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Abstrakt

In dieser Masterarbeit wird die Konstruktion eines p-adischen Mafles, das arithmetische In-
formationen iiber die L-Funktion einer elliptischen Kurve verkorpert, erklart und bewiesen.
Wir folgen der Arbeit [7] von Katz. Dabei werden Konzepte der Geometrie und Zahlentheorie

besprochen, die fiir diese Konstruktion wichtig sind.

Abstract

In this thesis, we describe and prove Katz’s construction of a p-adic measure that provides
arithmetic information about the L-function associated to an elliptic curve. We follow Katz’
paper [7]. A number of concepts from geometry and number theory necessary for this con-

struction are introduced and explained.
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Chapter 1

Introduction

Elliptic curves are among the most interesting objects of study in algebraic geometry and
number theory. Being smooth, projective curves, they are ‘nice’ objects in that they satisfy
the conditions of many important theorems, and their points have a natural structure of an
abelian group, which is of arithmetic interest. In the case of an elliptic curve E over a number
field F, it is known that the group E(F') of F-rational points is fiinitely generated - this is
the Mordell-Weil theorem (see [20], chapter VIII). Explicitly, we have

E(F) =7" X Ejors

for a finite torsion group Ej,-s. It turns out that Ej,.s is not terribly difficult to describe,
but determining the rank r is extremely hard. No general procedure for finding r is known;

however, a simple description has been conjectured, which we now describe.

The Birch and Swinnerton-Dyer (BSD) conjecture relates the rank r of the Mordell-
Weil group E(F') as well as other arithmetic data of E to the order of a special complex-
analytic function L(F, s) associated to E at the value s = 1. To be precise, it is claimed that
the Taylor expansion of L(E, s) around s = 1 is given by

1
5 # g p- Rgjp- Qp/p - Hcp(s —1)" + [higher order terms],

L(E,s)=+————
(#Etors) p\N

where Illg/p denotes the Tate-Shafarevich group of E over I'; Rp/p is the regulator, the
determinant of an r X r-matrix whose entries are given by the bilinear ‘height’ pairing applied
to a system of generators of E(F); Qp /F is the smallest positive real period of E; and the ¢,

are the Tamagawa numbers.

The BSD conjecture does not seem to be near any resolution. Indeed, a number of weaker

subproblems are considered highly difficult; for example, except for certain special cases, it



is not even known that #Ul g, p is finite. In fact, the conjecture has been popularized by its
inclusion in the Millennium Prize problems of the Clay Mathematics Institute, a compilation
of seven problems widely considered to be among the most difficult and influential open prob-

lems in the field; six remain unsolved at this time.

The focus of this thesis is solely on the left-hand side of the conjecture; that is, the leading
Taylor coefficient of the L-function L(E,s) . An immediate difficulty is that the sum defin-
ing L(E,s) does not converge at s = 1; however, it is known that L(E,s) may be extended
analytically to all of C. According to the conjecture, up to a controllable factor it should be
an algebraic number, and so to understand it, it should be enough to understand it locally,
at all primes. In this way we are led to look at p-adic functions that interpolate the values of
L(E, s). We will focus on elliptic curves E with complex multiplication; under this hypothesis,

L(E, s) is better understood.

An equivalent problem is that of finding a p-adic measure whose moments interpolate
the values of L(FE,s). Several approaches exist in the literature, including the elliptic units
popularized by Coates and Wiles in [1]. Here, we follow a different construction due to Katz
[8], in which the p-adic measure to be found, thought of as a formal power series by Iwasawa
theory, is constructed via Serre-Tate theory for moduli spaces. No known approach is valid
for primes p that do not split in the field by which E has complex multiplication, but Katz’

argument seems to provide some information in that case as well.
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Chapter 2
Review of algebraic geometry

It seems convenient to collect a number of the definitions and basic results in algebraic geome-
try that we will frequently need and to reproduce them here for easier reference. This chapter
is not intended to offer much intuition on this subject. Most of the material is sourced from

Hartshorne’s book [6].

2.1 Sheaves

Definition 1. Let X be a topological space and € be a category (standard examples for €
will be the categories of sets, abelian groups, commutative rings or modules over a ring). A

presheaf F on X with values in € consists of the data
F(U) € Ob(€), U C X open

and €-morphisms
ResY : F(U) = F(V), V,UC X open, VC U

such that Resg = idy for each U, and for open sets W CV C U, Res% = Res% o Resg.
Elements of F(U) are called sections of F over U; elements of F(X) are called global sec-
tions of F.

We will also use the notation T'(U, F) := F(U) and for s € F(U), s|ly := Res{(s).

F is called a sheaf if it satisfies the following local compatibility properties: let U, U;,
1 € I be open subsets of X with U = U;U;.
(i) If s, t € F(U) with s|y, = t|y, for every 4, then s = t.
(ii) If we are given s; € F(U;), @ € I such that for every i, j € I, silu,nu; = sjlu;nu;, then
there is a section s € F(U) with s|y, = s; Vi € I.



A morphism of presheaves ¢ : F — G is a collection of €-morphisms ¢|y : F(U) — G(U)

that respect restriction: for open subsets V' C U, we have a commutative diagram

olu

F(U) gu)
ResY Res¥
Fv) g

A morphism of sheaves is a morphism of presheaves between two sheaves.

Definition 2. Let F be a presheaf on X. The sheafification F' is a sheaf on X with a
morphism 1) : F — F7T satisfying the following universal property: any morphism ¢ : F — G
to a sheaf G extends uniquely to a morphism ™ : F© — G, i.e. such that o = T o).

The sheafification of any presheaf exists and is unique up to unique isomorphism (see [6]
11.1.2).

Let ¢ : F — G be a morphism of sheaves. Then the kernel of ¢, given by Ker(y)(U) :=
Ker(p|y) defines a sheaf on X. In general, the analogous constructions with Im(y|y) or
Coker(p|r7) only give presheaves; we take Im(¢) and Coker(y) to be their respective sheafifi-

cations.

Given a point € X and a sheaf F on X, we therefore have ‘information” F(U) about any
open neighborhood U of z in X. By taking limits (in an algebraic sense), we get information

about z itself:

Definition 3. The stalk of a presheaf F at x is

Fo = lim F(U).

zeU
Elements of F, may be thought of as tuples (s,U), z € U, s € F(U) modulo the equivalence
(s,U) = (t,V) :& slunv = tlunv.

Proposition 2.1.1. A morphism ¢ : F — G of sheaves is injective / surjective (i.e. Ker(p) =
0 or Coker(¢) = 0) if and only if, for every x € X, the induced map ¢, : Fr — Gy 1s injective

/ surjective.

Proof. See [6] 1.1 O



Definition 4. Let f: X — Y be a continuous map between topological spaces. Let F be a

sheaf on X. Then f induces a sheaf on Y, the direct image of F, given by
FFV) = F(fHV).

Also, if G is a sheaf on Y, then f induces a sheaf on X, the inverse image, which is the
sheafification of the presheaf

U~ lm G(V),
focv

where V' runs through the open subsets of Y that contain f(U) - this definition is necessarily

more complicated, because f(U) is not generally open in Y for an open U of X.

Both the direct and inverse image are functorial. They are related by the adjunction
Hom(f~'G, F) = Hom(G, f.F);

that is, the inverse image functor is the left adjoint of the direct image functor.

2.2 Schemes

A locally ringed space (X,Ox) is a topological space X equipped with a sheaf of com-
mutative rings Ox such that for any point € X, the stalk Ox, at x is a local ring. A
morphism

(0, 0™) 1 (X,0x) — (Y,0y)

between locally ringed spaces is a tuple consisting of a continuous map ¢ : X — Y and a

sheaf morphism ¢# : Oy — Ox whose induced maps on stalks
gof : Oy’¢($) — OX,m, reX
are homomorphisms that map the maximal ideal at ¢(z) onto the maximal ideal at x.
For example, given a ring R, we construct its spectrum as a locally ringed space Spec R =
(X,0x), where X is the space of prime ideals of R, together with the Zariski topology,

given by
V C X closed < V = {p: pla} for an ideal a < R.

The sheaf Ox, called the structure sheaf of Spec R, is determined on the following basis of

the topology of X:

Ox (D(f)) = Ox (X\V((f))) := Ry = {% ca€R}, fER.



More generally, any locally ringed space that is isomorphic to the spectrum of a ring is
called an affine scheme. A scheme is a locally ringed space that is locally affine; that is, a
space (X, Ox) with an open cover X = U;c;U; such that (U;, Ox|y,) is an affine scheme for

every 1.

Example: Let R = P R, be a graded ring. We define the scheme Proj R = (X, Ox),

where X is the space of homogeneous ideals that do not contain €, - Ry, together with the

neNy

topology
V C X closed & V = {p € X : p|a} for some homogeneous ideal a.

The structure sheaf is again defined on a basis of the topology: for f homogeneous of degree
n>0,let Dy(f):=X\V((f)) and we set

Ox(D+(f)) := R(yy = (degree 0 part of Ry).

Any scheme that is isomorphic to Proj R for some graded ring R is called projective. For
example, if R = C[Xj, ..., X,], then Proj R is projective n-space. More generally, for any

commutative unital ring R, we define
P% := Proj R[Xo, ..., Xy
with the natural grading by polynomial degrees.

Definition 5. A scheme X is called

(i) connected, irreducible, n-dimensional (n € N), or quasicompact if this is true for the
underlying topological space X;

(ii) locally Noetherian if it admits an open cover by spectra of noetherian rings, and
Noetherian, if it is both locally Noetherian and quasicompact;

(iii) reduced if Ox(U) is a reduced ring (contains no nilpotent elements other than 0) for
every open subset U C X;

(iv) integral if it is irreducible and reduced; equivalently, if Ox (U) is an integral domain for

every open U C X.

Morphisms of schemes are just morphisms of locally ringed spaces between schemes.

The point of view of schemes as functors described below will be important:

Definition 6. Let X and S be schemes. The S-valued points of X are morphisms P : .S —
X. The set of S-valued points of X is denoted X (.S). Given a morphism g : S — T, g induces
a map

X(g): X(T) = X(S), Q—Qog.



Definition 7. Let f : X — Spec K be a morphism of schemes for some field K. The
K-rational points of X are the points x € X with residue field k(z) := Ox /m, = K.

Lemma 2.2.1. Let f : X — Spec K be a scheme over a field K. The closed K-rational points
of X correspond to the K-valued points P : Spec K — X with f o P =id.

Proof. Let P be any such K-valued point and consider its image = Im(P) € X. Let
U = Spec R be an open affine neighborhood of . Then P is induced by a ring homomorphism
¢ : R — K that is surjective (since f o P =id) and the ideal = of R is ker p. Therefore, x is
a closed point with residue field R/z = K.

In the other direction, let © € X be a closed K-rational point and take an open affine
neighborhood Spec R, such that x is a maximal ideal of R with R/x = K. The surjective
map ¢ : R — K induces a K-valued point P : Spec K — Spec R — X with P((0)) = x, and
foP=id. O

To make the concept of ‘base change’ in the category of schemes explicit, we define the

fiber product:

Definition 8. Let X,Y,S be schemes and f: X — 5, g : Y — S morphisms. The fiber
product of X and Y over S is a scheme Z = X xg Y together with morphisms p: Z — X
and g : Z — Y such that the diagram

b
Z

X

LS

f

Y

S

commutes and satisfies the following universal property: for any commutative diagram of

schemes

Y

n

there is a unique morphism v : T'— Z of schemes such that



commutes.

Fiber products exist in the category of schemes; if X = Spec A, Y = SpecB and S =
Spec R are affine schemes, then their fiber product is given by X xgY = Spec A ® g B. The
morphism ¢ as above is called the base change of f from S to Y along g. Importantly, for

any scheme T over S, there is a bijection of sets
X xsY(T)— X(T)xY(T), P~ (pryxo P, pry o P).

In particular, for any morphism f : X — S, the universal property of X xg X gives us a
morphism
Ax/g: X = X xg X,

the diagonal morphism of X over S, corresponding to the tuple of X-valued points (idx,idx)
on X.

Without giving much detail or intuition, we define a number of properties of morphisms:

Definition 9. A morphism ¢ : X — Y of schemes is called

(i) quasicompact if there is an affine cover Y = U;crSpec R; such that o~ !(SpecU;) is
quasicompact for all ;

(ii) locally of finite type if there is an affine cover as above such that ¢ ~!(Spec R;) is a
union of spectra of finitely generated R;-algebras for all ¢;

(iii) of finite type if it is quasicompact and locally of finite type;

(iv) affine if there is an affine cover as above such that ¢ ~!(Spec R;) is affine for all i;

(v) finite if there is an affine cover as above such that ¢~!(Spec R;) is isomorphic to the
spectrum of an R;-algebra that is finitely generated as an R;-module;

(vi) a closed immersion if it is a homeomorphism onto its image, its image is closed in Y,
and ¢# is surjective;

(vii) separated if Ay/y : X = X xy X is a closed immersion;

(viii) universally closed if, for any morphism f : Z — Y, the base change X xy Z — Z of

@ along f is a closed map;

10



(ix) proper if it is separated, universally closed and of finite type;
(x) flat if the induced map on stalks pp : Oy,pp) — Ox p is flat, i.e. makes Ox p a flat
Oyﬂp)—module.

Definition 10. A closed subscheme of a scheme X is a scheme Z where there is a closed
immersion 7 : Z < X. We call Ker(i*) the ideal sheaf associated to Z. Conversely, given a
sheaf of ideals Z; i.e. where Z(U) < Ox(U) for every open U is an ideal, we can associate a

closed subscheme Z as the support of Ox /Z with structure sheaf Ox /Z.

2.3 Sheaves of modules

Definition 11. Let (X,Ox) be a scheme. An Ox-module, or sheaf of Ox-modules, is a
sheaf F of abelian groups on X such that for any open set U C X, F(U) has the structure of
an Ox (U)-module, and that for V' C U, the restriction map Resg of F is a homomorphism
of Ox(U)-modules - where F (V') inherits the structure of an Ox(U)-module via the ring
homomorphism Ox (U) — Ox (V).

A morphism ¢ : F — G of Ox-modules is a morphism of sheaves such that for any open
subset U C X, the map F(U) — G(U) induced by ¢ is a homomorphism of Ox (U)-modules.

If F and G are sheaves of modules on (X,Ox), we define their tensor product as the

sheafification of the presheaf
U FU) ®oxw) 9(U),

which we denote by F ®o, G. We also define
Hom(F,G)(U) := Homo |, (Flv,Glv)-

Definition 12. An Ox-module F is called locally free if there is an affine cover {U;};es of
X such that Flu, = e,

of F on Uj is the cardinality of J;. If F is locally free and everywhere of rank 1, we call it an

Ox |y, for some index set J; for every i € I; in this case, the rank

invertible sheaf.

The suggestive name ‘invertible sheaf’ is appropriate in the following sense: if £ is an
invertible sheaf, define £~ := #Hom(L, Ox); then the natural morphism £ ®p, £7! — Ox is

an isomorphism.

Example: Let X = Spec R be an affine scheme and M an R-module. Then M induces

an Ox-module M via

M(D(f)) := M; ::M®RRf:{%:m€M, neN}, feR.

11



Generally, if (X, Ox) is a sheaf and F is an O x-module that is of the form JE/UZ on an affine
cover X = U;crU;, we call F quasicoherent. If the M; are such that all submodules are
finitely presented over R;, we call F coherent; in the case that X is Noetherian, it is enough

to require that M; is finitely generated.

2.4 Sheaf cohomology

Let X be a scheme. We can consider ‘taking global sections’ to be a functor I'(X, —), de-
fined on, for example, the category of abelian sheaves, of Ox-modules or of quasicoherent
Ox-modules, and mapping to the category of abelian groups, or to I'(X, Ox)-modules, re-
spectively. In all cases, I'(X, —) is right-exact. It is known ([6], III.2) that all of the above
categories have enough injective objects; that is, for any object A, there exists an exact
sequence

(Y R Y =
with injective objects I°.

Definition 13. Let F be an abelian sheaf on X. The cohomology groups of F are the

right-derived functors of I'(X, —) at F; that is, we take any injective resolution
0—-F—1I*

and set
H*(X,F) := R'T'(X, F) = HYI'(X,Z%)).

By standard arguments of homological algebra, this is independent up to isomorphism of
the choice of Z°.

There are other ways of computing sheaf cohomology than by finding an injective resolu-
tion. For example, we define the Godement resolution: for any sheaf F on a scheme X, define
the sheaf

GF)U) := H Fz, U C X open.
zelU
There is a natural morphism d° : F — G(F). Now define G* := G(F) and for k > 0,
G* .= G(Coker(d*™ 1)), d*:GF 1 = G*.

Then the cohomology of F can be computed as the cohomology of the complex G*°.

Another construction, more adapted to computation, is the Cech complex.

12



Definition 14. Let U = (U;)}; be a finite cover of X by open subsets. Let I, be the set of
all subsets of {1,...,n} having p+ 1 elements, and for J € I, define X ; := Njc;U;. We define

)= ] Fwy

Jel,

together with the coboundaries

p
dr - P~ 1(1/{ F) —>Cp(l/{ F), (s1) Jel, 1 (Z J\{]Z )

P J={jo<...<jp}eI,

This gives us a cochain complex
U, F) — C'U,F) — C*U,F) —

called the Cech complex. The cohomology groups H*(U,F) := H*(C*(U,F)) are called
the Cech cohomology of F with respect to the cover U.

Cech cohomology is usually much easier to calculate than sheaf cohomology via derived
functors as above. However, they do not give the same results in general - we need for the
scheme X and sheaf F to be ‘nice enough’. To be precise, we have the following comparison

result:

Theorem 2.4.1. Let X be a noetherian, separated scheme and U a finite cover of X by
open affine sets. Let F be a quasicoherent sheaf of Ox-modules. Then there are natural

isomorphisms, functorial in F:
HPU,F) — H’(X,F), p>0.

