,, are closed with respect
to the topology induced by 3 for any finite subset uy, ..., us in A and all integers
mi,...,Mg.

Lemma 3.20. Let G be a p-adic analytic pro-p-group. Then the M -adic filtration
on A(G) satisfies the closure condition.

Proof. Note that the 9-adic topology on A coincides with the (m, I)-topology
(cf. [25, (5.2.15)]). Since M is a two-sided ideal of A the subgroup 9wy +
Co MM, g M 4w I s a finitely generated left, right ideal,
respectively. Hence, these subgroups are compact as continuous images of the

compact module A" for some n. O

Put gr(A) = @ X;/X;_1, which is called the associated graded ring of A with re-
spect to the filtration 3. The above lemma admits applying the following theorem
of Bjork to certain completed group rings:

Theorem 3.21 (Bjork). (1) Assume that gr(A) is a Auslander regular ring
and that X satisfies the closure condition. Then A is a Auslander reqular
Ting.

(ii) In the situation of (i), the equality j(M) = j(gr(M)) holds. If, in addi-
tion, gr(A) is commutative and of pure dimension d, then also §(M) =
dim(gr(M)) holds, where dim(gr(M)) = dim(suppgra)(gr(M))) is the
Krull dimension of gr(M).

Proof. See [4, Theorems 4.1,4.3] and also [5, Thm. 3.9. and Remark]. For the
last equality note that

dim(gr(M)) = max{dim(gr(M), | p mazimal ideal of gr(A)}
= d—min{j(gr(M),) | p mazimal ideal of gr(A)}

= d—j(gr(M)

= d—j(M)

= 5(M)v
where we used prop. 3.5, (ii), and the fact that localization commutes with Ext-
groups, if all objects are Noetherian. 0

Our task will be to determine the structure of gr(A(G)). Before stating the
next, result we recall that a pro-p-group G is called extra-powerful, if the relation
[G,G] € G” holds. Furthermore, note that gr(Z,) = F,[X,] if Z, is endowed
with the m -adic filtration.

Theorem 3.22. Let G be a uniform and extra-powerful pro-p-group of dimension
dim(G) = r. Then there is a gr(Z,)-algebra-isomorphism

gr(A(G)) = F,[Xo, ..., X,].

In particular, gr(A(G)) is a commutative reqular Noetherian ring.

A consequence of Lazard’s results is the
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Remark 3.23. Any compact p-adic analytic group contains an open characteristic
subgroup, which is an uniform and extrapowerful pro-p-group (cf. [11, Cor. 9.36]
and [34, Prop. 8.5.3])

For the proof of the theorem we need some more terminology. Let G' be an uniform
pro-p-group with a minimal system of (topological) generators {xy,...,z,}, in
particular dim(G) = r. Then the lower p-series is given by P (G) = G, P11(G) =
(P(G))P, i > 1. This filtration defines a p-valuation w : G — Nyg U {o0} C
R.o U {oo} of G in the sense of Lazard via w(g) := sup{i | g € P,(G)}, which
induces a filtration on the group algebra Z,[G] of the underlying abstract group
of G, too (cf. [23, Chap. III, 2.3.1.2]).

Lemma 3.24. The filtration on Z,[G), induced by w, is the My-adic one, where
My =m+ 1;(G) with the augmentation ideal 145(G) of Z,|G].

Proof. Conferring the proof of Lemma III, (2.3.6) in [23], the induced filtration is
given by the following ideals in Z,[G], n € N : A,, is generated as Z,-module by the
elements p'(g;—1) - -+ (gm—1) where [,m e N, g; ¢ G and l+w(g))+. . .4+w(gm) > n,
whereas the My-adic filtration is defined by the ideals 21}, which are generated
(over Z,|G]) by the elements p'(gy — 1)+ (g, — 1), where [,m e N, g; ¢ G and
[+ m = n. Since w(g) > 1 for all g e G the ideal M7 is contained in A,. The
converse is a consequence of the following

Claim: Let g € G with w(g) =t > 1, then g — 1 ¢ M,

Since G is uniform, the map G — P,(G), which assigns ¢ ' to g, is surjective
(cf. [11, lemma 4.10]), i.e. there exists an element h ¢ G with g = h*"". Writing

g-1=s -y 1= (P e
k>1

t—1

k
pit k
< L )(h—l) ¢ M. 0

Lemma 3.25. The My-adic filtration on Z,[G] induces the M-adic filtration on
Zp[ G-

one verifies that g — 1 € 9, because vp(( b )=t—1—v,(k) >t—k,ie.

Proof. The ideals defining the induced filtration are just the closure M7 of M7 C
Z,|G) C Z,[G] with respect to the 9M-adic topology on Z,[G]. Since they contain
the elements p'(gy — 1)+ (g — 1) with I,m e N, g; € {z1,..., 2.} and [+m = n,
which generate 9" as ideal of Z,[G], they contain 9", too. On the other hand
9N is closed and contains all the generators of the Z,[GJ-ideal M7 : p'(g; —
1)...(gm —1), I,meN, g; ¢ G. This proves the lemma. O

Now we can prove theorem 3.22.
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Proof. Since gr(G) = @ P;(G)/P,4+1(G) is a Lie algebra, which is free of rank r
as gr(Z,)-module, we get the following inclusion:
gr(G) € Ugr(G) = gr(Z,|G])
= gr(Z]G]),
where the first equation holds by [23, Chap. 111, 2.3.3] and Ugr(G) is the envelop-
ing algebra of the Lie algebra gr(G), whereas the second one is a consequence

of lemma 3.25. According to [34, Theorem 8.7.7], the graded ring gr(Z,[G]) is
commutative (G is assumed to be extra-powerful), i.e.

Ugr(G) = gr(Z,)[X1, ..., X,] 2 F,[Xo, ..., X,].
O

As an important consequence we obtain the

Theorem 3.26. Let G be a compact p-adic analytic group without p-torsion.
Then the completed group ring A(G) is an Auslander reqular ring.

