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1. Contact structures

Def
.

1 : (Distributions )
A d- dimensional Distribution I on

a manifold M is a selection of

d- dimensional linear subspaces
Sp CTPM for all PEM ,

so that

p
↳ Sp is smooth

.

If I has codimension 1 , we

.
c.all it a hyperplane field .



Def
.
2 : (coorientable ; integrals /e)

Let } be a hyper plane Geld .

• es is Called coorientable if there

exists a smooth 1- form ✗

on M so that } = Kern
i. e. Sp = leer xp YPEM )

• es is then called integrable
if L satifies the Frobenius

integrability condition ✗ ^ da = 0 .



Def . 3 :(contact structures )
A contact structure on a 3- dim

.

manifold M is a (maximal ly )
non- integrals le coorientable

hyper plane field
"

es = Kern CTM .

→ That is
,
✗ has to satisfy

the content condition :

an den -1-0

( i. e. xp ndxp -1-0 KPEM)

→ ✗ is called a content form

→ (M ,
} ) is called a Content manitold



Remark : In this case we have M = IR
}

→ A content structure then is

a 2- dim
. plane field

es = her x with ✗ ndx -1-0

We always identity Tppis = IR
}

so that 2x = es = (1,0 ,
O ) ,

2
,
= e
,

= (011,0 ) , Zz = es = (0,0 , 1)



Example 1 : (standard content structure on R
}

)

content form : q : = dz + ✗dy ⇒ es
,

= Kern
( check : x

,
^ da

,

= (dz + xdy ) n # + dxndy ) = dzndxndy -1-0 )

ßZ%
, ix.y ,

z )
= Lin (2×12y

- ✗ Jz )

with 2
✗
= (1

, 0,0 ) and Ly - ✗ Jz = ( 0,1 ,
- ✗ )

•

•
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!
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!
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•
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✗ L



Def . 4 : ( tight & overTwisted )
A contract structure } on R

}

is

called overtwisted if there

exists an embedded disk D
'

in IR
}
so that JD

'

is tangent
to } and D

'
is trans verse to }

along JD?
Otherwise } is called tight .

D
'

Or

• • •



Example 2 : (standard overtwisted content structure)
context tom : ✗*

= coslrldz + rsinlr) do
(cylindrica coordinates )

⇒ % , = her ✗* is an overtwisted content structure :

^ Z

i
,

<
✗

er

tot
, er.az/--Lin(2riC0SCr)2o-rsin(r)2z)



Def
.
5 : Let In = heran , % = hertz be

two contact structures on the

manifold M
.

es
,

is diffeomorphic to Sz if
there exists a difteomorphism
¢ : M→ M so that a and

¥ , determine the some

hyperplane field .

¢ is then called a contactomophism .



Remark : (Elias hberg , 1992 )

- The standard contact structure

}
,
on R

}

is tight .
- up to isotopy there is only
one tight content structure .

⇒ All tight content structures
on R

'
are diffeomorphic to },



Example 3 : ( es
, „ again

" )

content form :

q : = dztxdy - ydx = dz + rzdo
- -

in cartesian in cylindrica⇒ }
,

= Ker ✗
z coordinates coordinates

is a content structure

diffeomorphic to I
and theretore light
⇒ (R

}

, } ) and
2

( IR }
, } , ) are

contactomophic
( (R? ? ) and CIR? It ) not ! ) G. „qz,

= Lin ( Jr , Jo
- Hdz )



2. Line Fibrations

We start with a smooth vector fiel d on IR
}

of unit length :

✓ : IR
}
→ S2 c /R

}
P•
„
Kp!

whose integral curves are straight ,
Oriented Lines

⇒ V induces a well- defined line titration
of IR

} called { V3 .
The tibers are

the oriented lines lp = { ptt - Kp ) : TER} c- { V3 .



Def .

6 :(skew ) •
M

{ V3 is Called skew if no
.
"

two fibers are parallel ,
• Pz

i. e. Kpi ) - Kp) ⇒ Kpi ) -- hpa )

Def .
7 :(nondegenerate )
{ V3 is called nondegenerate
if the Differential DV vanishes

only in the direction of V
Dpvlkp )) --0
HER

} →
⇐ V-pc.IR?:rk(DpV)--2



Remark : { V3 nondegenerate ⇒ { V3 skew
*

Example 4 : ( standard Hopf titration )
Tl

Choose an Oriented line

l in R
}
(white ) and

surround it with a

family of hyperbdoids
(yellow , orange ,

red ) which

foliate IR
>

Il
.

Each hyperboloid is

ruled
.
What we get

is a skew line

liberation
.



Remark : The space of all great circle
fibrations of Sc R

"
s its

natural /
y
insider the space

of skew line fibrations of IR
}

by a central projektion from

S3 to any tangent R?
This is the reason we can

consider the Hopf fib ration
of S3 as a line fibration

as well
.



⇒ Any line titration { V3 indices a

2- plane distribution } on R
}

by
Sp = < Kp ) >

1-

Zn
t.pt Sp

lp
"

j•*⇒ Kp )
II.

- > Y

✗ L

es is coorientable : es = her x with the

contact form ✗ = V
,
dx + K dy + V3 dz

with an da -1-0 ⇐ <Kcurlv > -1-0 .



Question :

What conditions on { V3 do we

need
,
so that the induced

plane distribution } is a

contact structure ?



3. Main theorems

Theorem 1 : (Becker & Geiges ,
2020 )

If a line fibration { V3 of R
} induces

a contract structure es ,
then }

is diffeomorphic to G .

(and theretore tight )
\



Theorem 2 : ( Harrison
,
2019 )

The plane distribution } induced by
a nondegenerate line titration { V3

of IR} is a tight content structure .

Remark : Because of Theorem 1
,
it only

remains to show that } is

a contact structure
.



4. Illustrative examples

1) ( nondegenerierte & light )
The Hopf titration from above (which is

nondegenerate) induces the familias (tight)
contact structure es

,

= her (dztrzdo )

>



2) ( degenerierte ✗ tight)
We construct a line fibration {V3 as follows :

1. Foliate R
'

by planes Px parallel to

the yz
- plane .

2. Fiber each plane by parallel lines with
direction (O

, × , 1) for Px

⇒ {v3 induces the standard (tight ) content structure
es
,

= her ldz + ✗ dy ) at though {v3 is not skew
-21

☒

Po

• >

*

×
&

µ



3) (overTwisted & not a line fibration )
Vice versa : The straight lines that are orthogonal
to the planes of the content Structure Got do not
from a line fib ration as the Lines mast not intersect

each other
.

V

,

✓
✓

v v

✓
✓

•

✓

✓

< v v

✓ Z= O
v

✓

v

% + = her (coslrldztrsinlr) do)



5. Outlook

- There are example of skew , degenerate
line fibrations that do not induce

Content structures
,
and other interesling

example s (more tools needed ) .

- One could also took at higher dimensions
and ask :

Does a nondegenerierte line titration of
an Odd - dimensional Euch. denn space
always induce a contact structure ?



Thank you for your altention !
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Images by David Eppstein (Hopf line fib ration )
and Matias Dahl (standard contact structure )