Proof. See [6] I111.4.5 O

2.5 Algebraic curves

Let K be an algebraically closed field.

Definition 15. An algebraic curve C/K is a one-dimensional projective variety over K.
Its genus is
g :=dimgH'(C,00).

Recall that the term variety means that C is integral and separated and the implied map
C — Spec K is of finite type. Classically, C' can be thought of as the locus of zeros of some

homogeneous polynomial P(x,y, z) in three variables.

13



The function field K(C) of C is the field of fractions of I'(U, O¢) for any open affine
subset U C C these are all isomorphic. It is known ([6] 1.6) that there is an antiequivalence

of categories

with surjective morphisms

algebraic curves over K field extensions of K of transcendence degree 1
Ad .
with field homomorphisms fixing K

Here, a curve C' is mapped to its function field K (C'), and a morphism ¢ : C7; — C5 is mapped
to
" K(C2) = K(C1), frr foy

where f € K(C) is interpreted as a function f : C — K. The degree, separability degree
and inseparability degree of ¢ are defined as the respective degree of the field extension
K(C1)/¢"K(Cy).

Of course, any morphism of curves over a field of characteristic 0 must be separable.
In characteristic p > 0, any extension of fields can be factored into a separable and purely

inseparable extension, and so this carries over to morphisms of curves:

Lemma 2.5.1. Let ¢ : C1 — Co be a morphism of curves over a field of characteristic p > 0.
Then ¢ factors as Frobgov, where ¢ = deg; (), Froby is the g-th power Frobenius map coming

from the Frobenius x — x? on K(C1), and 1 is separable.

Proof. Let L be the separable closure of ¢*K(C3) in K(C1), such that we have the tower of
extensions

K(Ch)/L/¢"K(Cy)

where K (C4)/L is purely inseparable, [K(Cy) : L] = ¢q and L/p*K(C2) is separable. It
follows that K(C1)? is contained in L, and since [K(C}) : L] = ¢ = [K(C1) : K(C1)4], we
have L = K(C7)?. The inclusions

'K (Cy) — K(C1)! — K(Ch)

correspond to morphisms
Frob
O o - o

that combine to give ¢. O

14



Chapter 3

Elliptic Curves

3.1 Elliptic curves over fields

Let K = K be an algebraically closed field.

Definition 16. An elliptic curve over K is a smooth curve f : E — Spec K over K of genus

1, together with a distinguished K-rational point O.
For any subfield L C K, we define E(L) to be the set of L-rational points of E.
The study of elliptic curves is actually much more explicit than this definition suggests.

One can show using the Riemann-Roch theorem that elliptic curves are exactly the projective

varieties given by a Weierstrass equation
E:Y*Z+aXYZ+a3YZ? = XP + aaX?Z + ay X Z* + as Z°,

with elements a; € K and nonsingular discriminant; that is, F(K) is the locus of solutions of
this equation in projective space IP’%(. If we assume that char K # 2,3 (which greatly simplifies

calculations), this can be manipulated to an equation of the form
E:Y*Z=X34+pX2Z%+ ¢z

with p,q € K. Letting x = % and y = % be dehomogenized coordinates, we will also write
this as

E:y? =2 +pr+q
the locus of solutions is then F(K)\O, with O given in projective coordinates by [0 : 1 : 0].
Definition 17. (i) The discriminant of the Weierstrass equation y? = 2% + px + ¢ is

A(p,q) == —16(4p® + 27¢%).

15



(ii) The j-invariant of the Weierstrass equation y? = 23 + pz + ¢ with A(p,q) # 0 is

1728 - 4p?

i(p,q) = ip® 4272

The Weierstrass equation describing a given elliptic curve is not unique, and neither is the

discriminant. However, the j-invariant lives up to its name:

Theorem 3.1.1. Two Weierstrass equations define isomorphic elliptic curves if and only if

they have the same j-invariant.
Proof. See [20] II1.1.4 O

One fundamental aspect of elliptic curves is their group law. There is a natural way of
adding two points on an elliptic curve to give a third that makes E(K) an abelian group with

neutral element O.

Definition 18. The Weil divisors on an elliptic curve E are elements

D= > np-(P)e P Z

PEE(K) PEE(K)

The degree of a divisor D =) ,np - (P) is

deg D := Z np.
PEE(K)

The divisors of degree 0 over K form a subgroup that we denote Div'(E). A divisor is

principal if it is of the form

divf:= Y ordp(f)-(P)

PEE(K)

for some rational function f € K(FE) :=I'(E, Quot(Og)).

It is known that div K(F) C Div%(E). ([20] II1.3.1). We define the degree 0 divisor
class group
Pic’(E) := Div?(E)/Im(div).

Theorem 3.1.2. The map
k: B(K) — Pic®(E), P~ [(P)—(0)]

is a bijection of sets. The group law on Pic®(E) induces a group law on E(K). If K/L is a
field extension, then the L-rational points E(L) form a subgroup of E(K).

Proof. See [20], 111.3.4 0

16



3.2 Elliptic functions and elliptic curves over C

The most important case for us will be that of elliptic curves over the base field C - by fixing
a complex embedding, the results will be applicable to elliptic curves over number fields. This
theory has a strong connection to complex analysis. We will show that elliptic curves over C
are essentially the quotient spaces of C by lattices, and that the rational functions on elliptic

curves correspond to meromorphic and doubly periodic functions.

In this section, we fix a lattice A and generating periods wy, we € C, i.e. A = Zwy D Zwo,

and w; and wy are linearly independent over R.

Definition 19. An elliptic function is a meromorphic function f : C — C U {oo} which is

periodic with respect to A:
Vwe A, VzeC: f(z+w)=f(2).

Immediate examples of elliptic functions are the constant functions. One promising ap-
proach to giving non-trivial examples is the series

Bi(s) =Y —— (h>3);

k
wEA (Z T w)

these converge absolutely and uniformly on compact subsets of C\A, and the periodicity is

clear. Uniform convergence implies that they can be differentiated by terms, so we get

d%Ek(z) kB (2) V> 3.

Difficulties arise in the cases k = 1 and k = 2, because the series no longer converges absolutely.

We define another series to take the role of Es:

Definition 20. The Weierstrass g-function is an elliptic function defined by the series

1 1 1
p(z) = o) + Z (7(2 FpnE E)
weA\{0}
It follows that ¢'(z) = —% — D w0 ﬁ = —2F3(2).
These functions are essentially the only elliptic functions. We will make this statement precise

soon; for now, we prove some results about elliptic functions.

Lemma 3.2.1. (i) Any holomorphic elliptic function is constant.
(ii) An elliptic function f has finitely many poles modulo A, and it holds ZzE(C/A Res(f;2) =0

for any set of their representatives.

17



Proof. (i) Let f be holomorphic and elliptic. By continuity, f is bounded on the convex hull
M of 0, wy, wy and w1 + we, and by periodicity it is bounded everywhere. Liouville’s theorem
implies that f is constant.

(ii) The set of poles of f is discrete, and therefore finite on the compact set M. The residue

> " Res(f;2) =5 /aM f(w)dw

zeM

= o[ et [T s [T g [ ),

w1 wi1+twsa w2

theorem gives

where the integrals are taken over each line segment, respectively; substituting w for w — we
in the third integral and w — wy in the fourth, we find
w2 w1
[ sty = [ gt =~ [ sy
w1+w2 w1 0
and so the third and first integrals cancel each other; similarly, the fourth and second integrals

cancel each other, so the sum of all is zero. ]
The following result follows:

Proposition 3.2.2. (i) Any elliptic function w.r.t. a lattice A without poles in C\A is a
finite linear combination of 1,p and Ey, k > 3.
(i) Any even elliptic function w.r.t. A without poles in C\A is a polynomial in .

Proof. (i) Note that p(z) — z% and Ey(z) — zik (k > 3) have removable singularities in 0. Now
let f(z) be an elliptic function which is holomorphic on C\A, and write it as a Laurent series
f(z) =372y arz® centered at 0. (ii) of the above lemma implies that a_; = Res(f;2) = 0;

and therefore
f—a—2p(z Za Kk Ex (2

is a holomorphic elliptic function, i.e. a constant.

(ii) We will use induction on the order of its pole in 0. Since f is even, the order of its pole
must be even. If it is zero, f is constant and the result is trivial. Otherwise, letting 2n denote
the order and a_so, the corresponding coefficient of the Laurent series centered at 0, we see

that f — a_o, ™ is even and has a pole of lesser order than 2n
1
(because p"(z) = o + {higher terms})
so it is a polynomial in p. O
We can now show a general structure theorem with little effort:

Theorem 3.2.3. FEvery elliptic function w.r.t. A is a rational function in o and ¢'.

18



Proof. Let f be an even elliptic function; recall that f has only finitely many poles modulo
A. If a ¢ A is a pole of f, we can multiply f by an appropriate power of p(z) — p(a) to
get a function with fewer poles; after a short inductive step, we may assume without loss of
generality that f has no poles outside of A, and therefore is a polynomial in .

For general f, we have

_fE)+f(=2) o f(z2) = f(=2)
f(Z) - 2 +p(z) 2@/(2)
where 1) 2f (=2) and £ (zgg/{z()_ %) are even elliptic functions. ]

The results until now have limited the possibilities for elliptic functions; we now give a

result which guarantees the existence of elliptic functions with certain poles and zeros.

Definition 21. A divisor is an element of the direct sum @.cc/pZ. The divisor associated

to an elliptic function f is

divf = 2 ord(f; 2)(2).

zeC/A
Theorem 3.2.4. The divisor ZZGC/A a(z) comes from an elliptic function if
Z a, =0 and Z a,z = 0.
2€C/A 2€C/A

Proof. We will construct such a function explicitly. To do this, we introduce the Weierstrass

o-function, which is defined via an absolutely convergent product
z z 1,25
= 1= S)exp(= +5(2)h).
oz)== [ (0=S)emp(E+5(5)?)
weA\{0}

This follows the method given by the Weierstrass product theorem to construct an entire

function with zeros exactly in the points of A. Its logarithmic derivative is

o'(z) 1 1 Y
a(z)_;—i_( Z z—l—w_a_E)’
weA\{0}

the derivative of this, in turn, is then —gp(2).

U(Z+°;O) is entire without zeros, and therefore expressible as exp(h(z))

For any fixed wg € A,

o(z
for some entire function h(z). After some algebraic manipulation we find

h'(z) = (CM)/ - (:((;)), = p(2) — p(z +wo) =0,

so h(z) is a linear polynomial; this implies the addition formula

o(z 4+ wp) = Coo(z)e™?
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for constants Cy and 7y that depend on wy.

Choose now fixed representatives zj, for the nontrivial components of the given divisor,

and define the function

f(z):= H o(z — z).
k
Then for wg € A,

f(z4+wo

) ) = 1;[08’“ exp(agno(z — ax)) = (CO exp(noz)

)Zak exp(—no Y arz) = 1.

Thus f is elliptic; and it is easily seen that (f) =>__cc/p az(2). O

The proof of 2.2.2(ii) shows that we can express the even function ¢'(2)? = 4E3(2)? as a

cubic polynomial in p. To construct this, we look at the Laurent series.

Proposition 3.2.5. Denote by Gaj;, j > 2 the homogeneous Eisenstein series
Gaj == Z %
weA\{0}
Then the Laurent expansions of @ and Fy at 0 are given by
1 00
p(=) = = (1 + ;(m - 1)Gan2n)

and
1 Nk > /2n—1 on
Ek(z)_—zk(lJr( 1) n§:2<k_1>G2nz )

Proof. The function p(z) — Z% is holomorphic on a neighborhood of 0; successively differenti-
ating gives

d* 1 X | 1

(6(2) = ) = (D (b + D! Braa(2) - o35 )

and evaluating this at zero gives the k-th power series coefficient

1 dk 1 5
H@(K)(z) - ;)!z:() = (=1)"(k + 1)G2;

since G, = 0 for odd k, the result follows.
The second Laurent series can be obtained similarly, or by successive differentiation of the
first. O

Proposition 3.2.6.
0 (2)? = 4p(2)® — 60G4p(z) — 140Gs.
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Proof. From the above Laurent series follows

1 3 1 1
p(2)° = ;(1 +3Gyz" 4+ 5G62° + ) =5 36G4? 460G+ ...

and

1 2 4 1
o(2)? = = (1 — 202t — 10Ge25 — ) — 2G4~ —80G — ...
z z z

It follows that
0 (2)* — 4p(2)® + 60G4p(z) = —140G¢ + ...

and being a holomorphic elliptic function, it must be equal to its constant term —140Gg. [

The numbers 60G4 and 140G will appear often. They are called Weierstrass invariants

and denoted by g2 and g3, respectively.

The differential equation satisfied by g bears a strong resemblance to the Weierstrass
equation defining an elliptic curve. In fact, it defines the structure of an elliptic curve on the
torus C/A. We will describe this soon: first, it needs to be observed that the discriminant of

that Weierstrass equation will be nonzero.

Lemma 3.2.7. The zeros of 4X3 — g2 X — g3 are distinct, and given by (), p(¢) and
p(=522).

Proof. This is because
IR ST
5) =9 (=5)=—p(5)

since ¢ is an odd elliptic function, and therefore /(%) = 0. % and “1$*2 are analogous.

o' (

These zeros are distinct: assume without loss of generality that p(5+) = p(“¢) =: c € C. We

have
/

0= Z Res( P C;z): Z ord(p —c¢;2) > 2

sec/n 87 2eC/A

since p—c has only one pole modulo A, of order 2 in z = 0, and a zero of order at least 2 in both

£l and % (because @'(%) = 0), which are distinct modulo A. This is a contradiction. O

Theorem 3.2.8. Let Ep be the projective elliptic curve
En:Y?Z =4X3 — g2 X 7% — g373.
Then the map
p:C/N— Er, 2+ A [p(2):9'(2): 1], 0+A—[0:1:0]

is an analytic isomorphism of Riemann surfaces. Under v, the group law on Ex corresponds
to addition on C/A, and rational functions from Ey to C correspond to elliptic functions with

respect to A.
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Proof. Ep inherits the structure of a Riemann surface with respect to the atlas

. dy?
P=z:y:1]—uaz if — =2y #,0
dy

d(4x3 — gox — g3)
dx
O=[0:1:0] 0.

P=[z:y:1]—y if =1222 —go £ 0,

The structure on C/A is defined in the obvious way. 1 is analytic outside of 0 € C/A since
o and g’ are analytic outside of A, and v is analytic in 0 because g has only removable

singularities in A.

As a nonconstant map between compact Riemann surfaces, ¢y must be a covering map
(i.e. discrete and bicontinuous) of some degree d > 0, which means that the fiber over any

point of Ep contains exactly d elements. From the commutative diagram

C/A v E\

P1(C)

where g is a covering map of degree 2 as it is an elliptic function of order 2, and the coordinate
function z is a covering map of degree 2; it follows that 1 has degree one and is therefore an

isomorphism.

Under 1, the rational functions on E) correspond to the rational functions in p and ¢/,

which are exactly the elliptic functions (or rather, the meromorphic functions on C/A).

For the final statement, let z; and zo € C/A be arbitrary and find an elliptic function f

whose divisor is given by

divf = (21 + 22) — (21) — (22) + (0).
Let ¢* : C(Ex) — C(C/A) be the isomorphism on function fields induced by 1; then *R = f
for some rational function R on E, and it holds

divR = (P(z1 4 22)) — (¥(21)) — (¢¥(22)) + (4(0)).

Since the latter is a principal divisor, and it holds that

Z np(P) principal divisor = EBin =0,
P P

it follows that (21 + 22) = 1(21) ® ¥(22). O
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©'(2) Yy
lattice of values f7 %, where 7 € w(Ey) is an element of the topological fundamental group.

Remark: 1 maps the natural differential dz = . We can recover A as the

We have now constructed a large class of elliptic curves over C. In fact, any such curve
is isomorphic to a F for an appropriately chosen lattice A. The proof of this will take some

additional effort. Motivated by the case of the Cy, we make the following definition:
Definition 22. The j-function is defined on lattices A by

, 1728¢3
JA) = =
gy — 4133

If we replace A by a scalar multiple zA, z € C*, it remains the same:

1728(2 4g9)3
(z7%g9)3 — 27(276g3)2

J(=A) = = j(A).

By multiplying A with either w% or w%, as appropriate, we can obtain a lattice of the form

Z & Z7 with Jm[r] > 0; we then define
j(r):=j(Z & Zr).
It is therefore clear that j(7 + 1) = j(7) and j(—7~1) = j(7).
Lemma 3.2.9. Let ) = {z € C: Jmlz+ > 0}. Then j :  — C is surjective.

Proof. j is holomorphic, since g§—27g§ has no zeros; this is up to a factor of 16 the discriminant
of 4X3 — g2 X — g3, which we saw previously to have distinct roots for every lattice in C. The
open mapping theorem implies that j(h) is open.
One can show that j(7) is unbounded as Jm(7) becomes large; indeed, its Fourier series is
given by

G(T) = q 1+ 744 + 196884¢ + ... (q = ™).

] If (wg), wi = j(zx), is any convergent sequence in j($)), then the Jm(zj) must be bounded;
therefore, we can choose representatives for these in a shortened fundamental domain {7 €
H | > 1, |Re(r)] <1, |Im(7) < M}. This is a compact set, and so (z2;) has a converging

subsequence; if its limit is denoted z, then we have j(z) = limg_,o0 wi € 7($).