Proof. GG posses an open characteristic subgroup N which is an uniform, extra-
powerful pro-p-group. By the theorem of Bjork and theorem 3.22, A(N) is an
Auslander regular ring, because gr(Z,[N]) has this property as a regular com-
mutative Noetherian ring (cf. [3, pp. 65-69]). But Ej (M) = Ej v (M) as
A(N)-modules for any A(G)-module M, by which the Auslander condition is
easily verified. 0

If one is not interested in the Z,-torsion submodule of a A-module M it might
be convenient to replace M by its maximal Z,-torsion-free quotient M /torz, M.

This leads to the study of the subcategory A—mod® of A—mod consisting of Lyy-
torsionfree or equivalently Z,-flat A-modules. This category is closely related to
the category Q,[G]—mod of finitely generated Q,[G]-modules where

QP[[GH = ZPHG]] X7, Qp

by definition. Note that the latter ring is Noetherian whenever Z,[G] is. We let
A—mod%p denote the category with the same objects as A—mod™ and such that

Homy 041 (M,N) :=Homy(M,N) ®;Q

for any two A-modules M, N in A—mod" with the composition of homomorphisms
being the Q-linear extension of the composition in A—mod™. It is clear that the
functor M — Mg, := M ®z, Q, induces an equivalence of categories

A—modg = Q,[G]—mod.

Remark 3.27. Schneider and Teitelbaum proved in [30] that, for a compact p-adic
Lie group, these categories are anti-equivalent to the category of certain Banach
space representations of G.

The following proposition, which is standard, allows to calculate Ext-groups in
Q,[G]—mod via Ext-groups in A-mod.
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Proposition 3.28. For any M, N in A-mod we have canonical isomorphisms

Ext} (M, N) ®z, Qp = EXt@p[GH(M@p, Ng,) for all i > 0.

Now, we are able to derive the Auslander regularity of Q,[G] from the Auslander
regularity of A(G).

Theorem 3.29. Let G be a compact p-adic analytic group without p-torsion.
Then the group ring Q,[G] is an Auslander reqular ring of (projective) dimension

pdQ,[G] = cd,(G).

Proof. We set r := cd,G. Let M be any finitely generated Q,[G]-module and
choose N e A—mod" with M 2 Ny, . Since N is Z, -torsionfree, we have E} ™ (N) =
0 by theorem 4.7 (iii), hence pd, N < d using (6.3). By the previous proposition,

E&EG]](M) vanishes, too, i.e. pdg ;M < r. On the other hand the projective

dimension of Q, is r, because Ey 11(Q,) = E"(Z,) ®z, Q, = Q, by [20, 2.6]. It
follows that pdQ,[G] = r.

Now we will verify the Auslander condition: Since any Q,[G]-submodule of
E?@p c1(M) = E\ (N) ®z, Q, has the form Lg, for some A-submodule L C E} (N)
we see that

E(](ip[[G]](LQp) = E?\(L) ®Zp Qp = O, ] < i,
because A is Auslander regular by theorem 3.26. 0

3.4. The p-invariant. For the purpose to study the p-torsion part torz, M of a
A-module M we are also interested in the rings Z/p™[G] = A(G)/p™, especially
the ring IF,[G], and will consider the change of rings A(G) — A/p™. For a A/p™-
module M there exists a convergent spectral sequence (see [33, Ex. 5.6.3])

Ext}y j,m (M, Ext} (A/p™, A)) = Ext)? (M, A).

We should mention that here Ext}(A/p™, A) is a left A- and A/p™-module by
functoriality and the right A-structure of the bi-module A/p™. Using the free
resolution

m

0 AL A—=A/pm —0,

it is easy to calculate that

. Afpm it j=1
7 m >~ ’
Ext) (A/p™, A) = { 0 otherwise.

Hence the spectral sequence degenerates to
iy (M) = B (M)
for any A/p™-module M and any integer i. We obtain the following

Theorem 3.30. Let G be a compact p-adic analytic group without p-torsion and
m any natural number. Then

(i) Z,/p™"[G] is an Auslander-Gorenstein ring of injective dimension cd,(G).
(i) F,[G] is an Auslander regular ring of dimension cd,(G).



20 OTMAR VENJAKOB

Remark 3.31. The same arguments prove that A(G)/(f) is a Auslander Goren-
stein ring of injective dimension cd,(G) for any element f of the center of A(G)
or even more general for any f ¢ A(G) such that the left ideal (f) := A(G)f is
two-sided.

Proof. From the above formula we derive that A/p™ has finite injective dimension
cd,(G). On the other hand it is well known that the projective dimension of F,[G]
is equal to cd,(G) (see [25, V§2Ex.5]). Hence it suffices to verify the Auslander
condition: For a A/p™- module M let N C Ej ..(M) be a A/p™-submodule
which we will also consider as A-submodule of E{(M). Applying again the
above isomorphism, we see that E} p,,.(N) = E/™(N) = 0 for any integer j < i
because A fulfills the Auslander condition. O

A different possibility to prove (ii) of the previous theorem would be to imitate
the proof of theorem 3.26 using the analogue of theorem 3.22: if G is a uniform
pro-p-group of dimension d, then there is an isomorphism

gr(F,[G]) =2 F,[ Xy, ..., X,
where [F,[G] is endowed with its M-adic filtration (see [34, 8.7.10]). In particular,
F,[G] has no zero divisors for uniform G ([34, 8.7.9]).
In order to measure the size of the p-torsion part of a A-module we have (as

usual) the p-invariant which is defined as follows.

Definition 3.32. Assume that G is a p-adic Lie group without p-torsion such
that F,[G] is integral. For any A(G)-module M we define its p-invariant p(M)
as

/L(M) = rka[[G]] @pi+1M/piM,

i>0
where ,0M = 0 by convention. Observe that the sum is finite because A is
Noetherian.

Susan Howson has defined the p-invariant in a similar, equivalent way and she
has independently studied its properties in [18]. In particular, she expresses the
p-invariant of a A-module M to the Euler characteristic of torz, M.

Note that the p-invariant only depends on the A- resp. Z,-torsion-
submodule: p(M) = p(toraM) = p(torg, M) = p(ym M) for m sufficiently large.
With respect to the vanishing we have the following characterization:

Remark 3.33. Since i+1 M/ M P »M the following is equivalent

p(M)=0 < p(pM)=0
& ,M is F,[G]-torsion
& ,M is a pseudo-null A-module.