Therefore, j($)) is both open and closed in C; as it is nonempty, it must be all of C. [

Theorem 3.2.10. Every elliptic curve over C is isomorphic over C to a curve of the form
Ey.
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Proof. Let
E:Y?=X3+aX+b

be a given Weierstrass equation. Then we can find a lattice A in C such that j(E) = j(A),
which is the j-invariant of j(Ej) by construction. Therefore, C' is isomorphic to Ej over
C. O

Theorem 3.2.11. Two elliptic curves Ex, and Ep, are isomorphic over C if and only if the

lattices A1 and Ay are homothetic, that is,
Ja e C*: A1 = OéAQ.

Proof. If the lattices are homothetic, then they have the same j-invariant; this implies that
the curves Ejy, and Ej, are isomorphic. On the other hand, if Fj, and E,, are isomorphic,
then C/A; and C/Ay are analytically isomorphic as Riemann surfaces; this is induced by an

analytic map g : C — C such that
Vwe A, V2eC: g(z+w)—g(2) € As.

Since Aj is discrete, g(z 4+ w) — ¢g(z) must be constant for fixed w; thus ¢’(z) is a holomorphic

elliptic function, and is therefore a constant a~!. We find A; = aAs. O

Similarly, it may be seen that two curves Ej, and Ej, are isogenous, i.e. there exists a
nonconstant morphism ¢ : Ep, — Ej, sending O to O, if and only if there exists o € C with
A C als.

3.3 Reduction

Consider a field K with a discrete valuation v : K* — Z; this extends uniquely to a valuation
v : K — Q on a fixed algebraic closure of K. Let Ok := {z € K : v(z) > 0} be the valuation
ring of v and m its maximal ideal. Assume in the following that the residue field k := R/m is
perfect.

An elliptic curve E//K is given by a Weierstrass equation, and this choice is not unique. By
an appropriate change of variables, we may choose a Weierstrass equation with coefficients in
R. Any such change of variables will change the discriminant by a power of 12 and therefore

its valuation by a multiple of 12; see [20] III.1.3.

Definition 23. The R-scheme f : X — IP’%% — Spec R defined by this Weierstrass equation
over R is called a model for E. If v(A) is minimal among all models, it is called a minimal

model. The special fiber
E = f~}(m) = X Xgpecr Speck
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is called the reduction of E at v.

The reduction of E at any valuation of K remains a projective curve of genus 1. In general,

it may not be non-singular; however, it has at most one singularity:

Lemma 3.3.1. Let X/k be the projective variety given by a Weierstrass equation. Then X

has at most one singularity.

Proof. For simplicity assume that char k # 2, 3; then, X is given by an equation of the form
Xy =2+pr+q

At any singularity of X, both partial derivatives must vanish; that is, 2y = 322 4+ p = 0.
It follows that y = 0 and z is a double root of ® 4+ px + ¢; there can be at most one such

point. [

At any singular point (xg,y0) of X, the equation f(x,y) = y*> — 2° — pr — ¢ is given by a

Taylor expansion

F(@,y) = flwo.w0) = (v = w0) — alz = 20)) ((y = o) = Bl& = 20) ) = (& = 20)?

for some «, 3 € K. The tangent lines to X in (xq,y) are given by

y—yo=oa(x—x0), y—yo=PB®—x0).
We distinguish four cases:

Definition 24. Let F/K be an elliptic curve and v a discrete valuation of K.

(i) E has good reduction at v if Eis nonsingular - i.e. an elliptic curve over k.

(ii) F has additive reduction at v if it has a singularity and o = .

(iii) E has split multiplicative reduction at v if it has a singularity and « # 8, o, § € K.
(iv) E has non-split multiplicative reduction at v if it has a singularity and o # S,

a, B¢ K.

Example: Over Q, no elliptic curve can have good reduction at every prime p - because no
Weierstrass equation with integer coefficients can be given such that the discriminant is a

unit.

Proposition 3.3.2. (i) Let E be an elliptic curve over K and v a valuation. Then there is a
finite extension L/K such that E X L has either good or split multiplicative reduction over
L at vy, the valuation of L extending K.

(i) If E has good or multiplicative reduction at v and L/K is a finite extension of fields, then

E X i L has good or multiplicative reduction, respectively, at vy,.
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Proof. See [20] VIL.5.4 O

We say that F has potential good or potential multiplicative reduction at v if there
is E x g L has good or multiplicative reduction at vy, for some finite extension L/K. There is

a simple criterion for potential good reduction:

Proposition 3.3.3. E has potential good reduction at v if and only if v(j(E)) > 0.

Proof. See [20] Silverman VIL.5.5 O
Isogenies are respected by (good) reduction:

Proposition 3.3.4. Let E1 and Es be two elliptic curves over K with good reduction at p.
Then
Hom(Ey, Ey) — Hom(Ey, Ey), ¢ = &

is injective, and for any isogeny ¢ : E1 — Fa, degp = deg ¢.

Proof. See [19] 11.4.4 O

3.4 Elliptic curves as S-schemes

In the most general case, we can consider elliptic curves not necessarily defined over a field,

but rather over an arbitrary ring; or, even more generally, over an arbitrary scheme.

Definition 25. Let S be a scheme. An elliptic curve over S is a scheme FE, together with a
proper, smooth morphism f : £ — S and a closed immersion O : § — FE, such that foO =idg
and that all fibers

Es .= E xgSpeck(s), s€ S

are geometrically connected (i.e. connected over the algebraic closure) curves of genus 1 over
k(s).

In the case that S = Spec K for some algebraically closed field K, this generalizes the
classical definition. Morally, we may think of E as a family of elliptic curves Eg, parameter-

ized by the points of S - this is the point of view of deformation theory.

Perhaps surprisingly, if S = Spec R is affine, where R is noetherian and without nontrivial
nilpotents or idempotents, any elliptic curve F over S is given by a Weierstrass equation with

coefficients in R; that is, there are elements a1, a3, as, a4, ag € R with

E = Proj (R[X, Y, Z)/(Y2Z + an XY Z + asY Z* — X3 — a3 X?Z — ay X 2% — a6Z3));
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we write this as
E: Y’ 4+ a1 XYZ+a3YZ% — X3 — aaX?Z — as X Z° — agZ°.
As in the case of elliptic curves over a field, one shows this by applying a relativized version
of the Riemann-Roch theorem.
Continuing the analogy, as elliptic curves over fields have a group structure, elliptic curves
over schemes have the structure of a group scheme. First, we recall a definition:

Definition 26. A group scheme G over S is an S-scheme f : G — S together with
morphisms p: G XgG — G, e: S — G and i : G — G satisfying

(i) p is associative; that is, po (u Xgidg) = po (idg X g p) as maps from G xg G xg G to G;
(ii) e is the identity section; that is, p o (idg xg e) and p o (e xg id) are the canonical
isomorphisms G xg S — G and S x5 G — G;

(iii) po (i xsidg) 0o Ag/s = po (idg xs17) 0 Ag/s = e o f as a morphism G — G.

A group scheme structure on a scheme G is equivalent to giving a group structure on the
sets G(T') that is functorial in the S-scheme T

Theorem 3.4.1. Any elliptic curve E/S is a group scheme. This is given by the following
data: for any S-scheme T and points P,Q,R € E(T), P+ Q = R if and only if for the
invertible sheaves O(P), O(Q), O(R) corresponding to P,Q, R as Cartier divisors, there erists

an invertible sheaf L on T with
O(P) ® O(Q) ® O(c0) ™" = O(R) ® f1(L)
as sheaves on B xgT.
In other words, E(T') receives the group structure of the relative Picard group
Pic)(E x5 T/T).

Proof. See [10], 2.1.2. O
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Chapter 4

Differentials and de Rham

cohomology

4.1 Review of spectral sequences

Let C be an abelian category.

Definition 27. A spectral sequence in C is a collection of objects EX'? of C, p,q € Z,
r > rg for some integer 7y, together with boundary morphisms d, : EFY — Epratr=l

satisfying d,. o d,, = 0, and such that

EPY, = Ker[EP? oy pporatr=1)/Im[prira—r+l 4oy, ppa),

i.e. E.y1 is the homology of E,.
The following construction of a spectral sequence will be especially important. Let
C*:..wC st

be a filtered cochain complex over C (that is, a filtered object in the category of cochain

complexes over C) with filtration
o F(C®) s ... = FY(C®) — FY(C*) =C

compatible with the boundary d of C*; that is, d(F*(C*)(™) — Fk(C*)(+1),
We define
EP = Fp(C')(erq)/FpH(C')(pﬂ),

and for r > 1,

ZP4 .= Ker FP(C*)P+4) ﬁ Cptatl) o, prtr(c®)ptath)
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and
dp,qf'r

BP9 .= FP(C*) Pt 0 Im FP-H(C) s ¢ H0)

and finally
B = 209 (BYY + 204 )

if we set Z”{ := ZI", this also agrees with the previous definition of Ey. Together with the

N E1;zn7+r,q7r+1

boundary map d, : EX? , the restriction of the boundary map of C*®, this forms

the spectral sequence associated to C°.

Definition 28. A spectral sequence EX? abuts to a double complex Ey, (written E,. = F)
if, for every pair (p,q), there exists an integer ry so that for all » > rp, both boundaries
dP7mHT 1 and @7 are zero; in this case, the sequence (EF "1)p.q stabilizes and we take ER! =

EP? for large enough 7.

Consider now an additive functor G : C — C’ between abelian categories, and assume that

C has enough injectives.

Lemma 4.1.1. Let A be a finitely filtered object of C with filtration F¥(A), k > 0. Then A
admits an injective resolution A — I®, where I® is a finitely filtered complex with filtration
F*(I*), k >0 and such that F¥(I*) is an injective resolution of F*(A) for every k.

Proof. This is 13.6.2 in EGA 3 ([4]). O

Fix any such injective resolution A — I°®. Then G(A) — G(I®) also satisfies the above
lemma, where the filtration is given by F*(G(I*®)) := G(F¥(I*)). We may consider the spectral
sequence EF'? associated to the complex G(A) — G(I°). This is independent of the injective

resolution and is called the spectral sequence of G relative to A.

It holds that EF'? abuts to the cohomology RIG(A) of G(A), the filtration being given by

FP(RIG(A)) =ImRIG(FP(A)) — RIG(A)],

and the E terms are calculated as EP'? = RPTIG(grP(A)), where grP(A) = FP(A)/FPL(A)
is the p-th associated graded object.

Another important example of spectral sequences are those that arise from double com-
plexes. Let C'** be a collection of objects of C together with differentials

d? S OPe Cp—l,q, dl;l . OPe .y Pl

satisfying dr o drr + drr o dy = 0. Then we may define the total complex T° := Tot(C**)

given by T" = CP9 and whose differential is given by dj + dyr. There are two natural

ptg=n
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filtrations of Tot(C**):

FI (T*) : @ cPa FH (T*) : @ cPa,
pt+g=n p+g=n
p=k q=>k

and these filtrations induce spectral sequences L EZ'? and L E?'?. Both abut to the cohomology
of T'; that is,
IEfyq = HP(T), Hqu = HPT(T),

although in general do not give the same filtration on H*(T).

4.2 Differentials

To define differentials on schemes, it is useful to first define them on affine schemes - or rather,
on rings. Let f: R — A be a morphism of commutative unital rings; via f, we understand

elements of R as elements of A.

Definition 29. The module 9}4 R of 1-forms on A is the A-module generated by symbols

da, a € A modulo the relations
d(a+b) =da+db, d(ab) =adb+bda, dr=0
for a,b € A and r € R.

By construction, the obvious map d; A — 9}4 /R is a derivation. It is universal in the
following sense: given any derivation D : A — M in another A-module M, there is a unique

homomorphism ) : Q}4/R — M of A-modules satisfying D = 1) o d.

For any n > 1, we define the module of n-forms as the n-fold exterior product
U/m = Ny g
The mapd: A — 9}4 R induces morphisms
d™ . QQ/R — QELVR), a-dxi A ... ANdz, = da Adzy A ... Adx,.

Since d1 = 0, it is clear that ™1 o d(™ for every n, so this gives a cochain complex
Qg 0— 45y, 5,5

called the (algebraic) de Rham complex of A/R. The modules
Hjjp(A) i= H"(Q% ) = Kerld™]/Im[d V)]

are called the de Rham cohomology modules of A; here > =d and d~! =

Now let f: X — S be a morphism of schemes.
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Definition 30. There is a unique quasicoherent Ox-module on X, denoted by Q}( /5 such
that for any open affine subsets VC S, U C f~1(V) and for any = € U,

~

Qx/slv = Qo )00 )™ ad (xs)e = Qo 0

Q

k /s is called the sheaf of 1-forms of X over S.

As before, we define the sheaf of n-forms as Q% /5= /\"Q}( /s that is, the sheaf associated

to the presheaf
U= A'T(U, Q /g)-

Together with the exterior differentials d(™ : Q()?/)S — Qg?/gl) this gives the algebraic de

Rham complex

0%/s: 0— Ox — Qﬁ(/s — Qg(/s — ..

of sheaves of O x-modules.

The cohomology objects of this complex are sheaves of Ox-modules. To get modules in

the classical sense, we instead take the hypercohomology - that is, we form the total complex
Tot(C’p(ng/S));n;ZO = @ Cp(Qgg/s%
p+q
where C*(Q% / g) is the Godement resolution, and take its cohomology. We define
Hjjp(X/S) = H'(Q/5) = H™ (Tot(C*(2%5))).
In view of the functor f. : Mod(Ox) — Mod(QOg), we are taking the hyperderived functors
HJ(X/S) = R £.0% 5.

There are natural spectral sequences  EX'? and 7/ EP? that abut to H3(X/S) - those associ-

ated to the double complex T'(X, CP(Q¢

X/ g))- The Ej-terms are given by

IEf,q = HI(CP*), HE{”" = HP(C*Y).

We call 'E, and ''E, the Hodge to de Rham spectral sequences. They are useful for
computation - in several important cases (for example, smooth varieties over an algebraically

closed field of characteristic 0), they degenerate at Fj.
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4.3 Differentials on an elliptic curve

We now calculate the de Rham cohomology of an elliptic curve f : E — S, where S = Spec R
is affine noetherian. The above considerations are more difficult than necessary: since E is
well-behaved, we can use Cech cohomology instead of taking Godement resolutions.

Recall that E is given by a Weierstrass equation
E:Y’Z+aXYZ+a3sYZ? - X3 —ayX?Z — anXZ? — ag Z>;

it is convenient (though not necessary) to assume that 6 is invertible in R, in which case we

can take a Weierstrass equation of the form
E:Y*Z - X3 —pX2Z%—qZz5.
There is a natural affine cover given by dehomogenization: we take

U = Spec R[z,y]/(y? — 23 — pr — q) and V = Spec R[t, 2]/(z — t* — ptz* — ¢2?),

using dehomogenized variables x = %, Yy = %, t = %, z = % With respect to this cover,

the Cech complexes are quite simple: we only need to consider one intersection U NV, so all

terms C*, k > 2 vanish. We get the commutative diagram

CY(E,Op) CY(E,Op) 0
1 1

CO(E,QIE/S) _ CI(E, QlE/S) — (0
l |
0 0

where we have C°(E, F) = T(U, F) xI'(V, F), C{(E,F) =T(UNV,F) and C}(E,F) =0
for F = Q’E/S, k=0,1,2,.... Taking hypercohomology, we see that
Hap(E/R) = Ker|Op(U) ® Op(V) = Op(UNV) & Qg p(U) & Qp (V)]
(su,sv) = (sulvnv — svlvnv,dsu, dsy);
such tuples are exactly those that glue to global sections, so HgR =I'(E,Op).
We have H},(E/R) = Z'/B', where
Z' = Ker[Op(UNV) ® Qp p(U) ® Qg p(V) = Qpp(UN V)

(f,wr,wy) = wy —wy —df

and
B! =Im[Op(U) ® Op(V) = Op(UNV) & Qpz(U) & Q) 5(V)].
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There is an injective map
HY(B,Qp, ) — Hig(E/R)

that is induced by w — (w|y,wl|y,0); this is injective because if (w|y,w|y,0) is a coboundary,
then we have w|y = dfy, w|y = dfy and 0 = fy — fv, so the sections fyy and fy are equal
on UNV and glue to a global section f € I'(E, Og) such that w = df = 0.

We also have a map
Hip(E/R) = H'(E,OF), ((wu,wv. )] = [f];
this is well-defined because for any de Rham coboundary (wy,wy, f) € BY, [f] =0 in

Hl(E,OE) = OE(U N V)/{f’UﬂV — g]Um/ : f € OE(U), g € OE(V)}

This map is surjective: for any given f, it is possible to adjust df by a regular differential on
V (an element of QF, / r(V)) to get a regular differential on U - this can be done by choosing a
global section w of Q}E /R and considering differentials g-w with g € K(F); the Riemann-Roch

theorem guarantees the existence of a g that will work.

Consider now the sequence
0— H(E, Q) = Hir(E/R) = H'(E,Op) — 0.

This is exact: the composition of the maps is clearly zero, and if (wy, wy, fu — fi) is a cochain
in the kernel of the second map, such that fy ir regular on U and fy regular on V', then it
differs from (wy — d(fv),wy — d(fu),0) by a coboundary and so is equal to it in H}n(E/R).

We have (wy —dfv)|vnv — (wv —dfv)|vnv = wulunv —wv|vay —d(fu — fr) = 0 since we
started with an element of the kernel; so wyy and wy come from a global section w € QlE / r(E),

and (wy,wy, fu — fv) is the image of w.

In particular, H'(E, Og) is a free R-module of rank 1 (the genus of E), and H°(E, Q}E/R)

is by Serre duality as well - so Hj,(E/R) is a free R-module of rank 2.

Finally, we note that H32,(E/R) is a free R-module of rank 1. This allows one to make
the following definition:

Definition 31. The de Rham pairing is the perfect, alternating pairing
1 1 A 1y2 Tr
(= =)ar : Hip(E/R) X Hyp(E/R) — Higr(E/R) — R,

where A is the exterior product (i.e. de Rham cup product) and T'r is the trace map of

Grothendieck-Serre duality.
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This can be explicitly given in terms of ‘residue’ morphisms on the points of £. We only

note here that (df, %)dR =1.

4.4 Connections

Let R be an integral domain and X a smooth scheme over R, F a quasicoherent Ox-module.
Definition 32. A connection on F is a morphism

of sheaves of Ox-modules, such that for every open subset U C X,
(i) Vo : F(U) = F(U) @0 @) Q%{/R(U) is R-linear;
(ii) For any sections s € Ox (U), x € F(U),

Vu(sz) =2z ®@ds + sVy(x).

The corresponding concept in differential geometry is also called a ‘covariant derivative’
and may be thought of as a way of transporting, locally or even infinitesimally, information

along the sheaf F in a coherent way.
A section s € F(U) is called horizontal (with respect to V) if Vi (s) = 0.

Any connection V induces morphisms of O x-modules

VR Fooy U /r = F ®ox Q’;;}_z;

k

for any open U C X and sections x € F(U), w € QX/R,

VH(z@w) :=2®dw+ (—1)"V(z) Aw,
where if V(z) =) 2; ®w;, V(2) Aw =), 2@ (w; Aw).
Definition 33. The curvature K of a connection is the morphism

K=VWoV:F = Fooy W/n
We call V integrable if its curvature is everywhere zero.

If V is an integrable connection, it follows that V1) o V(¥) = 0 for every k > 0 and we

get a cochain complex
. v 1 v 2
FRox Wxp: 0 —=F — FRQx/p — F Qoy Vg — -
The de Rham cohomology of X with coefficients (F, V) is defined as the hypercohomology

Hjp(X; F, V) = HYF @0y Q% /p)-
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4.5 The Gauss-Manin connection

Let 7 : X — S be a smooth morphism between smooth schemes over R. Then we have the
cotangent sequence

0— w*Qg/R — QﬁqR — Qﬁ(/s =0
of locally free sheaves of Ox-modules; this is always right-exact, and left-exact because 7 is

smooth. This gives a canonical filtration of complexes

w CFX(Q%p) € FH(Q%/r) © FO(%R) = /s
where
ke : o—k * Ok °
F( X/R) = 1m[QX/R ®ox T QS/R - QX/R]'
This is compatible with the exterior product; that is,
FIQ%/r) A FF (% 5) © FIHH(Q%5)-
The associated graded objects are
g (%) = PR ) [P Q) = Q5 B0y 70
Let EP? be the spectral sequence induced by the (finite) filtration of Q%
EP? = Rp+qf*Q;(/R, and that

RS it follows that
ET = RPFOF (g (0% ) = 9 © RO s

The sheaf R?f, Q% /s is the cohomology (in the usual sense) of the de Rham complex, and will
be called the de Rham cohomology sheaf

HIR(X/S) = R, X/s-
Definition 34. The map
Veou = d)7: BP = He(X/S) — Qg p ®os Hip(X/S) = BN
is called the Gauss-Manin connection of X/S.

It must be checked that this actually defines a connection - however, linearity is not dif-
ficult, and the product rule also holds. The curvature of Vg is di’q o d(l]’q = 0; so Vg is

integrable.

The real importance of the Gauss-Manin connection is that it provides a natural way
of defining partial derivatives. Let D € Dergr(Og, Og) be any derivation. By the universal
property of Q!, this corresponds to a homomorphism of Og-modules D € Homp, (Qg IR Og).
We can then define

Vb HiR(X/S) YN QL p 0o, HE(X/S) P8 05 00, HI(X/S) = HLL(X/S).
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Chapter 5

Formal groups

5.1 Formal schemes and formal groups

Definition 35. Let X be a noetherian scheme and Z a closed subscheme with ideal sheaf 7.

The formal completion of X along Z is the locally ringed space

neN

Here,

lim Ox /" = [U = lim Ox (U)/Z"(U)};

neN neN
this construction also happens to be the inverse limit in the category of sheaves of abelian
groups. Thus, we essentially restricting ourselves with X to the subscheme Z ; however,
@OX /Z™ may be thought of as giving infinitesimally more ‘information’ about the sur-

roundings of Z than Oy alone.

The formal completion of X is not generally a scheme. It is an example of a different type

of structure that we now describe:

Definition 36. A Noetherian formal scheme (X, Oy) is a locally ringed space with a fi-
nite open cover X = U;eril; such that each (U;, Ox|y;) is isomorphic to the completion of a

Noetherian scheme X; along a closed subscheme Y;.

Morphisms of Noetherian formal schemes are morphisms of locally ringed spaces between

Noetherian formal schemes.

Example: Let X be a Noetherian scheme and P a closed point on X. Then the completion
of X along P is given by ({P},Op), where Op is the completion of the local ring Ox p.
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Definition 37. Let A be a noetherian topological ring that is complete and separated; that
is, there is an open ideal Z of A whose powers form a basis of open neighborhoods of 0. The
formal spectrum of A is the formal scheme Spf A, whose topological space consists of the
open ideals of A (equivalently, the prime ideals of A/T), and whose structure sheaf is defined
by

Ospra = @A/I”.

neN
Explicitly, if f € A and D(f) is the set of open prime ideals not containing f, Ogpr 4 (D(f)) =
A  is the completion of the local ring Ay. Any formal scheme that is isomorphic to the formal

spectrum of a topological ring is called affine.

In analogy to schemes, there is an algebraic characterization of morphisms of formal

schemes that map to an affine formal scheme:

Lemma 5.1.1. Let X be a noetherian formal scheme and Spf A a noetherian affine formal
scheme. Then the morphisms f : X — Spf A correspond exactly to continuous ring homomor-
phisms A — T'(X, Ox).

Definition 38. Let X be a noetherian formal scheme. A formal group & over X is a group
object in the category of noetherian formal schemes over X; that is, f : & — X is a formal
scheme equipped with morphisms p : & x & — & (multiplication), e : S — & (identity) and
i:® — & (inversion) that satisfy the usual properties. In other words, for any formal scheme

T over X, the morphisms ¥ — & over X have a group structure that is functorial in .

A formal group & over an affine scheme Spec R is called smooth (or a formal Lie group)
if there is an isomorphism
6= SprHle ) Xd”

to the power series ring over R in d variables for some d > 1. We call d the dimension of &.

In any smooth formal group, the multiplication morphism is encoded in certain power
series. For simplicity we adopt the notation R[|X]|] := R[| X1, ..., X4|]. Write & = Spf R[| X]];

then, the multiplication morphism p: & x & — & corresponds to a comultiplication
m: R[|X|] — R[|X[] ®r R[|X]] = R[|.X,Y]];

it is determined by the images of the variables X;, which are power series F; € R[|X,Y|]. The

data of these power series is called a formal group law.

Example: (i) Let R be a noetherian ring and G, := Spf R[X] the additive group scheme over
R - as a functor, it maps an R-formal scheme ¥ to the additive group I'(¥, Oz). Indeed, the
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morphisms from ¥ to G,(R) correspond to ring morphisms from R[X] to I'(¥, Og) that fix
R, and so uniquely to choices of where X maps to. As a group, the image is clearly functorial

in €. The ‘multiplication’” morphism G, xp G, — G, is given on rings by
R[X] - RX]®r R X]=ZRIX,)Y], X X®1+1X—X+Y.

The formal additive group G, is the formal completion of G, along its identity section
e : Spec R — Spec R[X] (corresponding to the augmentation X ~— 0); the corresponding
comultiplication is still given by X — X +Y.

(i) Let G,, := Spec R[X,X '] be the multiplicative group scheme that maps R-formal
schemes ¥ to the group of units I'(T, Oz)*. The multiplication G, X g G,,, — G, is given by

RIX, X' = RX, X or RIX, X '|ZRX,V,X LY, XXX XY.

The formal multiplicative group Gy is the formal completion of G, along its identity
section e : Spec R — Spec R[X, X '] (corresponding to X + 1). It is smooth: we have
Gy = Spf R[| X |] by sending X to 1+ X. The multiplication G X g Gy — Gy, is represented
by

RIX|| = RIX, Y, X » 1+ X)1+Y)—1=X +Y + XY

5.2 Formal group laws

Our goal is to understand the formal group E corresponding to an elliptic curve E/R. This
turns out to be a formal group law (this is non-trivial) and it seems easier to study the proper-
ties of E via power series. The explicitness allows the proof of a powerful structure theorem of

formal group laws over algebraically closed fields, which will translate to the situation we need.

It will be helpful to fix a notation for multiindices here. Given variables X7, ..., X, and a

tuple @ = (aq, ..., @) of nonnegative integers, we define

n
al =2 o
k=1
and .
xo =] xp
k=1
Let R be a commutative ring with a unit. We use the notation
R[|IX]] := R[| X1, ..., Xp]]

to denote the ring of formal power series in n variables, as long as the number of variables is

clear or at least unimportant.
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Definition 39. A formal group law of dimension n over R is a tuple G of n power series
G1,...,G, € R[|X, Y]]

in 2n variables X1, ..., X,, Y1, ..., Y, with the following properties:

(i) Vk : Gk(i,g) = Gk(Q,X) = Xk, and
(ii) Gk (G(X, Y), Z) = Gr(X, G(Y, 2)).

The formal group law G is commutative if for all k,

(iii) Gi(X,Y) = Gi(Y, X).

We call R[|X|] the coordinate ring of G.

Convention: In the following, we tacitly assume that all formal group laws discussed are

commutative. Accordingly, we write X +¢g Y to be G(X,Y).

A formal group law is then a set of power series that, under composition with itself, behaves
according to the axioms of a group (without specified elements). In this sense, (i) represents
the existence of a neutral element, (ii) the associative law, and (iii) the commutative law
for abelian groups. It is also clear that the power series associated to formal group schemes
satisfy these conditions. The one axiom missing is the existence of unique inverses; however,

this is implied. First:
Lemma 5.2.1 (Jacobi criterion). Let g(X) be a power series with g(0) = 0. There exists a
power series f € R[|X|] with f(g(X)) = X if and only if

0gi
0X j

det ( )] € R,

Proposition 5.2.2. Let G(X,Y) be a formal group. Then there exists a unique tuple of n
power series i1(X), ..., in(X) with the property

G(X,i(X)) = G(i(X), X) = 0.

Proof. Fori=1,...n,set ¢;(X,Y):=X; — F;(X,Y). It follows

0g; OF;
0= — = G
( oY, )xy=0= —( oY, )xy=0 = —dij,
S0 det(g% ly=o0) € R*. This implies the existence of power series h;(X,Y) with ¢;(X, h(X,Y)).
Take i(X) := h(X, X). O
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We will also write X —g Y to denote G(X,i(Y)).

We have seen the simplest and arguably most important examples of formal group laws

in the previous section: namely, the additive formal group law
Gu(X,)Y)=X+Y
and the multiplicative formal group law
Gn(X,)Y)=1+X)(14Y)-1=X+Y + XY.

Definition 40. Let F and G be formal group laws of respective dimensions m and n. A

morphism ¢ : F — G is a tuple of power series
P(X) = (#1(X1, 0 Xn)s o (X1, s X))
such that ¢;(0) = 0 for all k£ and that
¢<X +F Z) = o(X) +¢ (¥Y).
A morphism ¢ of formal group laws induces a homomorphism of coordinate rings
©* Rl X1, ... X|] = R[| X1, ...y Xnl], Xk — k.

The composition of two morphisms is defined as the composition of the underlying power
series. As usual, ¢ : F — G is called an isomorphism if there exists a left- and right-inverse

morphism ¢ : G — F.

Example: If R is a field of characteristic 0, we have a familiar-looking isomorphism

o0
1
Go — Gy X — g —'X":exp(X)—l.
n!
n=1

5.3 Differentials

Let R be a commutative unital ring as above. We can consider the R-module of 1-forms

Q generated by symbols dF', F' € R[|X|] with the usual relations.

1
RIX]|/R°
Lemma 5.3.1. Q}%“X”/R is a free R-module with basis dX1,...,dX,.

Proof. dXj,...,dX,, generate Q}?[IXI}/R’ because for any f € R[|X]|], we have

"0
d(f) = Z f”i dXp.
k=1

On the other hand, if Y| A\pyd X} = 0 for any A, € R, it follows d( Y ore1 )\ka> — 0 and so
Y req AXy € R, s0 A\, =0 for all k. 0
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Let f : R[|X1,...,Xm|] = R[|Zi1,...,Zy|] be a morphism of rings. Then f induces a

morphism of modules

Fe Qpyxr = Qryzyype 4K d(f(Xp)).

Definition 41. Let G be a formal group law over R. A 1-form

w=Y fu(X)dXy € Uy x/n
k=1

is called G-invariant if

(G V) SEXY) = [(Y)
k=1 J

for each j =1,...,n.
In other words, if i : R[|X|] — R[|X, Y]] is given by X — Gj and we take
i1: R[|X]|] = R[|X,Y]], Xk~ Xk
and
io: R[|X|] = R[| X, Y]], Xk — Y,
then we are requiring p.w = (i1).w + (i2)w.

Proposition 5.3.2. The G-invariant differentials on R[|X|] form a submodule Qf; OfQ}%HX\]/R'

There is an isomorphism of R-modules

Of > R", > fu(X)dXy = (f1(0), ..., £2(0)).
k=1

Proof. Any invariant differential w = f1dXy + ... + f,, dX,, is uniquely determined by the
values f1(0), ..., fn(0) by
dX;

o= (70) - 10) (Fr0)”
’ dx,

On the other hand, any such differential defined by values fi(0), ..., f(0) is G-invariant. [

In particular, in the case of a one-dimensional formal group we may speak of ‘the’ invariant

differential w having w(0) = 1.

Example: The invariant diifferential of G,(X,Y) = X +V is w = dX.
The invariant differential of G,,(X,Y) = X+Y 4+ XY isw = (1+X)"1dX = Y (= X)FdX.

One application of this is the following:
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Proposition 5.3.3. Fvery one-dimensional, commutative formal group law G over a field K

of characteristic 0 is isomorphic to the additive formal group law Ge.

Proof. Let w = f(X)dX be the invariant differential of G and define the logarithm

0X) ::/w:/f(X)dX

as the antiderivative of f with £(0) = 0. This is an isomorphism: the invariance of w implies
w(X) =w(G(X,Y)), and therefore

UG(X,Y)) = 6(X) +g(Y)

for some function ¢g(Y’) - by setting X = 0, we see that g(Y) = 4(Y).

This implies that ¢ is a homomorphism. It is an isomorphism by the Jacobi criterion. O

5.4 The formal group of an elliptic curve

Let S be a noetherian scheme and f : £ — S an elliptic curve with e : R — F its section
‘at infinity’. Via e we understand S as a closed subscheme oo C E. We let E be the formal

completion of E along oc.

Proposition 5.4.1. There is an affine cover S = U U;, U; = Spec A;, and isomorphisms
of formal schemes
Ey, = Spt R|T]],

where Ey, := E x5 U;, and EUi its formal completion along oo X g U;. Any such isomorphism

is called a formal parameterization of Ey, at oo, and T' a formal parameter.

Proof. We will use the following lemma:

Lemma 5.4.2. Let (X,0Ox) be a noetherian scheme and (X,F) a closed subscheme on the
same topological space. If (X, F) is affine, then (X, Ox) is affine.

Proof. Let X; := (X, F) be given by the sheaf of ideals Z of Ox. Since X is noetherian,
7 is nilpotent - on a finite cover (U;);cr by affine noetherian schemes, Z(U;) is contained in
the nilradical of Ox (U;), which, being finitely generated, is itself nilpotent. Pick n > 1 with
7" = 0. Now let X}, be the closed subscheme corresponding to Z*. By induction on k, it is
enough to show that Xs is affine. O

Now consider the affine subscheme oo = Spec R of E, with defining ideal sheaf Z. The
previous lemma implies that the subschemes oo, corresponding to Z" are also affine, iso-

morphic to Spec R,, for some rings R,; the closed immersions co < oo, give surjective ring
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homomorphisms R,, — R.

The cokernels J,, := Coker[co — oo,] = (Ker[R, — R])™ are locally free Ox-modules of
rank n, which can be checked on stalks. By passing to an affine cover U; of S that trivializes
the J,, we can find a generator T' of J; whose powers T, ...,T* generate J, for all k; this
gives isomorphisms A;[|T|]/(T*) = A;[T]/(T*) = Ry, and finally Spf A[|T|] = Ey,. O

The application of this that we use will be

Theorem 5.4.3. Let R be a discrete valuation ring, and E/R an elliptic curve. Then there

exists a formal parameterization

E = Spf R[|T]

of E at co. In particular, E is given by a formal group law ®5(X,Y) € R[|X,Y]].

5.5 Formal groups over finite fields

Let K be an separably closed field of characteristic p > 0.

Definition 42. (i) Let F and G be two (one-dimensional commutative) formal groups laws
over K, and f: F — G a homomorphism. The height h(f) of f is the greatest integer such
that f is a power series in Xph; the height of the zero map is defined to be oc.
(ii) Let G be a (one-dimensional commutative) formal group over K. Consider the multiplication-
by-p homomorphism

p]: G — G.

The height h of G is the height of [p].

Theorem 5.5.1 (Lazard). Two (one-dimensional commutative) formal groups over K are

isomorphic if and only if they have equal height.
Proof. See [5], II1.2 Theorem 2. O

For example, the height of G,, is 1, because [p] is given by the power series (14+ X)P —1 =
XP. The height of G, is oo, because [p] = 0. By Lazard’s theorem, they are nonisomorphic

over K.
Theorem 5.5.2. Let E be an elliptic curve over K. Then E has height either 1 or 2.