For the latter equivalence we used again the above isomorphism.
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The next proposition shows that the p-invariant is in fact an invariant “up to
pseudo-isomorphism”, i.e. it factors through the quotient category A-mod/PN.
In particular, our definition of u generalizes the usual definition via the structure
theory if G is isomorphic to Z; for some r.

Proposition 3.34. Let G be a p-adic analytic group without p-torsion such that
both A = A(G) and A/p are integral. Then

M ~ N implies (M) = p(N).

Proof. The statement will follow if it holds in the two special cases of exact
sequences

(a) 0O Q M N 0,
(b) 0 M N Q 0,

where () is pseudo-null. More generally, we consider a short exact sequence of
A-modules
0 X Y A 0.

The snake lemma implies the exactness and commutativity of the following dia-
gram

0 X oY oz X/p"

I

0 *>pn+1X pn+1Y pn+1Y *>X/p”+1,

Again by the snake lemma we obtain the exact sequences

0 HanrlX/an %pnquY/pnY HAAn_;'_]_/zéln e 0,
0— K, 4>An+1/An ‘>p"+1Z/p"Z ‘>Bn+1/Bn — 0,

where A; denotes the image of ;Y in ,; Z with cokernel B;, the latter module con-
sidered as submodule of X/p’, and K,, := ker(B,, — Bpy1). In case (b) A, 1/A, is
a pseudo-null A-module because A, C Z. Hence rkg, g1 Apnt1/An = 0 by remark
3.33. In case (a) rkg,jgppn+1 X /p» X = 0 by the same argument. Furthermore,
K, C X/p", B,y1 C X/p"™ and finally B,,,/B, are pseudo-null, too. O

By A-mod(p) we shall write the plain subcategory of A-mod consisting of Z,-
torsion modules while by PN (p)“ = PN N A-mod(p)” we denote the Serre sub-
category of A-mod(p) the objects of which are pseudo-null A-modules. In other
words M belongs to PN (p) if and only if it is a A/p™module for an appropri-
ate n such that E} o (M) = 0. Recall that there is a canonical exact functor
q : A-mod(p) — A-mod(p)/PN (p). For the description of the p-torsion part the
following result will be crucial.

Proposition 3.35. Assume that G is a p-adic analytic group without p-torsion
such that both A = A(G) and A/p are integral. Then the following holds:

(i) q¢(A/p) is simple object in A-mod(p)/PN (p), i.e. does not contain any
proper subobject.
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(ii) Every object A in A-mod(p)/PN (p) has a finite composition series
0=A4CAC---CAL=A

of subobjects A; of A such that Aji1/A; = q(A/p) for every i > j > 0.
In particular, q(A/p) is the unique simple object of A-mod(p)/PN (p).

(iii) Any q(M) in A-mod(p)/PN (p) has finite length equal to p(M). Thus,
[q(M)] — p(M) induces an isomorphism

Ko(A-mod(p) /PN (p)) = Z.

We need the following lemma which can be proved literally as [17, lem 2.25]
because F,[G] is both left and right Noetherian ring without zero divisors and
thus it has a skew field of fractions.

Lemma 3.36. With the assumptions of the proposition let M be a torsion-free
A/p-module of rank rky (M) = m. Then there exist free A/p-modules F, F" such
that ' C M, M C F' and both M/F and F'/M are A/p-torsion, i.e. pseudo-null
considered as A-module. In particular, for any A/p-module of rank m there is an
1somorphism

q(M) = q(A/p)™.

Proof. Let h : (M) — q(A/p) be a monomorphism in the quotient category. By
[31, I 2.9] there exists a diagram

M A/p
N

in A-mod(p) with f a pseudo-isomorphism in A-mod such that

q(A/p)

(M) i (
q(M')

commutes. Since h is a monomorphism and ¢(f) an isomorphism, ker(g) must

be in PN (p). Since M’/ ker(g) € A/p, we can consider its A/p-rank which can

be either 1 or 0. In the first case we conclude that g is a pseudo-isomorphism,

i.e. ¢(g) is an isomorphism, while in the second case M’/ ker(g) and hence M’ is

pseudo-null, thus ¢(M’) = 0. This proves (i).

For any M e A-mod(p), the canonical decomposition
0C,MCpoMC-CpuM =M

for some m, induces a decomposition

0 C q(,M) C gz M) € -+ C qlym M) = q(M)

with

q(p1 M) /q(i M) = g1 M/ M) = q(A/p)®,
where d; = 1k p(pi+1 M/ M) by the previous lemma. Since this filtration can
be refined easily to a decomposition series of the desired kind, we are done. [
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Corollary 3.37. The invariant p is additive on short exact sequences of A-
torsion modules.

Proof. Since p is additive on short exact sequences of p-torsion modules by the
proposition it suffices to reduce the general statement to this case. Let

0 X Y A 0

be a short exact sequence of A-torsion modules. Choosing a number n such that
the p-torsion parts of X,Y and Z are annihilated by p", we obtain an exact
sequence

)

0 —torz, X —torz Y —torz, Z X/p" Y /p".

Considering the exact, commutative diagram

0 —>torz, X —~X/p" —~(Xtorz,)/p" —>0

| l

0 ——torz,Y —=Y/p" —(Y [tors,)/p" —0,
we see that ker(y) is pseudo-null by the following lemma, i.e.
0 —torz, X —torz, Y —torz,Z —0

is exact mod PN OdJ

Lemma 3.38. Assume that G is a p-adic analytic group without p-torsion such
that both A = A(G) and A/p are integral. Let M be a (not necessarily torsion)
A-module. Then the following holds

pw(M/p)=0 = p(M)=0.
Proof. Since (torz,M)/p € M/p by the snake lemma, it suffices to deal with

the case that M is A-torsion. But then the additivity of the u-invariant shows
immediately that p(,M) = pu(M/p). O

Lemma 3.39. Assume that G is a p-adic analytic group without p-torsion such
that both A = A(G) and A/p are integral. Let M be a A-torsion module with
torz, M = 0. Then

(i) for any integer n > 1, the module M /p™ is pseudo-null.
(ii) torz, E'(M) = 0.