Proof. Consider [p] : E — E, which is induced by multiplication-by-p [p] : E(K) — E(K) on
the K-rational points of E. This is an isogeny of degree p?, and it is inseparable. The result

follows from the lemma below: O
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Lemma 5.5.3. Let 0 £ ¢ : E1 — FEs be an isogeny of elliptic curves over K and f : By — By

the induced homomorphism of formal group (laws). Then
P = deg, ().

Proof. 1t is enough to show this for the cases that ¢ is the ¢ = p"-power Frobenius map or
that f is separable, as all isogenies can be written as a composition of these and both sides
of the claim are multiplicative. However, in the first case, deg;(¢) = ¢ and f(X) = X% in
the second case, choose invariant differentials w; on E; and ws on Fs, both adapted to the

formal parameter X on E; and s, respectively. We have deg;(v) =1 and p*ws # 0, so
f(O)wr =wz 0 f(X) = (¢"w2)(X) # 0 € K[| X][]dX.
It follows that f/(0) # 0 and so h(f) = 0. O

If E has height two, we call ¥ supersingular; otherwise, we call E ordinary. Of course,
elliptic curves are nonsingular by definition, so supersingular elliptic curves are never singular

- this is only terminology.
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Chapter 6

Complex multiplication

6.1 Preliminary results

Let E be an elliptic curve defined over a subfield F' of C. The endomorphisms of E are
isogenies 1 : E(F') — E(F). They have the structure of a ring Endp(E): we define

(¥ + ) (P) :=$(P) & ¢(P)

and use composition as multiplication.

We always have a map
[]:Z — Endp(E), nw— [n]

where [n] is defined by successive addition or subtraction of the identity [1] := id. In many
cases, this map gives us every endomorphism; we are interested here in the cases where it

doesn’t.

Theorem 6.1.1. The endomorphism ring of any elliptic curve E defined over F' is isomorphic
to either Z or an order O of an tmaginary quadratic number field K. In the latter case, we

say that E has complex multiplication by O.

Proof. See [20] VI1.6.1 O
Endp(FE) can be canonically identified with a subring of F: we have an injection
i:Endp(E) — Endp(Qg/p(E)) =F, ¢— ¢"
For this reason, we may always assume without loss of generality that K is a subfield in F.
It will make everything easier if we assume now that our elliptic curves with complex

multiplication have it by the full ring of integers Ok of K. This is not terribly restrictive; we

cannot assume this up to isomorphism, but at least up to isogeny:
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Lemma 6.1.2. Let E/F be an elliptic curve with complex multiplication by an order O of K.
Then there exists an elliptic curve E'/F with Endp(E') = Ok and an isogeny ¢ : E — E’
defined over F'.

Proof. See [16], 5.3. O
The importance of this is that, given an elliptic curve E with complex multiplication by
Ok, we can give an isomorphism E = C/A := E, for some lattice A which is fixed by O

By multiplying with an appropriate constant, we can replace A with a homothetic lattice

contained in K - this is just a fractional ideal of K.

Lemma 6.1.3. Let a # (0) be an ideal of Ok, where E has complex multiplication by Ok .
Denote by Ela] the subgroup of points fized by every endomorphism of a. Then there is a

natural isomorphism of O -modules
Ela] = Ok /a.
Proof. Let A be a fractional ideal of K such that £ = C/A; then we have
Ela] 2 a 'A/A = Ok /a.
O

Proposition 6.1.4. Let Clg be the ideal class group of K. Then Cly acts simply transitively
on the isomorphism classes of elliptic curves defined over F with endomorphism ring Ok,

where the action is given by

[a] - [C/A] := [C/(a™"A)].

Proof. If we assume that A is a nonzero fractional ideal, then a~'A is one as well. The action

is well defined, because C/A = C/aA for any a € Ok, and we have
[a] - ([6]) - [C/A] = [C/a™"b7"A] = [C/(ab)~*A] = ([a][6]) - [C/A].
To show transitivity, let A1 and As be two nonzero fractional ideals of K; then it follows that
[A7 A1) - [C/A1] = [C/A2AT A4] = [C/As].

To see that the action is simply transitive, assume that [a] - [C/A] = [b] - [C/A] for some
fractional ideal A. Then a!'A and b~'A are homothetic, so there is a ¢ € C* such that

a~'A = cb~'A. In particular,
cab™'A = A =ctalbA.

Since cab™! and ¢ 'a~!b map A to itself, they contain endomorphisms of C/A and are there-
fore both contained in Of; so they both must be equal to Og. It follows that a = cb, and so
c€ K and [a] = [b] in Clk. O
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6.2 Class field theory

The deep connection between complex multiplication of elliptic curves and global class field
theory compels us to use a number of definitions and theorems from the latter area. We
provide a review of the concepts which will be useful later in this section. Proofs can be found

in [14] or in a number of other textbooks on algebraic number theory.

Let K be a finite field extension of Q. If p is a place of the ring of integers O, let K be

the completion of K at p and v, the associated valuation.

Definition 43. Let L/K be a finite Galois extension of fields, and p an ideal of K which is
unramified in L. Let P be an ideal of L lying over p. Let [ and k£ be the remainder fields of

Ly and Ky, respectively. Then we have isomorphisms
G(B) = Cal(Ly/K,) = Cal(l/k),

where G(B) = {0 € Gal(L/K) : oP = P} is the decomposition group of P. The cyclic
group Gal(l/k) is generated by the Frobenius automorphism; its image in Gal(L/K), which
generates G(*B), is called the Frobenius element of Gal(L/K) at B, denoted (3, L/K).

Lemma 6.2.1. Use the notation as above. For any o € Gal(L/K),
(0%, L/ K) = (P, L/ K)o~
Proof. Let x € Or. Then we have
o(B,L/K)o 'z =0(0'2)? = 27 (mod o*P)
where ¢ = #k. This implies that o(p, L/K)o~! is the Frobenius element at o*p. O

In particular, if L/K is abelian, then the Frobenius elements (3, L/K), B|p, are all equal,
we denote this element by (p, L/K).

Lemma 6.2.2. Let M/L/K be a tower of Galois extensions; let P be a prime of L lying over
p, and Q a prime of M lying over 3. Then

(i) (Q,M/K)|L = (B, L/K).

(i1) (Q, M/L) = (Q, M/K)! (B/p).

Proof. One easily shows that in both cases, the elements in question correspond to the Frobe-

nius automorphism on the residue fields. ]
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Definition 44. Let L/K be a finite abelian extension, and let S be a set of primes of K
containing all those that ramify in L. Let [ IS’( be the subgroup of the ideal group I generated

by those primes not in S. The Artin reciprocity map is given by
¢ ¢
(= L/K) : If = Gal(L/K), []pi* = []pi L/K)™.
i=1 i=1

The Artin map factors through Ny, /g (1 f ), where I f is generated by the primes of L lying

over primes in 5; this follows from the previous lemma, using the fact that

Nijie(p) = p/ B/

for any prime P lying over the prime p of K.

Definition 45. A modulus of K is a function
m : {places of K} — Ny

such that m(p) > 0 and m(p) = 0 for almost all p; m(p) € {0,1} if p is infinite and real; and
m(p) = 0 if p is complex.

We will also write the modulus m as a formal product

m = [ ®.
p

Given a modulus m, we define the set

S(m) := {p :m(p) > 0}

of primes dividing m, and the group K,, 1 of principal (fractional) ideals (z) such that z
is positive under all real embeddings of K, and z — 1 € p™® for all finite p. We have
Ky C 15,
— 7Sm)
Con =1 " /Kn:

is called the ray class group of K modulo m.

Theorem 6.2.3 (Artin reciprocity). Let L/K be a finite abelian extension. Then there exists
a modulus m such that S := S(m) contains all primes of K that ramify in L and such that

Kni1 C Ker(—, L/K), and the Artin map factors to an isomorphism

II%/(Km,lNL/K([E)) — Gal(L/K).
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Theorem 6.2.4 (Takagi existence theorem). Let m be a modulus and S = S(m). Let H be a

congruence subgroup modulo m, i.e.
Kn1 CHCIZ.
Then there exists a finite abelian extension L/K such that H = KmJNL/K(If).
By Artin reciprocity, we then have an isomorphism
I3 /H = Gal(L/K).

L is called the class field of H.
In particular, the class field Ky) of Kn is called the ray class field modulo m, and the
Artin map induces an isomorphism Cy & Gal(K )/ K).

Definition 46. The Hilbert class field H of K is the ray class field for the modulus m = 1.
It is therefore the maxmimal unramified abelian extension of K. Artin reciprocity gives an
isomorphism

Cl(K) = Gal(H/K)
where CI(K) is the ideal class group of K.

Theorem 6.2.5 (Principal ideal theorem). Let a be an ideal of K and let H be the Hilbert
class field of K. Then aOg is a principal ideal.

Theorem 6.2.6 (Chebotarev density theorem). Let L/K be a finite Galois extension and
let C' be a conjugacy class in Gal(L/K). Then the set of primes p of K such that C =
{(B,L/K) : B|p} has analytic density |C|/[L : K] in the set of all primes of K.

Here, we say a set of primes 7" has analytic density ¢ if

. ZpeT m(p)_s
lim —/———

LB
s—=14 510g s

We now introduce another perspective of class field theory - not in terms of ideals, as
above, but rather in terms of ideles. The ideles of K form a group that captures information
about all completions of K simultaneously and provide a more natural, if less familiar, frame-
work in which the results above may be understood. Importantly, we no longer worry about

ramification of primes and can deal with all abelian extensions (even infinite) simultaneously.

Definition 47. The group of ideles of K is the restricted product

T ={s=(sp)p € HKpX . sp € U, for almost all p}.
p

Here, U, is the ring le(p if p is finite and K, otherwise.
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The ideles of K form a topological group, where a basis of open sets is given by sets of

the form [], Uy, where U, C K, is open for all p, and U, = O, for almost all p. Via
K* <3k, z~ (z),
K> becomes a discrete subgroup of Jx. The quotient
Cx :=Tg/K"”
is called the idele class group of K.

Definition 48. Let L/K be a finite field extension. The norm map is given by

Ny 290 = Tk, (sp)p = (H NLy /Ky S )p-
PBlp

There is also a natural map from ideles to ideals, sending s € Tk to (s) :=[],, pordesy,

Theorem 6.2.7 (Artin reciprocity - ideles). Let K be the mazximal abelian extension of K.

There is a unique continuous homomorphism (the Artin reciprocity map)
[—, K] : Jx — Gal(K/K), s [s, K]

such that for any finite abelian extension L/K and idele s € T, whose ideal (s) is not divisible

by primes that ramify in L,
[s, K| = ((s), L/ K).

In addition, the following properties hold:
(i) [—, K] is surjective and K* C Ker[—, K].
(i) If L/ K s a finite abelian extension, then

[S,L”Kab = [NL/KS,K] Vs € Jp.

(iii) If p is a prime of K and L/K is abelian and unramified at p, and 7 is an idele of K

with a uniformizer of Op in its p-th component and units elsewhere, then
[7, K]|L = (p, L/ K).
Theorem 6.2.8. Let m be a modulus for K, Ky the ray class field of K modulo m, and
Un:={s€Tx:5 €0, sp—1¢€ p"®) for all finite p, sp > 0 for real p},
which is an open subgroup of Jx. Then the Artin map factors to an isomorphism
[, K] : Ik /K" Uy = Gal(Km)/K).
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6.3 The main theorem and applications

Let E/F be an elliptic curve over the number field F' with complex multiplication by O,

given by a choice of Weierstrass equation
E:y’=23+pr+q.

For an automorphism o € Aut(C/Q), we define a second elliptic curve E? by the Weierstrass
model

By =2’ +o(p)+o(q).
There is a natural group homomorphism, also denoted by o:
o:E(C)— E(C), (z,y)+— (c(x),0(y)), O O.
Additionally, find a fractional ideal A C K such that there is an isomorphism
§:C/A— E.
In this setting, we can formulate Shimura’s ‘main theorem’ of complex multiplication:

Theorem 6.3.1. Let s be an idele of K with o|ga = [s, K]. Then there is a unique isomor-
phism
¢:C/s7IA— E°

which makes the diagram below commutative:

K/A i’ Eiors
s71 o
5/

K/s7'A — Ef,.,

Here, Eyors denotes the torsion subgroup of E(C), and EY,

7 s 48 defined similarly.

Proof. See [18], theorem 5.4. O

Theorem 6.3.2. (i) j(E) generates the Hilbert class field of K.
(ii) j(E) is an algebraic integer.

Proof. Let o0 € Aut(C/K) Then

JE)=j(E)Y & E=E’ < C/a=C/sa
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for the idele s from the main theorem. This is true iff |s,|, =1 for all finite places p, and so
se K*J[ox [ K~
pfoo ploo
& 5€Ck =Ny /xCn = Ker[(—, H/K)]

by global class field theory (note that any p|oo is a complex place), and therefore if and only
if o is the identity on H; so we must have j(E) € H.
(ii) See [18], 4.6. O

As a corollary, we see that any elliptic curve with complex multiplication has everywhere

potential good reduction - its j-invariant has a non-negative valuation at every prime.

Theorem 6.3.3. There exists a Hecke character g : Jp — C* | di.e. Yg is a continuous
homomorphism with Yp(F*) = 1), of the idele class group with the following properties:
(i) Let x € JF have norm y = Np/xx € Jx. Then

Yp(r)0 =y lyO C C.

(ii) Let © € Ip be finite (1 at all archimedean places) and p a prime ideal of K. Then
Vi) (y), ' € OF and for P € E[p™] we have

(z, F**/F)P = ¢p(z)(y), ' P.

(111) For an ideal q of F with Uy = {x € Fy : vg(x) = 0}, Yp(Uy) = 1 if and only if E has

good reduction at q.

Proof. Let 0 = (x, F%/F) € Gal(F®/F). Then we have (y, K%/K) = o|xa, since the Artin
reciprocity symbol commutes with inflation and corestriction. Clearly £ = FE, and so by

Theorem 1 we have an isomorphism
¢lol :Clyta— Cla,
which must be a multiplication by some element z € K* such that zO = yO. We define
Vi (T) =y 2.

Then v is a well-defined group homomorphism: for z1, 2o € I with ¢¥p(z;) = y!'2; we have
by uniqueness in Theorem 1 that £1&), . = &71¢, 71, which represents multiplication by
z122. Condition (i) is immediate. We also see that for any prime p in K, wE(a:)(y)p_l €Oy
holds.

For any number k£ € N, we have a commutative diagram from Theorem 1:
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Iy A— | —1 ~ e _
p kyp ap/Yp Gy ——— P Fy~ta/y~ta

which completes the proof of (ii).

(iif) Let q be a prime in F and p a rational prime with gt (p). For any u € Uy, (u, F%/F)
acts on T,(E) via multiplication by ¢g(u) (by (ii)). However, Ty := (U, F%/F) is the inertia
group of q. By the Neron-Ogg-Shafarevich criterion,

YE(Uy) = 1 < Ty acts trivially on T,(F) < E has good reduction at p.

O]

Let fg be the conductor of g: we will consider g as a character on the ideal group by
first mapping ideals p with an element 7 of order one (ordym = 1) to the idele (z,), with
7 in the p-coordinate and 1 elsewhere; then mapping into C as earlier. This is well-defined
(independent of the choice of 7) as long as ¢g is unramified at p, that is, if Yp(Uy) = 1. If
Yp is ramified at p, we set p(p) = 0.

By definition, f is then the largest ideal such that ¢ can be defined on the ray class group

mod f. In particular, £ has good reduction at all primes not dividing f§.

Lemma 6.3.4 (¢Yg on ideals). (i) Let a be an ideal of F coprime to §f. Then ¢Ygr(a)O =
Np/k(a).

(ii) Let q be an prime ideal of F' that is coprime to f, and a an ideal of O that is coprime to
q. Then (q, F(Ela])/F) = ¢p(q).

(iii) If q is an ideal of ' at which E has good reduction, and (q) = Np/g(q), then Yr(q) € K

(understood as an automorphism of E) reduces modulo q to the Frobenius morphism ¢y.

Proof. (i) and (ii) are immediate from Theorem 3 (i),(ii) following the definition of g as a
character of the ideal group.
(iii): Let P € Ejs have order prime to q and P its reduction mod gq. Then for any prime a

as in (ii)

Ye(@)P = (q, F(Ela])/F)P = ¢, P,

since the reciprocity symbol gives exactly the Frobenius element. Since endomorphisms are

determined by ¢-torsion for any prime ¢, the result follows. O

Finally, the reduction of elliptic curves with complex multiplication at a prime of good

reduction can be described in more detail. Recall that in this case, the elliptic curve as
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everywhere potential good reduction, so that by enlarging the field of definition F' we can

assume that it has everywhere good reduction.

Theorem 6.3.5. An elliptic curve E/F with complex multiplication by O has ordinary
reduction at a prime B of F if and only if (p) := PN Q splits in K.

Proof. See [12], 13.4 (Theorem 12). O
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Chapter 7

The L-function

The theory (and notation) of L-functions begins with Dirichlet. While Euler considered what

00 1

n—1 ns and proved a product expansion over the

is now known as the Riemann zeta function )

rational primes, Dirichlet extended this to consider functions of the form > >° e an € C

Series of this type may be thought of as generating functions for the sequence (a,), and are

often better behaved when the sequence (a,) possesses a natural ‘multiplicative’ structure.
For example, if a,, is a multiplicative sequence - that is, for any coprime numbers m,n we

have a,, = amay, - we have the Euler product

“o (X%

n=1 p prime k=0

as a formal identity; the product on the right as the same convergence properties as the sum
on the left. In the case of a strictly multiplicative sequence - that is, for any m,n we have
Umn = Qmay - the Euler product may be written as

an 1
ns H 1—apps’

n=1 p prime

o0

Both Dirichlet series and product representations are commonly used to define special func-
tions - we will mostly consider the latter.

Standard questions include convergence, existence of functional equations, locations of
zeros and poles, and existence of interesting special values - for example, values at integers,
or the behavior of the L-function near its singularities. In the case of L-functions associated
to elliptic curves (the definition is given later), interesting results are known - for example,
an analogy of the Riemann hypothesis shows that all its zeros must have real part 1/2 -
but conjectures remain numerous. In particular, the Birch and Swinnerton-Dyer conjecture
attempts to predict the rank of an elliptic curve over a number field (and other arithmetic

information) in terms of an associated L-function at the point s = 1.
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7.1 The (-function

An arithmetic scheme is a scheme X where the natural morphism f : X — SpecZ is of

finite type.

Definition 49. Let X be an arithmetic scheme. We define the zeta function

1
Cx(s) = H Wv
z€|X|
where N (x) is the cardinality of the residue field x(x) at =, and | X| denotes the set of closed
points of X.

That this is well-defined requires some explanation. First note that the residue fields at x

are always finite: this follows from the following lemma.
Lemma 7.1.1. Let A be a field that is finitely generated as a Z-algebra. Then A is finite.

Proof. If A has characteristic p > 0, this follows from Noether normalization: since A is
O-dimensional, it is finitely generated as a module over F, and therefore finite. If A has
characteristic 0, then it is a flat Z-module and so Spec A — SpecZ is flat and of finite type.
By exercise I11.9.1 in Hartshorne’s book ([6]) it is an open map. However, its image is only

the zero ideal {(0)} C SpecZ and this is not open - a contradiction. O

In particular, if x is a closed point, then f(z) = (p) is a maximal ideal of Z - indeed,
k(z) is a finite field extension of the residue field x(f(x)) on Spec Z, and is also a finite field.
Additionally, for any n € N there are only finitely many closed points on each fiber X, with
residue field of cardinality less than n. To see this, note first that the closed points on X, are
exactly the closed points on the reduced subscheme (X)),cq, and so it is enough to assume
that X, is reduced. Now the base change f : X, — Spec[F,, is of finite type, hence quasicom-
pact, so by passing to a finite cover we may then assume that X, is affine. Finally, for every
finite field extension F, of F,, X, (F,) is finite, being the set of zeros in F, of finitely many
polynomials in over F,,. Since any closed point z with residue field x(z) of cardinality p® < ¢
induces an inclusion map x(x) — 4, corresponding uniquely to a morphism Spec K — X,

there can be only finitely many such points.

The zeta function may be represented as a Dirichlet series. For n € N, let a,, denote the
number of ways to write n = Hle N (x;)" with closed points x; € |X| and v; € N (for n = 1,

we also consider the empty product); then there is a formal equality

1 > an
x(s)= 11 T-N@ - 2en

z€|X]| n=1
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Theorem 7.1.2. For any s € C with Re(s) > dim X, the product (x(s) converges absolutely.

It describes a holomorphic function without zeros.
Proof. See [15] 1.6 0

Note also that in the case of convergence, we have a decomposition (x(s) = [],(x,(s)

over the fibers of f.

Example: Let X = SpecZ. Then the residue field of z = (p) € |X] is F,,, and we see that

is the Riemann zeta function; this converges for fRe(s) > dimZ = 1.

Example: Let X = Spec O, where K is a number field and O its ring of integers. Then

1 1
o= T gt T m
Oy prime - 7 /)T G Micjle)

is the Dedekind zeta function of K; here, a traverses the nonzero ideals of Q. This series

converges for Re(s) > dim Ok = 1.

The decomposition of (x over the fibers X, implies that it is useful to first study the
positive characteristic; that is, where X is taken as a scheme of finite type over some finite
field F,, so every residue field is an extension of F,. For each closed point z € |X| let

deg(x) := [k(x) : Fy]; that is, N(2) = ¢4°8(®). Then in a half-plane of convergence, we have

B e qfsk-deg(w)
log(x(s)= > —log1—N(x) )= > Y &

z€|X]| z€| X | k=1

s 1 ns > ns > #X(F ") —ns
I T

n=1 k-deg(x) n=1 deg(z)|n

This motivates the definition

Zx(T) = exp( Z #X;Fqn)T”>,
n=1
so that Zx(¢™*) = (x(s).

Theorem 7.1.3 (Weil conjectures). Let X be a smooth projective variety over Fy, and set
d:=dim X.

(i) (Rationality) Zx(T) is a rational function in T. In fact, there are integral polynomials
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Py(T) € Z[T), k =0, ...,2d, where Py(T) = 1—T, Poy(T) = 1—¢*T and complex factorizations
Py(T) = [[;(1 — xT), i, € C such that

Zx(T) = ]lgo(T).]:%(T) ~...';2n(1T) .

(ii) (Functional equation) Let e = zzo(—l)kdeg Py (the Euler characteristic of X ); then Zx
satisfies an identity of the form

Zx(q 4T~ = +¢%/2T¢ Zx (T).

(iii) (Riemann Hypothesis) For each 1 <k < 2d — 1 and every j, |oi| = ¢"/>.

(iv) (Betti numbers) If X is the reduction modulo a prime ideal of a variety Y over a number
field K/Q, then deg Py is the k-th Betti number of the complex variety Y X i Spec C with any
embedding K — C.

Proof. It would be hopeless to attempt to prove this in the scope of this thesis. The case of

elliptic curves is more elementary, and a proof for this is given in [20] V.2. O

In the special case of an elliptic curve E over Fy, the Weil conjectures give us a simple
description of its zeta function. We can realize E as the reduction modulo a prime of some
elliptic curve E’ over a number field, and so the first Betti number is dimc H' (E'(C)) = 2g = 2.
Therefore, there is an algebraic integer a with
(1—-aT)(1—-aT)

A-T)(1—qT)

ZE(S) =

We find

n=1 n=1 n=1 n=1 n=1

and therefore #E(Fyn) = ¢" — 1 — a”™ — o™. This result is due to Hasse.

By the Riemann hypothesis, we have aa = ¢q. Therefore, we may write the above as

1 —aT + qT?
(1-T)1—qT)’

Zp(T) =
where a =a+a=q—1—-#E(F,).
Now take E to be an elliptic curve over the number field K. We have the decomposition
Cu(s) =[] ¢en(s)
p

where the product is taken over all primes (0) # p of Ok. For all but finitely many primes,

the fiber E, actually defines an elliptic curve over Ok /p, and we have found a satisfying
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description of its zeta function above. Otherwise, E} has a single singularity, and the zeta

function turns out to be

1—aqg™?
CE,(s) = — —
’ (1—g=)1—¢"*)
where a—1 in the case of split multiplicative reduction, « = —1 for non-split multiplicative

reduction, and a = 0 for additive reduction.

Definition 50. The local L-function of F at p is given by

B B 1—a,q %+ ¢'72* :good reduction
Ly(B,s) == (1= q*)(1 = ¢'*)(p,(5) = ’

s

1—a,q : bad reduction.

where ay = ¢—1—#E,(Ok/p),1,—1 or 0 is defined as above.

o ~ Cr(s)
L(E,s) := g[Lp(E, s) = OO

is called the L-function of E.

7.2 L-functions and Galois representations

The L-function associated to an elliptic curve over the number field K is known to arise from a
general construction of L-functions associated to Galois representations; here, one introduces
the Tate module Ty, on which Gal(K/K) acts.

Definition 51. Let G be a topological group. A representation of GG is a continuous

homomorphism

p:G— GL(V),

where V' is a finite-dimensional vector space over a field K. If H is a subgroup of G, the

invariant subspace V! of V is
VH .= {veV:ph)(v)=vVYhe H}.

Consider now G = Gal(L/K) where L/K is a finite Galois extension of number fields.
Let p be a nonzero prime of K; recall that for any prime 9 of L lying over p, the inertia
subgroup I(*B/p) consists of those automorphisms o € G that map o(*) = P and for which
the induced map 7 : O /P — Ok /P is the identity.

We denote here by Frobg the Frobenius element (8, L/K) of L/K at B; this is the unique
automorphism with

Frobg(z) = 27 mod P Va € Ok
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with ¢ := #Ok /p. For any two primes 1 and Py over p, p(*PB1) and p(P2) are conjugates;
therefore, they leave V! (Fa/p) = YIF2/p) = V1) fixed and have equal characteristic polyno-
mials on V%) In particular, the characteristic polynomial depends only on the coset Frob,
in Gal(L/K).

Definition 52. The Artin L-function associated to p is

1
L(p,s) := .
’ ];[ det(l - p(FrObp)mK/Q(P)_s) [y

Now let F be an elliptic curve over the number field K. For any prime ¢ # p, we have the

torsion groups E[("] = Ker[("].
Lemma 7.2.1. There is an isomorphism E[{"] = Z/VZ x 7./ VZ.
20. TIL6.4(b) O

We then define the Tate module
Ty(E) = lim E[("] = im Z/(Z x Z/(Z = L.

The group Gal(K/K) acts on E[{"]: for an K-valued point P € E[{"] and ¢ € Gal(K/K),
denote also by ¢ the morphism o : Spec K — Spec K, and define o - P := P o ¢. This makes
sense because

"o (o P) = [("] o (Poo) = ([("] o P) oo =0.

The action carries over to an action of Gal(K/K) on Ty(E). Define the Q-vector space
V :=T,(F) ®g, Qp; then we have a group representation

p:Gal(K/K) — GL(V) = GLa(Qy).
Definition 53. The L-function we associate to this representation is

1
L(p,s) = .
’ 1;[ det(l - p(HObp>mK/Q(p)_s) I

This definition is inspired by the preceding theory of Artin L-functions. Since the char-
acteristic polynomial of each Frob, has rational coefficients ([20] V.2.3), we may interpret
L(p, s) as a complex-valued function (up to a question of convergence). Remarkably, this is

independent of ¢; indeed,

Theorem 7.2.2. We have L(p,s) = L(E, s); that is, the L-function associated to the Galois

representation p is the same as the L-function associated to the arithmetic scheme E.
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Proof. By [20] V.2.3, if E has good reduction at p,
det p(Froby) = ¢ = #O0xk /p and tr p(Froby) = ¢+ 1 — #E(F,).

The factor for p then becomes (1 — (¢4 1 — #E(F,))q~* +q-¢"~2%)"1.

If E has additive reduction, VI® = 0, and so the corresponding factor is 1. In the case
of multiplicative reduction, that is, E has a node singularity, V®) is one-dimensional; if the
reduction is split - that is, if the two tangent lines are defined over F, - the Frobenius acts

s

as the identity and we have a factor 1 — ¢—%; if the reduction is non-split, the tangents are

defined only over a quadratic extension of IF, and the corresponding factor becomes 1 + ¢~*.
In particular, we see that the factors corresponding to every p in both L-functions are

equal. O

7.3 The L-function and complex multiplication

Generally, the L-function of an elliptic curve defined over Ok is equal to the L-function of
an appropriate 2-dimensional representation of Gal(K /K). In the case of complex multipli-
cation, it can actually be factored into L-functions of one-dimensional representations. The
properties of these so-called Hecke L-series are better understood; in turn, this gives a better

understanding of elliptic curves with complex multiplication as opposed to without.

Recall that a Hecke character ¢ of a number field F//Q is a continuous homomorphism
Y @ Jp — C* from the ideles of F with (F*) = 1. If p is an ideal of F at which v
is not ramified, we defined ¢ (p) := ¥(x) for an idele x = (), with 24 = 1, ¢ # p and
xp a uniformizer at p; this is independent of the choice of uniformizer. This is extended
multiplicatively to a character on ideals by defining v (p) = 0 if ¢ ramifies at p. The Hecke

L-series associated to ¢ is

1
L) = oo

that is, the Artin L-function associated to the one-dimensional representation 1.

We give a slightly different definition of conductor here (as opposed to chapter 6) to keep

track of ramification data at infinite places:

Definition 54. The conductor of the Hecke character v is the unique ideal § of F' and set

of real valuations €2 such that ¢ is a primitive character of the ray class group modulo f{2, i.e.

Y((x)=1exel+f vir)>0Ve.
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If 4 has conductor €2, we have the representation as a Dirichlet series

_ L
He = =y = 2 sa

p

where the sum is taken over all integral ideals a coprime to f; indeed, these are exactly the

ideals for which ¢ (a) is nonzero.

Theorem 7.3.1. The L-function L(v,s) associated to a Hecke character 1 has an analytic

continuation on all of C and satisfies a functional equation.

Proof. This result is due to Hecke, and an elegant adelic proof that better motivates the
‘samma factors’ is given in Tate’s doctoral thesis [21]. The functional equation is found by
adding the appropriate Euler factors at the Archimedian places - these involve the usual

Gamma function I' on C. Assuming v is primitive with conductor fS2,

A, s) = 5A(1/171, 1—s),

where we set A(¢, s) to be

L) Oeeiae)( T 55N ( 11 1W)( T o2,

v complex v€E( rea v real

Ap being the discriminant of F//Q, and the root number ¢ is a product [[, €, satisfying |e = 1:

(

1 :p < oo and ¥ and K are nonramified at p

1 : p = v is infinite and v ¢ Q
gp=1Ri=+—-1 tp=wv e Nisreal

P(Dy) : 9 is nonramified and F' ramified at p

m Zaeon Jiv wp(a)e%i'“(“/d) : 1) is ramified at p

where ©, is the different ideal of F,/Q, and (d) = D,f,, and where the trace is understood
as a class Q,/Z, — Q/Z, so e?m0(a/d) 5 well-defined. The last case above is a Gauss sum

over the local character v, of ¥ at p. O

Theorem 7.3.2. Let E be an elliptic curve defined over F' with complex multiplication by
K C F. Let yg be the Hecke character associated to . Then

L(E,s) = L(YE,s) - L(¥g, 3).

Proof. We will show that the factors at each prime of F' of both functions are equal. Recall

that E has potential good reduction everywhere, since its j-invariant is integral. Therefore,
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it cannot have multiplicative reduction at any prime.

For any prime p at which E has good reduction, the Euler factor of L(E,s) is 1 —apq™° +
¢'7%%. By lemma 4.4.3,

Ye(P)VE(P) = Nk/oWE(P) = Ni/oNr/k () = ¢

Also,
#E(Ok [p) = deg(1 — @p) = deg(1 — g (p)),

since g (p) reduces to the Frobenius morphism on Ok /p. Finally, it follows that
ap=q+1—#E(Ok/p) =q+1— (1 =) —Ppp) = vup) + ).

Therefore,
1—ap+q % = (1-9¥p®)d") (1 - ve®)d).
If £ has bad (and therefore, additive) reduction at p, the Euler factor of L(FE,s) is 1.

Also, 1 must be ramified at p, so the Euler factors of L(¢g,s) and L(1g,s) at p are both
1. ]

Combining this with the functional equation for Hecke L-series,

Corollary 7.3.3. Let E/F be an elliptic curve with complex multiplication by K C F. Then

L(E, s) has an analytic continuation to all of C, and satisfies the functional equation
A(E,s) =€eA(E,2 —s),

where

A(E, 5) = Nryq(f) - [Ap])* (2m) A (s) UL, 5)
and § is the conductor of Yg; and e € {£1}.

Proof. ¢ and g are Hecke characters with the same conductor f, where F' has no real
embeddings and [F' : Q]/2 complex embeddings. Consider also that because, for ideals a

coprime to f,
Ye(0)YE(a) = Nijgve(a) = Ngg(a),
it follows that ¥ g = d)gl - Npyq; so for Re(s) appropriately large,
) 1
¢ ) S =1L ¢ , S — 1).
; Z ‘ﬁF/@ a)* Z ‘ﬁF/@ W )
Therefore,
A(E, 5) = (Mg - [Arp])*2m) U ()AL (g, ) L(gg", s — 1)
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= AW, 9)AWE" s = D) - rAF|>1/2<em§és%>%[F=@l

= c(Wr)e@Wp ) (~DF D2 AWyt 1 — 5)A(We, 2 — ) (Mg (f) - Aﬂ)l“(MﬂF:@W

=€

= L(tp, 2 — )LUE' 1 — 5)(Npyo(f) - |Ap])?(2m) @ Ip(2 — )l
- GA(Ev 2 - 8)7

where € = (—1)IF:@/2 Hp(ap(w)ep(w_l)) is an element of norm 1 and may be seen to be
invariant under complex conjugation; therefore € € {1} as claimed.
O
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Chapter 8
p-adic interpolation

Let p be a rational prime. We may consider a sequence of p-adic numbers ( f,,)nez as a function
[+ Z — Qy, and ask whether it can be extended to a continuous p-adic function [’ : Z, — Qp;
this is called p-adic interpolation. It is not difficult to give conditions for the existence and

uniqueness of such a function:
Theorem 8.0.1. Let f: Z — Q, be a function. f extends to a continuous function
7, —Q,
if and only if [ is bounded and uniformly continuous; that is,
Ve>030 >0V, yeZ: |z—ylp<d=|f(z)— fly)l, <e,
or equivalently,
Vae NIbeNVr,y€Z: z=y(modp’) = f(z) = f(y) (mod p%).
In this case, the extension [’ is unique.