We will denote the annihilator in A of an element m € M by anny(m) :=
{\ € Aj]Am = 0}.

Proof. Since there is a surjection

@ AJanny(m;) - M
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for a finite set of generators m; of M, it suffices to prove (i) in the case M := A/I,
where [ is a non-zero left ideal of A. As M /p™ is A-torsion we are done once we
have shown the vanishing of E} (M/p"). But

Ey(M/p") = B} (M/p")

Homp /pn (M, A/p")

Homa (A/I,A/p") = 0.

Indeed, the vanishing of the latter module can be seen as follows: let p : A — A/p"

be a non-trivial homomorphism of A-modules which factors through A/, i.e.
I C annp(z modp™) with x = ¢(1) modp™.

1%

I

Claim: anna(x modp™) C pA.

Let A € anny(z modp™), i.e. \x = p"y for some y € A and let n, be the maximal

integer with x € p™A, i.e. x = p™xq for some zy € A\ pA and ng < n. Since

the multiplication by p™° is injective we obtain Az, = p" ™y = 0 modp. Hence

A € pA because A/p is integral. This proves the claim.

The fact that ,M = 0, implies I N pA = pI and regarding the claim it holds
I=INpA=pl=...=p"I

for any m > 0. Since p™ tends to zero if m goes to infinity the ideal I must be
zero, a contradiction.
The second statement results from the first one regarding the exact sequence

0 = EY(M/p) —EY(M) ==EY(M).
O

We finish this section with a “structure theorem for the p-torsion part of A-
modules.”

Theorem 3.40. Assume that G is a p-adic analytic group without p-torsion
such that both A = A(G) and A/p are integral. Let M be in A-mod(p). Then
there exist uniquely determined natural numbers nq,...,n, and an isomorphism
in A-mod(p) /PN (p)

M= GB A/p™ mod PN (p).

1<i<r

Proof. Let m be minimal with the property: ,m+1M = M. The theorem is proved
using induction with respect to m. The case m = 0 is just lemma 3.36, so let m
be arbitrary. Again by lemma 3.36 we are in the following situation:

(A/p)

OHPmM HM H]\4/12777.1\4 ‘>07

where d is the A/p-rank of M/, M and the cokernel of ¢ is pseudo-null. Replac-
ing M by the pull-back with ¢, we may assume that M/,mM = (A/p)?. Since
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(A/p™t 14 is free in the category of A/p™* ! -modules, we obtain easily the follow-
ing exact and commutative diagram

0 —=(A/p™)? —=(A/p™ )T —=(A/p)? —=0
I oo

0 M M (A/p)?—=0
i i
N———N

where N is by definition the cokernel of 1) respectively . First we will show that
1 and hence also ¢ is injective. Since (A/p™*1)? - being of projective A-dimension
1 - does not contain any proper pseudo-null A-submodule, it suffices to prove that
ker()) is pseudo-null. Assuming the contrary, i.e. that u(ker(¢)) # 0, it follows
that pu(pm+1K/pm K) < d for the image K of ¢ because for an arbitrary p-torsion
A-module N 1kpp(,i+1 N/, N) > 1tkp p(piv2 N/ pie1 N ) holds for any ¢ > 0. But this
contradicts the surjectivity of pr o .

To prove the theorem we only have to show that ¢ has a co-section in
A-mod(p) /PN (p), i.e. that the short exact sequence in the left column splits.
Indeed, then a section N — ,»M would give rise to a section N — M, i.e.
M = N@(A/p™t1)4, and by the assumption of the induction N is already of the
desired form. Here and in what follows we are arquing in the quotient category
A-mod(p) /PN (p), though we omit the functor q in the notation of maps and ob-
jects for simplicity.

Again by this assumption, the module ,m»M is isomorphic to a module of the
form (A/p™) @ @, A/p™, where n; < m. Assume first that d = 1. We claim
that the image of ¢ is mapped surjectively onto one of the factors A/p™ under
the correspondent projection. Indeed, it is easy to see that otherwise the image
would be contained in ,m-1 M, which contradicts the injectivity of ¢. Counting
p-invariants, we see that ¢ followed by the projection onto such a factor gives an
isomorphism and therefore induces the desired co-section. If d > 1 we make the
same procedure iteratively for every factor of (A/p™)? after first splitting up the
image of the previous factor(s). The theorem follows because the uniqueness can
be deduced easily from the decomposition

0C,MC 2 MC---CpmM=»M
counting A/p-ranks. O

Remark 3.41. If one replaces p € A(G) by any element f in the center of A(G)
such that (f) := A(G)f is a prime ideal, i.e. such that A(G)/(f) is integral,
then one gets analogous results concerning the “f-torsion part” {m ¢ M|f"m =
0 for some n} of M. In particular, one obtains further invariants p; for these
prime elements.

4. SPECTRAL SEQUENCES FOR IWASAWA ADJOINTS

In the previous section we have seen that the functors E'(—) play an essential
role in the dimension theory of A-modules. In this section we will mention some
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techniques which sometimes allow to calculate these adjoints in applications when
A is the Twasawa algebra A(G) of a profinite group G. A part of the results stems
from U. Jannsen ([20]) whom I would like to thank heartily for giving me his
manuscript on a spectral sequence for Iwasawa adjoints ([21]).

We shall write D(G) and C(G) for the categories of discrete and compact A-
modules, respectively, whereas we denote the full subcategories of cofinitely and
finitely generated modules by D.r,(G) and Cy,(G), respectively.

Now, let G = H x I be the product of profinite groups H and I". Assume that
A(G) is Noetherian and that I' is separable, i.e. it possesses a countable ordered
system of open normal subgroups I',, as a basis of open neighborhoods of 1 € I'.
Let (Desq(G))N be the category of inverse systems in D.s,(G) and consider the
left exact functor

TF : Dcfg(G) - (Dcfg<G))Na

N
which sends B to the inverse system {BF»+  “24*" Bru} and

hﬂHomA(H)(—v,A(H)) : (Degg(G))N — A(G)-Mod.
Here the action of I' on f ¢ Homyg)(M,A(H)) for M e C(G) is defined by
(vf)(m) == f(y~'m), whereas h € H acts by the rule (hf)(M) := f(m)h™*

usual.