Proof. The uniqueness follows immediately from the fact that Z is a dense subset of Z,.
It is clear that the conditions are necessary: if the continuous function f’ is given, then its
restriction to the compact subset Z must be bounded and uniformly continuous. On the other

hand, if f is bounded and uniformly continuous, we can form the function
!/ . .
2Ly — Qpy, r= lim zp — lim a(x),
f P Qp k—oo k k—o0 ( k)

where (x) is a Cauchy sequence in Z with limit = € Z, - the definition of f’ is independent

of which zj, are used, and this gives a continuous function which restricts to f. O

In fact, it is enough to specify values f,, for n € N, as N by itself is dense in Z and so the

argument still holds.
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Uniform p-adic continuity may be extremely difficult to check. In practice, p-adic interpo-
lation is more interesting in the other direction; it is often feasible to construct a continuous
interpolating p-adic function by other, algebraic means and use its existence to prove the

p-adic uniform continuity and boundedness of the given function f.

8.1 p-adic measures

Let C(Zyp,Qp) be the Q,-Banach space of continuous functions from Z, to Q, together with
the supremum norm.

A p-adic measure 1 on Zj, is a continuous linear map

p: C(Zy, Qp) — Qp.

Instead of u(f) we will also write pr f(z)dp(z), and call u(f) the integral of f with respect

to p. This notation may be motivated by the following analogy to Riemann sums:

n—o0

pt—1
p(f) = lim Y F(k)u(Tegprz,),
k=0

where Zy 4 pnz, = 1 on k + p"Z, and 0 otherwise is the indicator function.

Since any open ball U C Z, is also closed, the indicator function Zy is continuous; thus

we may define the integrals

/ f(@)dp() == p(f - Ty).

U
We will denote the space of p-adic measures by M(Z,, Qp). M(Z,,Q)) is a normed space with

respect to the operator norm

— su ’H(f)|p .
|| := sup{ Il t f # 0}

The following important result of p-adic analysis is very well known:

Theorem 8.1.1 (Mahler expansion). Any continuous function f € C(Zy,,Q,) is represented

by an everywhere convergent Newton series
> x
1@ =S o (n)
n=0
. The coefficients are unique and given by the formula

o= kigf(k) (})cvteq,

Additionally, (fn)n ts a null sequence (f, = 0), and || f|lcc = sup |fnl.

x):w

where (n -
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On the other hand, it is not difficult to see that, given any null sequence of coefficients f,,,

f@) =3 g (j“;)

converges on Zj, and defines a continuous function - this is because the functions (i) map 7Z

the sum

to Z and by density and continuity Z, to Z,, so have norm at most 1.

Definition 55. The Mahler transform (or Amice transform) of a measure pu is given by
the formal power series

e}

M = ([ ()t e i

n=0

Let @Q,[|T[]° be the subspace of Q,[|T|] of formal power series with bounded coefficients,

together with the norm

[e.¢]
I ZanT"HOO = SUp ay.

n=0
Theorem 8.1.2. M : M(Z,,Q,) — Q,[|T|]® is an isometric isomorphism of normed Q,-

vector spaces.

Proof. 1t is clear that M is a linear map.
Surjectivity: let >0 o a,T™ € Qu[|T|]°. Define the measure

:u(f) = Zanfna
n=0

where f =3 fn( ) is the Mahler series expansion of f. (Recall that (f,), and so also

x
n

(anfrn) tends to zero.) It follows that

M(p) = gm ()= 2 (:OO S ) T" iT

noting that the k-th coefficient of the Mahler series for (z) is Opk.

For isometry (and in particular, injectivity), note that ||(¥)|| = 1, because the function

(Z) maps Z to Z and by continuity Z, to Z,. Given any measure p € M(Zy,Q,) with
M(p) =307 anT™, we then have

anly = ()l < ()1 = sl

This implies |M(p)l|so < [l
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On the other hand, for any f=3Yo° fn(%) € C(Zp, Qp),

MOl o = g [ (7))l - (ol

zsupl [ 4()autal,

neN Jz,
> |nfjo [ (5 )t = |§u<fn ()l = et

()l
[[flloo

It follows that
M ()]l > sup{

2 f # 0} = Il

8.2 The p-adic zeta function

The p-adic zeta function plays an important role in the theory of cyclotomic fields (for exam-
ple, its study leads to a proof of Fermat’s last theorem for regular primes). In this section, we
will give an analytic construction of it due to Kubota and Leopoldt. For us, this will be useful
to motivate p-adic interpolation of L-functions attached to elliptic curves and to demonstrate

the pattern of construction we will follow there as well.

Define, via the Maclaurin series

o0

G oV
e — 1 n! "’
n=0

the Bernoulli numbers B,,. These satisfy By = 1 and the recurrence equation
n—1
n Bk
By, = 6on — _—

hence are rational.

We will p-adically interpolate the fractions (—1)”“%, n > 1. The resulting function is
called the p-adic zeta function, because it takes the same special values as the Riemann

zeta function: for any integer k > 0,

C(—k) = (~1)eDEnt

k+1
First, for = € Z;, we have z7! (2) € Zy for all n € N, so it follows that
x 1 = [z g o= [z L ,
Taore 7 = ™ - ™ Z,(|T|] € Q,[|T°.
(e i R DL () o) ezl gyl
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Here, (1+T)% := 30" (5)T™.

By our previous results, we find a measure p, € M(Z,,Q,) that satisfies

1 T

M(pz) = T m

Theorem 8.2.1. The moments of i are given by (—1)"(1 — 2" TH((—n); i.e.
[ (o) = (170 =" )¢ ().
P

Proof. Consider for € N the function

1 x

fa(2) == — -

e —1 ez —1"

A Taylor series expansion gives

o0

TL+1 n+1
Z (n+1)! )2",

A fe(@)emo = 2L ) < (1)1 ).

Being an equality of polynomials in the variable z, and because N C Z, is dense, this is

generally true for x € Zj.

The lemma below will give us, with D = (1 + 7%

/Zp y"dpe(y) = D"(% — M%HT:O
= ()i = (1M1= 2" ()

by formally substituting z = log(1 +7) and D =e¢ (‘Cg) 16% = d%.

Lemma 8.2.2. For any p-adic measure i and integer k > 0,
k _ Nk
| = D)D)l
ZP

with the differential operator D = (1 + T)%

Proof. Define X : C(Z,Qp) = Qp via A(f) := p(z - f(x)). Then A is continuous (indeed, we
have ||A|| < ||¢|]) and we calculate:

M(A) = f: (épx(i)du(:n))T” _ i (/Zp(n—i— 1)(nfcF 1) +n<z>d,u(:r)>T"

n=0



—am Y A [ (2)auto))r = paai,

n=0 Zyp

The result follows from induction on k: assuming

DFM()(T) =0 = / IMH(DF M) () = / du(z)

ZP P

(which is clear for k = 0) for arbitrary u, it follows from the above that

/ P dp(z) = / #*dA(z) = DM (T)lrmo = DM LM (1) (T) 7o
Zp Z

P

O]

The existence of such a measure implies that certain special values of Riemann’s zeta
function are p-adically close. This result is due to Kubota and Leopoldt and extends a result

of Kummer.

Theorem 8.2.3 (Kummer’s congruences). Let a > 0 be an integer and
h =k # 0(modp®(p — 1))

be even natural numbers. Then

(1-ph 12

-1\ B a
Th =(1-p 1)?k(modp +h.

8.3 Multivariate interpolation

It is worth mentioning that the correspondence between p-adic measures and power series

extends to the case of several variables. This relies on a multivariate Mahler’s theorem:

Theorem 8.3.1. Let W be a complete and separated Z,-algebra with respect to the p-adic
topology, and let v > 1 be an integer. Any continuous function f € C’(Z;;,W) 18 represented

by an everywhere convergent Newton series

F(x1, ey ) = i i ak<}:i>(2>

The coefficients a, € W are unique and converge to zero as |k| =Y ;_; ki — oc.

On the other hand, it is not difficult to see that, given a sequence of coefficients a, € W

that tend to zero as |k| — oo, the sum

flz) = i i ak<2>(z>

ki=1 ky=1 r
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is well-defined and gives a continuous function f : Z; — W.

This leads us as before to define the Mahler transform of a measure p : C(Z;,, W) — W:

Mp) =Y kz::o (/Z <Ix€i)...(i:)dxl...dx,,)Tl’fl,..Tfr e W(|T1, ..., T,|].

k1=0

The Mahler transform is bijective; its inverse is given as follows. If 3, ax € W{|T1, ..., T;|] is

a given power series, the corresponding measure p with M(p) =Y ay is given by

fl@1, o zy) = Zak<2><z> — u(f) = Zk:akfk.

k

Of course, 1 may also be described by its moments - that is, the value it takes on the monomial
zk = $If1...:p’,fr. This is given by
0

kr
amT ] f ‘ :1::0 )

[ hdn =)+ e
VA T

T
P

after an calculation analogous to 8.2.3.
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Chapter 9

Damerell’s theorem

Before attempting to construct a p-adic analogue of the L-function attached to an elliptic
curve, it is important to meaningfully interpret its values as p-adic numbers. As a matter of
fact, the values of L(z; E) at integers are regularly behaved, and up to a power of 7 and of
the fundamental period of E, even algebraic. This result is due to Damerell [3] and its proof
is much more involved than the analogous result for the Riemann (-function. Our proof is
based on Weil’s book [22].

9.1 The Hecke L-series and Eisenstein sums

We consider again the L-function L(ig,s) of the Hecke character ip associated to some
elliptic curve E, defined over a number field F', with complex multiplication by the quadratic

imaginary field K.

Lemma 9.1.1. There exists a Hecke character ¢ : [x — C* of K satisfying

Yp =¢oNp/k.

Proof. This is essentially by construction: if Np/g(r) =y, then ¢g(z) = Y=z depends only
on y. Therefore, for general y € T C Ip, we can set ¢(y) := ¥(y). O

It follows that

1 ].
P = 1;[ 1—Yp(P)Nepk) > 1;1 1= o(Np/kp) N jo(Npyxp) >

Proposition 9.1.2. Assume that F/K is abelian. Then

L) = [ Llxes).

YEGal(F/K)V
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Proof. This requires some explanation. First, if f is the conductor of F'/K, recall that Artin

reciprocity gives an isomorphism
Gal(F/K) = I}, /KiNp i I},

and this allows us to view characters y of the Galois group as Hecke characters of K; a

character
x : Gal(L/K) — C*

corresponds to the Hecke character
Yy Ixk = C*, s — x((s, L/K)).
As a character of ideals, this means 1, (p) = x(Froby).
Now we consider the L-factor at primes 3 of F', lying over the prime p of K. We need
only consider primes p at which ¢ is unramified (and therefore v at ), because the L-factors

will be trivial otherwise. Let f = f(B/p) be the relative degree; that is, f = [Fip : K], and
let = [L : K|/f be the number of primes lying above p. Then

1 1 1
yhj L—(P)Npp(P)~ g L= ()N op) = (1= p(p)/ Nk yqlp) )"

1
-1l (1= Co(p) Ny (p)~*)"

=1

H 1
N P N O R R

for any P lying over p, since the Galois group Gal(Fip/K,) is cyclic of order f. There are
exactly r ways to lift any character x to a character of the Galois group Gal(F/K), and so

H 1
xE€Gal(F/K)V 1- ‘Px(P)w(P)‘ﬁK/Q(P)*s

Combining all the factors, we see

L<w78) - H L<90X907 5) =: H L(X(pvs)'

YEGal(F/K)V YEGal(F/K)Y

O]

In this way, at least in the case that F is defined over an abelian extension of K, we are

reduced to considering Hecke characters defined over K itself.
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Now let L(g,s) be a Hecke L-function for some Hecke character ¢ of K. Then L(yp, s) is

a linear combination

_ p(a) ))
L(SO, 5) = Z (a)s ‘OX‘ Z mK/Q Cl] Z NK/Q a

=a

" o(y) a
=D s 2 2w

2, €0 /14 a€l+]
where h is the class number of K, ay,...,a;, represent the ideal class group, f is the conductor

of ¢ and a, b are integers that depend on ¢.

Given any integer k > 3 where the first L-function L(FE, s) converges, the above motivates
that arithmetic information (algebraicity, p-adic properties, and so on) about L(E, k) can be

derived from considering the Eisenstein sums

Gk T OK Z ak+r’ rz
az#0

These sums have also attracted interest on their own. Surprisingly, up to an easily controlled

factor, these are algebraic numbers - this is a result due to Damerell.

9.2 Eisenstein functions

Definition 56 (Eisenstein trigonometric functions). For z € C and k > 1 define the series

m

er(2) == A}linoo Z (z+m)~".
m=—M

If £ > 2, this series converges absolutely and uniformly on compact sets, and therefore
defines a periodic, meromorphic function on C with poles in Z which may be differentiated
by terms. e;(z) is also periodic, meromorphic and differentiable by terms (although the series
does not converge uniformly); indeed, e is the well-known partial fractions decomposition of
the cotangent

e1(z) = mweot(mz),

and the function obtained by termwise differentiation is its actual derivative

7[.2

_62(2) - sin?7z’

For this reason, the functions e will be referred to as trigonometric functions.

For the rest of this section, we will assume that w; and wy are complex variables whose
domain is restricted in such a way that w; and ws define a lattice, and that g—f = 7 has positive

imaginary part.
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Definition 57 (Eisenstein elliptic functions). For z € C and k£ > 1 define

M N
Ei(z;wi,ws) = A}gnoo Z <A}gnoo Z (z + mw; + nwg)_k>.
m=— n=—

If k > 3, this series above converges absolutely and uniformly on compact sets, and is the

same as the Ej which was defined in Chapter 2. We previously found the Laurent series
1 pem (25— 1 0
Ek(z;wl,WQ) = ;(1 + (—1) Zl <k‘ 1 >G2j(w1,w2)z ]>;
]:

here G; is the Eisenstein series

Goj(wr,wa) = (mwy + nws) ™%, § > 2,
(m,n)#(0,0)

and the value of G5 is unimportant, because (kil) is zero for £ > 3. With some additional

care for the limit processes involved, one can also derive the analogous identities

1 > ‘
Ei(z;wi,w) = ;(1 - E G2j(w17w2)22j>
i=1

and

1 = A

By (z3w1,w2) = ?(1 + (2 - 1)G2j(w1,w2)223)>
j=1

if

M N

._ o . _2
Go(wi,ws) := ]\/}gnoo ; (J&gnoo Z (mwy + nws) )

n=—N
(m,n)#(0,0)
In particular, we have
Ey(z) = p(2) + Go.

Most importantly, E is doubly periodic for k > 2. This is not true for Fy. Since we can

write

w1 w1 w1

1 z > T + nwo T — Nwo
B0 = (D) 3 () ).
1(2) 61(w1)+z er( )+ ex( )
n=1
it is clear that Eq, with ey, is periodic with respect to wy. However, we have

z+(N+1)w2) — ex

z — Nwsy ))
w1 w1

. 1
Ei(z+we) — Eq(2) = A}gnoo 6(61(

N+1 — N 21
— " Jim <cot mz 4 (N + 1w + cot TE T AT muz) _
w1 w1 U

To work around this, we define Ef(2) := E1(2) + 5%z — ZZ, where

1
A= Z(vﬁ— uv)
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is the area of the complex parallelogram with sides u and v; it follows that Ef(z) is doubly pe-
riodic and real-analytic, although no longer holomorphic. We note that this function appears

in Damerell’s paper [3] under the name h(z).

Lemma 9.2.1. The following trigonometric formula holds for x,y € C:

e2(w)e2(y) — (e2(x) + ea(y))ea(z +y) = 2e3(z + y)(e1(x) + e1(y)).

Proof. The following identity of rational functions is easily verified:

1 _ 1 (1 n 1)+ 2 <1+1)
P’ (p+q?\p? ¢ (r+q3\p q/

After substituting p =  +m and ¢ = y + n — m and taking the appropriate sum,

M
Jim ((w+m)‘2(y+n—m)—2 —(@+m) 2 (r+y+n) - (y+n—m)_2(x+y+n)_2)
L (amraben) - (e a)
CEN RO AN W T @ty +np\t )
Both sides are absolutely convergent with respect to n, and summing over both for n = —oco
to oo gives
ex(@)ea(y) — ex@)ea(n +y) — ca(y)ealw +y) = 2e5(w + ) (e1(2) + 1 (y) )
as claimed. 0

Theorem 9.2.2 (Eisenstein differential equation). The following differential equation holds:

omi OF
WOk _po g,
u Ows

Proof. Summing over the identity in the previous lemma gives
ut <E2(2)E2(w) — (Ba(2) + Ex(w))E2(z + w))

= 2utEs(z +w)<E1(z) +E1(w)> -2 Z 7mmeg(z Hw it maw,

U w1

),

m=—0oQ

and because of absolute convergence we may substitute

0 > Z 4+ w + mws > Z 4+ w + mws
Y () =-2 ) meg(————).