Since the category (D.r,(G))N has enough injectives, because D.s,(G) has ([19],
Prop. 1.1), we can form the right derived functors
RITH(B) = {H/(T,0y, B) <2 Hi(T,, B)}
and .
Rl(hﬁHomA(H)(Bv,A(H))),
which equals 4
(li_mRZHomA(H) (BV, A(H))
(cf. [19] Prop. 1.2, 1.3), if we restrict ourselves to elements of the subcategory
(D')N where D' is the abelian subcategory of D,s,(G) consisting of A(G)-modules,
which are cofinitely generated over A(H). Indeed, in this case, the modules
Homy (B, A(H)) are compact, i.e. the inverse limit functor is exact on the
corresponding inverse systems. Since R'Homyg)(—, A(H)) extends the functors
E} () (—) naturally from C(H) to C14(G), we will write also Ej ;) (—) for the first
functor. Note that it is endowed with a natural I'-action.

Lemma 4.1. The functor Tr sends injectives to hﬂHomA(H)(—v, A(H))-acylics.

Proof. 1t suffices to prove that Z,[H][[I'/T',] is Homp g (—, A(H))-acyclic. But,
for any resolution of Z,[H][I'/T ] by A(G)-projectives
P* — Z,[H][I/T],
the sequence
0— HOIHA(H)(ZP[[H]][F/F”], A(H)) — HOII]A(H)(P.,A(H))
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is exact, because both, Z,[H][[['/T,] and the P, are projectives in C(H) (cf. [25]
(5.3.13)). The result follows by taking homology. O

The Grothendieck spectral sequence for the composition of the above functors
gives

Theorem 4.2. With notation as above, there is a convergent cohomological spec-
tral sequence

Lim B} ) (W (T, B)Y) = Ej¢,(BY)

for any B in D.ry(G).

Note that all modules that occur in the spectral sequence are compact A(G)-
modules.

Proof. The functor EE)\(G)(—) is the composition of the functors Tr and
hﬁﬂomA(H)(—v, A(H)), because by lemma 4.3 we have isomorphisms of A(G)-

n
modules

Bl (BY) = Homy (B, Z,[H])[T])
= limHomgz, ymyr/r,  ((BY)r,., Zp[H][/T))

n

= limHomy s (B™)", A(H)).

n

Now the result follows by lemma 4.1.

Recall that there is a canonical A(H )-homomorphism
T L,[H][/T,] — Z,[H], Z ag gL'y — ay,
ge'/Ty

and, for any m > n, a canonical A(G)-homomorphism p,, : Z,[H][I'/T'\m] —
Z,[H][I'/T,,] which sums up the coefficients of the same I',,-cosets.

Lemma 4.3. The homomorphisms m, and py, induce a commutative
diagram of A(G)-modules:
m)x
Honz, gaie/r,) (Mr,, Z[HI[T /T2 Homg, g (Mr,,.. Z,[H])

\L(pm,n)* lNFn/Fm
ﬂ'n)*
HomZp[[H]][F/Fn] (Mrn, Zp[[H]] [F/Fnﬁ) S— HOIHZP[[H]] (Mpn, Zp[[H]])

~
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Proof. 1t is easily checked that the diagram commutes and that the inverse
of (mn). is given by ¢+ (m — > pp ¥(g7'm)gl,). (Note that the I'-
invariance of a homomorphism ¢(m) = 3 ¢(m),gl, is equivalent to ¢(y~tm); =
¢(m), for all v € I'.) Recalling that v € T' acts by (y¢)(m) := ¢(y'm) on
Homg, 1m0 /1, (Mr,, Z,[H][I'/T']), it is also immediate that (). is A(G)-invariant.
O

Corollary 4.4. IfT" contains an open subgroup of index prime to p and isomor-
phic to Z,, then there is a long exact sequence of A(G)-modules

hmEA(H)( ) =B} o) (M) >hmEl (M Fn)>hmE

o) Mr,) =EFL (M)

A(H)( A(G)
Now we are going to present further spectral sequences due to U. Jannsen which
were in some sense the models for the first one proved in this section. The next
one describes the Iwasawa adjoints of certain cohomology groups associated with
p-adic representations. So let G be a profinite group and G, a closed subgroup,
such that its quotient has a countable basis of neighbourhoods of identity, i.e.
there is a countable family G,, G C G,, C G, with [, G, = G. Furthermore,
let A= (Q,/Z,)" for some r > 1 with some continuous action of G. We shall
write
T,A =Hom(Q,/Z,, A) = Jim pm A
m

for the Tate module of A. Then there is the following convergent spectral sequence
([21]):
Theorem 4.5. (Jannsen)

EY =FEP(HY(Gy, A)Y) = (h_mH”q(Gn, T,A)

Corollary 4.6. Assume cd,(G) < 2. Then the exact sequence of low degrees
degenerates to

0—> EI(A(kOO)v)

: 1
lim HY(G,,, T,4)

EQ(A(kOO)V) — ker((li_m H%(G,, T,A) — EO(HZ(GOO, A)Y)) —
E'(H! (G, A))

EY(HN (G, A)Y) —

E3(A(kw)Y) — 0.

The next result, which relates the (compact) A-modules E*(M) to the discrete
G-modules A
D;(MY) := lim H (U, MY)* | i >0,
—
UCoG
is derived by some spectral sequences, too, but we only state the associated long,
respectively short, exact sequences:

Theorem 4.7. (Jannsen) Let G be a profinite group such that A(G) is Noe-
therian. Then, for any finitely generated A-module M, there are functorial exact
sequences



ON THE STRUCTURE THEORY OF THE IWASAWA ALGEBRA 29
(i)
00— D'L(Mv) ®Zp Qp/zp - EZ(M)V —— tOI'ZpDifl(MV) — 0

Y

for all i, where by definition D;(M") =0 for i < 0.
(ii)

——E(M)" —=lim Dy (MY)) —lim Dio(MY/p™) —FE=1(M)" —

m m

’

and the following isomorphisms
: Vo~ ] Vi
(iii) E*(M /torg, M )Y = @)Dz(pm(M )

(iv) E(torz, M)Y = li_m>Dl-_1(MV/pm).

m

Proof. See [20] 2.1, 2.2 or [25] theorem 5.4.12. O

For the duality theorem in the next section the following corollary will be crucial.

Corollary 4.8. Assume that G is a duality group at p of dimension n with
dualizing module DY) = h_m)Dn(Z/me). Then the following holds:

m

(i) If M is A-module which is free of finite rank as Z,-module, then
‘ lim D, ((M/p™)") = M &z, DY ifi =n,
sy s | D)

0 otherwise.

(ii) If N is a finite p-primary A-module, then

i (N)Y = Homzp(Nv,DﬁLp)) ifi=n-+1,
N 0 otherwise.

Proof. See [20] 2.6 or [25] 5.4.14. O

Proposition 4.9. Let G be a compact p-adic analytic group without p-torsion,
H C G a closed subgroup and M a finitely generated A(H )-module. If dyy (resp.
damy) denotes the (projective or §-) dimension of A(G) (resp. A(H)), then the
following holds:

(i) jae(Indg M) = jag (M),
(ii) 5A(G)(IndgM) = 5A(H)(M) + dA(G) — dA(H),
(iii) pdy (g (Ind M) = pdy gy (M).

Proof. This is a consequence of 2.7, 3.5, (ii), and 6.3. O

Lemma 4.10. Assume that G = H X ' is a p-adic Lie group without p-torsion
where T contains an open subgroup of index prime to p which is isomorphic to
Zy. Let M e C(G) be finitely generated and torsion as A(H)-module. Then M is
a pseudo-null A(G)-module.
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Proof. By the corollary 4.4, there is an exact sequence

So, if we can show that the left term vanishes, we are done, because then
E'EY(M) = 0 = E°E?(M). Consider the commutative exact diagram

Wn

M M Mr, 0

wm wm
wn wn
Wm

M M Mr,, 0,

where w,, = 4*" — 1 for some generator v of Z, C T'. Since M is assumed to be
A(H)-torsion, we get the commutative exact diagram

0 HE}X(H)(MFWJ ‘>E}X(H)<M) AE}\(H)(M)

wm wm
wn wn

0 *)E}X(H)(MR) ‘>E}X(H)<M) i>E}\(H (M)
Passing to the limit, we obtain

. 1 . 1 T Wm 1 _
lim Ep gy (M, ) € ImEy (M) = lim N w_nEA(H)(M) =0,
n n n  m>n
because ‘:—’: tends to zero.

O

Remark 4.11. The same arguments show that dg(M) < dy(M) for any finitely
generated A(H)-module M.

Besides the case G = Zg these results apply also to the following situation where
G is an open subgroup of Gly(Z,), d is prime to p, such that the determinant
takes values in I' := det(G) C Z, C Z3. at least if . Indeed, we have the following
exact commutative diagram

1 —Sl4(Zy) —Glo(Zy) Ly ——1

I

1 —=Sl4(Z,) NG G r 1,
in which the lower sequence possesses the following splitting
ql/d
ql/d

s:I'=2%2,—G, a—

Q1/d

(Note that I' = Z,, is considered as subgroup of the units and that Z, is uniquely
d-divisible. Furthermore, if the image of this homomorphism is not contained
in GG, we just apply the theory to an open subgroup U of G which fulfills this
condition with respect to det(U) and contains H := Sl4(Z,) N G. Such U always
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exists because Gly4(Z,) is p-adic analytic, i.e. the lower p-series forms a basic of
neighborhoods of the neutral element. Hence at least for some m the image of p™T"

m

is contained in G : s(a”™) = s(a)’" € P,,(Gly) C G. Take U := det ' (p"T) N G.)
Since the splitting takes values in the center of GG, we get a presentation of G as
the direct product G = H x Z,.

5. LocAL DUALITY

In this and the following section let A = A(G) = Z,[G] be the completed group
algebra over Z,, where G is a pro-p Poincaré group, such that A is Noetherian,
9 the maximal ideal of A and k = A/9 = F, its finite residue class field. It
is well known that the global homological dimension of A is d = ¢d(G) + 1. By
A-Mod we denote the category of (abstract) modules over the (abstract) ring A
and we write A-mod for the full subcategory of finitely generated modules. In
the sequel we will use frequently the equivalence of the latter category with the
category of finitely generated compact modules.

Definition 5.1. For a finitely generated A-module M, we define the depth by
depth(M) := min{i | Ext’ (k, M) # 0}.

Recall that for a commutative Noetherian ring A the I-depth depth;(M) of a
finitely generated A-module M with respect to an ideal [ is the maximal length
of a M-regular sequence in I. For a local ring the depth(M) is depthon(M),
while the grade defined in 3.3 is j(M) = depthannr)(A), where ann(M) is the
annihilator of M in A.

We consider the additive functor I'gn(—) : A-Mod — A-Mod defined by I'gn(M) :=
{x e M | Mz =0 for some 1 } and state some basic properties:

Lemma 5.2. (i) Ton(M) = li_m>HomA(A/9ﬁl, M),

!
in particular, the functor Ton(—) is left exact.
(ii) The restriction of Dgy to A-mod equals Ty, i.e. Dgn(M) is the maximal
finite submodule of M, if the latter module is finitely generated.

Proof. Since Homy (A/9M, M) = {x ¢ M | Mz = 0}, the first statement is
obvious. If M is finitely generated, there is some [ such that 9U'To(M) = 0, i.e.
To(M) C T'gn(M). On the other hand A/9 is a finite ring. Therefore Ax C
To(M) holds for any = € I'gn(M). O

Since A-Mod has sufficiently many injectives, we can form the right derived func-
tors

Hyp(—) = R'Ton(—) = lim Ext (A/9', M)
l

(noting the exactness of direct limits in A-Mod ). We write

A-Modgyn, A-modgy
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for the full subcategory of A-Mod , A-mod respectively, consisting of those mod-
ules M, for which Hy,(M) = M holds.

D(A-Mod) (resp. C(A-Mod))

means the category of discrete (resp. compact) A-modules, where A is endowed
with its canonical (m, I')-topology.