8&.)2 Moo w1 Moo w1

We then have

2mi O,
U Owsy

B (2) Ea(w) — (EQ(Z) n Eg(U}))EQ(z +w) = 2B3(2 + w) (El(z) n El(w)) n (2 +w).
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For a fixed w ¢ A, we use the Maclaurin series
[e.9] .
+k—1 ; ;
Bz +w =3 (7T B
j=0

(which is derived from Ej(w) = —kEj1(w) for all k) to expand both sides of the equation

as power series in z; the left-hand side is

(EQ(w)z*2 + By(w)Ga + )
- (2*2 + Gy + Ba(w) + 3G42% + ) (Eg(w) — 2B3(w)z + 3E4(w)z2)
= 2F3(w)z ! — (Bao(w)? + 3E4(w))2° + ...

and the right-hand side:

2<E3(w) — 3By (w)z + ) <z*1 + By (w) — Goz + ) n % (gfj(w) - zgf;”(w)z n )
= 2B3(w)z ! + (2E3(w) By (w) — 6 E4(w) + Tgfs(w))zo +

Equating constant terms shows that

2mi O

5 (w) = 3E4(w) — 2E; (w)E3(w) — Ey(w)?.
u w2

Integrating both sides of the above with respect to w, we see that

2mwi OFy
TEE () = Bs(w) — By (w)E
Tk () = By(w) — By (w) Ealw) + €
for some constant C'; since both %%(w) and E3(w) — B (w)E2(w) are odd functions of w,
we have C' = 0. ]

This may be translated into a differential equation relating Eisenstein series:
Corollary 9.2.3. For any k > 1,

2mi OGag (w1, w2)

k
- 20, = k(2k + 3)Gopya(wi,wo) — k Z Gaj(w1, wa)Gog—2j12(w1,w2).

j=1
9.3 Algebraicity results

Lemma 9.3.1. Let A be a lattice generated by wy and wo, and A’ a linear transformation of

A, generated by awy + bwe and cwi + dwi with a,b,c,d € Z. Then for any k > 2,

Gan(A') € Q(Ga(A), Go(h) ).
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Proof. Let N := |ad — be|; then A’ has index N in A, and NA has index N in A’. Letting S

be a set of representatives for A’/NA containing 0, we have
Gor (A) = -2k _ n7—2k —2k S A
(V) =D > (Nw+s) N7 G (A) + N2 Y B )
seS weA seS\{0}
Let R be a set of representatives for A/NA containing S; we then have for any j > 2 that
z+rT z+r+Nw, _; ; i ;
DB =23 ()T =N Y (T = NE ()
reR reRweA weA
With p(z) = Fa2(z) — G2, since the number of terms in the sum is N2, it also holds that

S o) = N().

reER

Since any of the powers E3, of E, can be expressed as a polynomial in Fj;, j > 3 and in g,
we see that Y, o p Eor(55", A)™ is a polynomial in Ej, j > 3 and g as well. Using Newton’s
algorithm, this also holds for the symmetric polynomials in E;(%5, A); it follows that the

N
functions Fj (%) and p(%5") themselves are algebraic over Q(p(z, A), Ej(z, A), j > 3); since

we have

T, r P 9 B
Z@(ﬁ) = ZE2<N) - 202 = (N°—1)Ga — (N = 1)G2 =0,
r#0 r#0 r#£0

one derives that For (37, A) is algebraic over Q(Gy, k > 3) for every s € S C R, and by the

recurrence formula for the Eisenstein series also algebraic over Q(Gy, Gg). O

Assume in the following that A is a lattice such that the elliptic curve C/A has complex

multiplication by Ok for some imaginary quadratic number field K.
Lemma 9.3.2. If Gg(A) # 0, then G4(A)3Gs(A)~2 is algebraic over Q.

Proof. Let a« € Ok, a ¢ Z. Since A has complex multiplication by O, it follows that

al C A; thus there exists an integral matrix such that

(o1 )= ) (1)

wy and wo being generators of A as before.

We have G4(aA) = o *G4(A) and Gg(aA) = a~5Gg(A). We also have that
f4 = G4(aw1 + cwa, bwi + dWQ) — 04_4G4(w1,WQ) ;7é 0

as a function of wy; and wy - since « is not an endomorphism of every linear transformation
of A. Since the previous lemma shows that fs is always algebraic over Q(G4(A), Gg(A)), we
can find a polynomial F' # 0 with

F(f4, Ga(wr,w2), Ge(wi,w2)) = 0;
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without loss of generality assuming that F' is not a multiple of f;, otherwise writing F' =
fi" -G and using continuity to show that G(fs, Ga(w1,w2), Ge(w1,w2)) = 0. Since our lattice A
satisfies fi(A) = 0, it follows that F'(0, G4, Gs) = 0 as a non-trivial relation. The homogeneity
of G4 and Gg in wy and wo of respective degrees 4 and 6 imply, after distributing out of F,
out, that GiGg 2 is algebraic over Q. O

Let {1,7} be a basis for Ok over Z, where Jm[r] > 0.

Theorem 9.3.3.

A(7) = (60G4(1,7))% — 27(140G6(1,7))* = (27¢)*? ﬁ(l —q")*
n=1

where q := e>™7,

Proof. This formula is well-known. O
Theorem 9.3.4. Let Q :=2r|q|Y2[[°°,(1 — ¢")2. Then G4(Q0k) and G6(Q0k) are alge-
braic over Q.

Proof. If G¢(Ok) = 0 (as occurs in the case K = Q(i)) we have
G4(Ok) A(Ok) L1

3 _ [
04 )_i603A((’)K) 603

G4(Q0K)? = (
and the claim is obvious.
Otherwise, we know that G4(Ok)3Ge(Ox )2 is algebraic. It follows that
A(7) = 60°G4(Ox)? — 27+ 140°G (O ) = Ga(Ok)* (607 — 27 140%(G4 (Ok )G (Ox) ) )

- GG(OK)2(603(G4(0K)3G6((’)K)_2) —97. 14o2>.

Therefore
G4(Ok)? 1
Q0P =+—— =+
C4(00x) A7) 603 — 27 - 1402(G4(Ok )3G6(Ok )2) T
and Ge(02)
1
OOK)? = £ K — ¢
Go(Q0k) A(T) 603G4 (0K )?Ge(Ox)~2 — 27 - 1402’
which shows that both are algebraic. O

Definition 58. For £ > 3 and » > 0 and a lattice A in C, define

(z+w)"
(Z + w)k—H" '

Brr(z,A) =)

wEA

Also define Gy (A) as the value of Ej,.(z) —2"27%" at z = 0.
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Theorem 9.3.5. For any imaginary quadratic number field K, letting A be the area of a
fundamental parallelogram of the lattice Og and k> 3, r > 0,

(—DF(k+r — 7" G (Ok)
2Aer+2r

By, =

is algebraic over Q; in fact, it lies in the number field Q(G4(Q(’)K), Gﬁ(QOK)).

Proof. Fix a basis {1,7}, Jm[r] > 0 of Ox. We then have A = T-T. The series By, (2, w1, ws)
is not holomorphic due to its dependence on Z, but may be understood as a real-analytic

function in the R-valued variables z,Zz, w1, 1, wo, Wa.

Define the differential operator

Recalling the function E;(z) from earlier, we define inductively
10E;_,
A (Z),
k 0z
so that EJ(2) = Ea(z) —  and Ej(z) = Ej(2) for any k > 3. Define Gy, to be the value of
E; (2) —z"27%"" at z = 0, which then equals Gy, for k > 3.

By an inductive argument, we find

Ei(z) =

(_1)k+7"—1 . ak—l

(k+r—1)!" 9zk1

Ekﬂ«(z,wl,wg) = El(z).

It follows that

_ (_1)T T
Chr = htr Dkt r—2).(h) O

Applying the Eisenstein differential equation from above, we see that

A(2k+3

k
Gory11 = —5;. DG, = TGQkJrZ ) Z G2rG2k72r+2)a
r=1

2k T
and by repeated application of D it follows that

AT’
m)r(k+r—1)(k+r—2)..(k)

where P is a polynomial with rational coefficients.

* * * * *
G, = Py (Gy, G, G, - Grpar)

For j > 4, we know G} = G; to be algebraic over Q by 9.3.1 and 9.3.4. It is enough to
show this for G, and the proof is given analogously. Let o € Ok, a ¢ Z, and let S be a set

of representatives for O /() containing 0. Then we have

—2 * zZ+s _ *
«Q ;E2( o ,Ok) = E5(2,0k)
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and therefore

1 5 1 S
Gi=——= > (B -63) = ———— =),
2 a(a_a)s#zo 2(@) 2 a(a_a)s#zop(a)
where we use the fact that N := aa terms appear in the sum on the left-hand side. The same

argument as in 9.3.1 shows that p(2) = p(52) is algebraic over Q(G4,Gs) - and so G5 is as

S
a

well. 0
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Chapter 10

Katz’s measure

Let E be an elliptic curve over C with complex multiplication by Ok for some imaginary
quadratic number field K. Choose an invariant differential on E such that the reduction of w
at every place of (’)@ is regular. Let p be a prime that splits in K, let L/K be a finite extension
of K over which F has everywhere good reduction, and let W be the ring of integers of the
maximal unramified extension of Ly, the completion of L at some prime p lying over p; by

extending scalars, we understand (E,w) as an elliptic curve defined over W.

Recall that the algebraic numbers B(k,r) were defined by

(=D& +7r—1D)la"

B(k,r) = 9 AT Qk+2r

(;kJ(C?Kﬁ'

The goal of this chapter is to explain Katz’s proof of the below theorem.

Theorem 10.0.1. There exists a unit ¢ € W* and for any b € Z coprime to p, a W -valued

p-adic measure p(c,b) on Zy x Z, such that
/ 273y dple, b) = 252 (08 — 1) B(k, 7).
Lip X Ly

Proof. First, we recall that giving a W-valued p-adic measure p on Z, x Zj, is equivalent to
specifying a power series f € W[|X,Y|]: letting Dx = (1 + X)3% and Dy = (1+Y)5%, the

requirement on f is that
DE3DY(f)lxy=o = 22 (W —1)B(k,r), k>3,r > 0.

We interpret this by noting that W{[|X,Y|] is the coordinate ring of G,, x G,, over W, and

Dx and Dy are the standard invariant derivations.

Since p splits in K, E has good ordinary reduction F at the chosen prime p. This means

that the formal group law E is a one-dimensional formal group law of height one over the
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algebraically closed residue field kK = W/m. By Lazard’s theorem, E = G,, over k. An argu-
ment using Hensel’s lemma shows that this extends to an isomorphism of formal group laws

E =~ G,, over W - see [13], 4.3.3. We fix one such isomorphism ¢ : E — G,,. Then there

1
1+X

form a free W-module of rank one; this will be the ¢ in the theorem.

exists some ¢ € W* such that go*(cflw) = dX, since the invariant differentials on both

We now consider the universal formal W-deformation E*™" of E - that is, the elliptic
curve

Euniv . Y2Z+a1XYZ+G3Y22 _X3 —a2X2Z — a4XZ2 —aﬁZ3

over the ring Wlay,as,as,as,ag). The formal moduli space M is the formal completion of
SpecWay, a2, as, aq,a6] at a point corresponding to a Weierstrass equation for E, and ¢
extends to an isomorphism

@ B 5 M ox Gy

of formal groups over W. This also gives us a natural choice of invariant differential w*** on
Evv _ pamely, the one that restricts to the pullback go*(ﬁdX ) from @m on Funiv,

There is also an isomorphism M = G, of formal group laws over W that we now describe.
Recall that H),(E/W) is a free W-module of rank 2. The invariant differential w is nonzero
in Hip(E/W), and so we can extend it to a basis u,v such that u = ¢~'w and that uAv =1
in Q% /R =~ Opg. By modifying v by some multiple of u, we may assume that this basis is

adapted to the action of Ox on Hln(E/W); that is,
o] (u) =a-u, [af'(v)=a v, acOk.

Now extend scalars to H,(E*"" /M) @ Div(M), where
> a
Div(M) = {) n—’:T” ca, € W}
n=0

is the ring of divided power series and where T is a formal parameter of M. After allowing
divided powers, the Gauss-Manin connection Vg on Hjp(E*" /M) becomes trivial, so
we can extend u,v to a horizontal basis U,V - this amounts to finding local solutions of a
particular differential equation, induced by the necessary linear relationship between w, %(w)

and -2 (w) where T is some parameter for M - we know that H'(E/M) has rank two. The

d1?
invariant differential H%dX on G, corresponds to an invariant differential
1 -
QO*(HiXdX) = U + L . V, Where L & DIV(]\4'>7

where L corresponds to the logarithm on Gm
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This shows that E“" 2 G,, x G,, as formal group laws over W. The natural invariant
derivations (1 + X )a% and (1 + Y)a% on G, x G,, correspond by our explicit description
of the above isomorphism to the derivations diL and D, respectively, where D is dual to the
invariant differential w on E%.

Finally, we construct the power series f on Euniv We pick a parameter Z such that
W™ = (1 + [higher powers of Z])dZ.

Any two rational functions on E"™"" whose expansion around oo begin with Z=2 + ... differ
by a constant, because their difference lies in the one-dimensional (by Riemann-Roch) space
[(E"v L(c0)). Therefore, applying D to any such series gives a power series ¢'(Z). We
define

f(2) =0 (b2) — ¢'(2) e W[ Z]).

To show that the choice of f is correct, we need to argue that

(Y (DF3(1))lon = 26427 (0 — 1Bk, 7).
Intuitively, at least in the case r = 0 and ¢ = 1, in transcendental notation (if we think of
E" a5 a complex elliptic curve C/Ok) the ¢ is actually the derivative of the Weierstrass
p-function, and the result follows from the previous chapter, recalling that @’ is also E3 and
that D in this case represents d%' The result in general will follow after connecting % with
the differential operator

D= 52 + mi + @i

0z Ow Ows

By the Serre-Tate theory, L corresponds to log(l + X) = log(T) where T = 1+ X is the
given local parameter on @m. In this sense, % operates as T%. It is known that this p-adic
operator corresponds to the Weil operator

W= _X(‘*’lail +w2£2)

where A(wi,w2) = Im[wiws] is the ‘signed area’ function; see [9], 2.3.38, 2.6.7 and 2.6.26.

Since we evaluate z = 0, this is the operator we need. ]
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Chapter 11
Example: the Legendre family

Let E : y?> = z(z — 1)(z — \) be the Legendre elliptic curve over the moduli space

1

1
M = SPGCZ[? A, m],

this is the universal elliptic curve over Z[%], or generally over rings where 2 is invertible. w = ‘21—;
is a natural global differential on E. Pick any A\g such that the curve y? = x(x —1)(z— \o) has

complex multiplication by some Of, and let M be the completion of M at the point A = Ag.

To differentiate w with respect to A, we look at the Gauss-Manin connection on E. Note
that M is a smooth relative curve over R := Spec Z[%], so in the defining filtration for Vg
(see 4.4)

e C Q%) © FH Q%) € Qg

FR( B/R) = im[QE_/I;z ®og ”*Qlwa — Q% /rl,

we have Fk(Q]'E/R

are left with only the exact sequence of complexes

) = 0 for k£ > 2. Therefore, instead of the filtration spectral sequence, we

0— ﬂ_IQ}V[/R Br-10y, Q?E’/}% — Qg — Qg — 0.
The Gauss-Manin connection is now the transfer map on cohomology
o g — o
Vau : Hip(E/M) = HY Qg )5) = H 4 (7710 5 @210, Q1)

= Q}\J/R®OMH]€(Q.E/M) = Q}VI/R@’OMH];R(E/M)-

We now calculate Vgar(w). Take % € Q%E/R as a lift of w; then
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Since y? = x(x — 1)(x — A) =: f(z, \), we have
2ydy = Oy fdx + O\ fdA

and so
2ydx A dy = 0y fdx A dA.

Therefore, we can write the above as

1 oS
dw:d:v/\2—y2dy— daz/\d)\EQE/R

A preimage of this in lew /R QOu Q}E /R is given by dA ® — a”c r+dx, and its cohomology class is
Ver(w). We can now apply the derivation 8% to see that

0 0 onf dzx
2 w) = (Z U, P
O\ () (8)\ @id)(Vau (@) = 4y3 v dy(x — N)
We can write this another way. Let g(x, \) := % and h(z,\) = %, so we have

—f=9g-f+h-0.f

Then it holds that

_O\S
43

g h-0.f g+ 28xh h
’ (4y+ Ay’ e 4y 2/
here we note that over M, A is a constant, and so 2ydy = 0, fdx. Therefore, the above lies in

the same cohomology class as

g+ 20.hdx T —A

2 2y (-1
With the operator D := 2\(\ — 1)8%, we see that D(w) = (r — A\)w and that
(wa D(w))dR = (wv xw)dR =1

A similar computation shows that D?(w) = D(rw) — AD(w) = —A(A — 1)w: calculating di-

xaAf dz, and the claim follows from y?dz = fdzr = z0,fdzr as

rectly, we find %(mw) =

cohomology classes.

By modifying D(w) with a scalar multiple of w, we get the unique basis u, v of H}p(E|x=x,/R):

U = w|>\:>\07 V= (D(w) - ew)’A:AO

adapted to the action of O(K) (as in the previous section) for some e € 9 ® Og[1/2], d being
the different of K. We extend u,v to a horizontal basis of H},(E/M) by finding the local
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solutions (as divided power series) a()), B(A) of the equation D?f +A(A—1)f = 0. Explicitly,

this is Euler’s hypergeometric differential equation

d? d 1
A(1—A)d—;;+(1—2A)£—1f=o

for the hypergeometric function 2F}(a,b,c;\) with a = b = % and ¢ = 1. We require the

boundary conditions
a(Ao) =1, Da(Ao) =e, B(Xo) =0, DB(Xo) =1,

and set U = D(f) -w— - D(w) and V = —D(«) - w + aD(w); these are clearly horizontal

with respect to Vs and extend u,v. Then w is given by

w=alU+ BV,

univ

and the ‘natural’ invariant differential w on F is

. 1
w'M =U+ LV = —w
a

where L = g The invariant derivation dual to w%™? is then
: d
DY™Y = 2qy - —
Yy dz’

and the derivation d/dL is found by noting that L satisfies D(L) = é; indeed, we have

D(B)oa— D(a)B

o?

D(L) =

where D(D(B8)a — D(a)B) = D*(B)a — D?*(a) = 0 and where the value of D(8)a — D(a)j
at Ag is 1. This implies

d d N\-1d d
— = (-+(L)) -~ =a’22(A—1)-—.
dL (d)\( )> o~ A=y

For any given b, the function f to be taken is

f =222 (y) — v).
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