Lemma 5.3. Hi,(—) commutes with direct limits.

Proof. Choose a resolution P, of A/ M by finitely generated projectives in order
to calculate Exty (A/9M’, M). Since Homy (P;, —) commutes with direct limits (as
P; is finitely generated, i.e. any homomorphism ¢ : P; — h_m)Ml factors over

7

some M;), Exty (A/9M!, —) does also and the lemma follows. O

Proposition 5.4. The forgetful functor defines an equivalence of categories

D(A-Mod) = A-Modsy.

Proof. Both categories consists exactly of direct limits of finite modules (cf. [25,
Prop. (5.2.4)] for D(A-Mod)). O

Lemma 5.5. (i) Hin(A-Mod) C A-Modsy = D(A-Mod) for all i > 0.
(i) For any M € A-mod, it holds depth(M) = min{s | Hy,(M) # 0}.
(iii) depth(A) = d and Hi,(A) = AV,
(iv) Homy (M, Hdy(A)) = MY for all M in A-Modyy or in A-mod , in partic-
ular, Hiy(A) is an injective A-module.

Proof. Since Hiy(—) are the derived functors of Hy,(—), it suffices to prove (i) for
the latter functor. But in this case the statement holds just by definition.

Now we will prove (i) and set & = min{i | Hi(M) # 0}. Since
Ext) (A/9M', M) = 0 for all i < depth(M) (note that A/9 has a finite com-
position series with subquotients isomorphic to k), it holds depth(M) < k. So we
only have to prove that H,(M) # 0 for j = depth(M) < oc. But the short exact
sequences

0—M/M —A/M —k—0
induce the long exact sequences
0 = Exty (/9 M) —Ext, (k, M) —Ext/ (A/9, M) —- - -,
i.e. 0% Ext) (k, M) C H,(M).
Using 4.8 and denoting the character of the dualizing module by y, we calculate

| | lim (A/M ()Y = AV ifi=d
Hin(A) = lmE'(A/900) = { =
l

!
0 otherwise,

whence (iii) follows. In order to prove (iv) first let M be in A-Modgy, i.e. M =
li_m)MZ- for some finite A-modules M;. Then, noting that M; is a A /9 @-module

)
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for some [(i) and using the adjunction of “Hom and ®”,

Homy (M, Hiy(A)) = Homy (lim M;, lim (A/90)")
) l
= <liTmHomA(MuliTm)(A/fml)v)
= lim Hom, (M;, Homg, (A/9M'D, Q,/Z,))
= &HomZP(Mian/Zp)

= M.

Now let M be in A-mod . Then, noting that Homy (M, —) commutes with direct
limits, because M is finitely generated,

Hom (M, Hip(A)) = Homy (M, lim (A/9)")
l
= h_m)HomA(M,(A/fml)V)
l
= li_m>HomA(M/§ml,Homzp(A/iml,Qp/Zp))
l
— nﬂ)ﬂomzp(M/ml,@p/Zp)
l
= MY

After this technical preparations we are able to prove the following

Theorem 5.6. Let G be a pro-p Poincaré group with d := c¢d(G) + 1 < oo and
such that A = A(G) is Noetherian. Then, for any M € A-mod,

(M) 2 Homy (Hiy' (M), Hig(A)) = Hig'(M)” =: T*(M).

Proof. Consider  the  right exact  contravariant  additive  functor
TO(—) = Hdy(M)Y on A-mod (note that Hiy(M) = 0 for all i > d as A has
global dimension d). By [28, Thm. 3.36 and Remarks | there is a natural equiv-
alence of functors

T°(—) = Homp(—, T°(A)) = Homp(—, A)

on A-mod . Therefore, it suffices to show that the functors T%(—) are the left
derived functors of T°(—). But {T%(—)};>0 is a universal d-functor because they
are effaceable by projectives in A-mod (Since T° is additive, it is sufficient to
verify that Hiy(A) = 0 for all i < d, which is done by lemma 5.5 (iii)). O
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6. AUSLANDER-BUCHSBAUM EQUALITY

In this section we assume the same conditions on A as in the previous one and,
under this conditions, we are going to prove the Auslander-Buchsbaum equality

pd(M) + depth(M) = depth(A)

for all M ¢ A-mod. In the theory of commutative local rings this equality can
be proved using regular sequences. Since this concept is lacking in the non-
commutative theory, we will have to replace it by homological methods, i.e. we
will work in derived categories. Our proof is analogous to Jorgensen’s proof of the
Auslander-Buchsbaum equality in the case of (non-commutative) graded algebras

over a field (cf. [22]).

First, we recall the definitions of total Hom and total tensor product. Let
X,Y e K(A-Mod) and define

(Homy (X, V)" = ] Homa (X", Y™), d" = [[(dic" + (—1)""'di™)
i€ 7 %
and
(XeaY)'= P X'enY/, d'= P [dy o1+ (-1)"@d).
i+j=n i+j=n

They become bifunctors

Homp(—, —) : K(A-Mod)”? x K(A-Mod) — K(Z,-Mod),
— @ — : K(Mod-A) x K(A-Mod) — K(Z,-Mod),

where we denote by Mod-A the category of right A-modules. Note that the latter
category is equivalent to A-Mod due to the involution on the group algebra A.

Moreover, if Y is a complex of bi-modules, then the values of Homy(—,Y") are in
K(Mod-A), if X is a complex of bi-modules, then X ®, — has values in K(A-Mod).

Since A-Mod has enough projectives, the derived functors exist (cf. [16, Chap. I,
Theorem 5.1] or [33, Thm 10.5.6]):

RHomy (—, —) : D7 (A-Mod)?? x D(A-Mod) — D(Z,-Mod),
respectively
RHomy (—, —) : D™ (A-Mod)? x D(A-Mod-A) — D(Mod-A)
and
— @% — : D(Mod-A) x D™ (A-Mod) — D(Z,-Mod),
respectively

— @% — : D(A-Mod-A) x D™(A-Mod) — D(A-Mod).

RHom, respectively ®¥, is computed via a projective resolution in the first, re-
spectively second variable.
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Proposition 6.1. Let Y ¢ D A-Mod-A), Z ¢ DY A-Mod) and let
X € D*(A-Mod) be a bounded complex which is quasi-isomorphic to a bounded
complex consisting of finitely generated free A-modules. Then

RHomy(X,Y ®% Z) = RHomy(X,Y) ®% Z.

Proof. (See [22, Proposition 2.1] for the case of graded algebras over a field.)

Replacing X with a quasi-isomorphic complex L ¢ D?(A-Mod) consisting of
finitely generated free A-modules and replacing Z with a quasi-isomorphic com-
plex F' e D™ (A-Mod) consisting of projectives, we see that we have to prove

Homyp (L, Y ® F') = Homy (L, Y) @4 F.

But due to the boundedness condition and the fact that L consists of finitely
generated free modules, the nth module on either side becomes

D Homa (L, Y7) @y FH
Y]
while the differentials on each summand Homy (LY, Y7) @5 F™"~J are given by

A @l+d @ (=177 4 (=1)"®@d"7,  respectively

A @ol+d @ (=) + (1) @di .
We will construct an isomorphism between the two complexes: If the minimal
non-zero module of each of the complexes is Hom(L™, Y/0) @ AFmtio=io then
the multiplication by suitable signs on the summands associated to the triple
of indices (a,b,c) = (i,j,n + i — j) defines an isomorphism of complexes. For
example, we can choose these signs by the following rules, which determine them
uniquely:

(1) Sign((i()ujm no + iO - jO)) = 17

(i) sign((a + 1,b,c)) = sign(a,b,c),

(iii) sign((a,b+1,c)) = (=1)°sign((a, b, c)),

(iv) sign((,a,b,c+1)) = (=1)****'sign((a, b, c)).

In the proof of the next theorem we use the notation
o>n(Y) =+ —=0 HY”/im(Y”_l) yn+l Yt e

for the truncation of a complex Y at the degree n.
Theorem 6.2. (Auslander-Buchsbaum equality) For any M € A-mod, it holds
pd, (M) + depth, (M) = depth, (A).

Proof. (See [22, Thm 3.2] for the case of graded algebras over a field.)

Regard k, M, A as complexes concentrated in degree zero. Then the invariants
in question are related to each other by the following isomorphism

RHomy (k, M) = RHomy (k, A @% M) = RHomy (k, A) @% M,
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where we use proposition 6.1. Choosing a minimal free resolution L of M (see
Appendix) and noting that the truncation

T = o>4(RHomy (k, A))
is quasi-isomorphic to RHomy (k, A), we can replace the right term by 7' ®, L.

The lowest non-zero module in 7" is T¢ with d = depth(A) while the lowest non-
zero module in L is L7P4M) according to Appendix, corollary 7.2 . So the lowest
non-zero module in T'®, L becomes (T'®, L)*PIM) = Tdg), [-P4M) Obviously,
depth(M) > d — pd(M), because depth(M) = min{i | H (RHomy (k, M) # 0}.
So we need to see that HPYM)(T @, L) is nonzero.

However, k = Ext}(k,A) = ker(d4) C T? and the “beginning” of the complex
T ®a L looks like

0 —>Td @, L-PAM) _gd @ [-pdM)+1 gy d+1 @ [ -pd(M) ...
Now it holds that
0 # ker(d) @ L™P4OD C ker(dp 51 ™) = HEPION (T @, ).
Indeed, for t ® I ¢ ker(d%) @, L7PYM) | we have
M@ 1) = ddh(t) @ 1+ (1) P @ @ P (),

The first summand is zero because t e ker(dZ) while, due to the minimality
of L (cf. Appendix, proposition 7.1 (ii)), the second one lies in ker(d%:) @,
de—pd(M)-&-l ~ A/m A gﬁLd—pd(M)-i-l =0. ]

Corollary 6.3. If M is a finitely generated A-module, then
pd(M) = max{i | E'(M) # 0}.

Proof. Using lemma 5.5 (ii) and local duality, we get

pd(M) = d— depth(M)
= d—min{i | Hi,(M) # 0}
= max{i | E(M) # 0}.

4

Remark 6.4. The statement of the last corollary holds over an arbitrary Noe-
therian ring for a finitely generated modules M with finite projective dimension
pdy,M and can be proven directly in the following way. Consider a projective
resolution of minimal length

dn dn—l

0 P, P, e F M 0.

Then the (n — 1)th syzygy K = ker(d,_») has projective dimension pd, K = 1,
ie. DK ~ EY(K) = E"(M). Hence, E"(M) cannot vanish because otherwise K
would be projective.
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7. APPENDIX: MINIMAL RESOLUTIONS

For lack of a reference we give the proofs of some basic facts on minimal resolu-
tions. Let A = Z,[G] the completed group algebra over Z, of a finitely generated
pro-p-group G and k = A/ = F, its residue class field. We assume that A
is Noetherian. For any finitely generated A-module M we have the minimal
representation

Ado ﬂ»’M

with dy = dimg M/9MM by the Nakayama-Lemma. Proceeding in the same
manner for ker(yg) and d; = dimy ker(¢g) /M ker(pg), we construct a minimal
free resolution

B N P pda I P pdy P

It is easily verified that F, is determined by M up to isomorphism of complexes.

Proposition 7.1. Let M be a finitely generated A-module and

Pn Pn—1
Fo:---—F,—F, 4

a free resolution of M. Then the following are equivalent:

(i) Fy is minimal,

(i) @i(F;) CMF;_ foralli > 1,

(iii) rka(F;) = dimy, Tor} (M, k) for all i >0,
(iv) rka(F;) = dimy Ext) (M, k) for all i > 0.

Proof. The equivalence of (i) and (ii) follows easily from Nakayama’s lemma.
Since Tor?(M, k) = H;(F, ® k), (iii) holds if and only if ¢; ® k = 0 for all i > 0,
which is equivalent to (ii). Using Ext’ (M, k) = H(Homy (F,, k)) the equivalence
of (i) and (iv) follows similarly. O

Corollary 7.2. Let M be a finitely generated A-module. Then
pd(M) = max{i | F; £ 0}
= max{i | Tor}(M, k) # 0}
= max{i | Ext} (M, k) # 0}
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