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Stephan Schmitt DIFFERENTIAL FORMS IN R3

Differential Forms in R?

We will start with an introduction to Differential Forms in R3, after that we will naturally generalize
the concept to R™ and proof important properties about them.

Definition 1.1. Let p € R?, denote the set {q — p|¢ € R3} by R;;. This space is called the tangent
space(of R? in p). The vectors e;;i = 1,2,3 form a canonical basis for Rg. Their translates for p,
denoted by (e;)p, form a Basis for R3. Consider now the dual (R?)* of R3. This space is called the
Co-Tangent Space. We obtain a basis for this space by taking dz’,i = 1,2, 3, where ¢ : R? — R is
the map assigning a point p its i-th coordinate.

Proposition 1.2. The set {(dx'),;i = 1,2,3} is the dual basis of {(e;)p}
Proof.

(dxi)p(ej) = =

ox; 0 ifi#j
axj

1 ifi=j

Let us now introduce two essential maps working on those spaces:

Definition 1.3. A map v : R?> — Rg, given by

where a; : R® — R is called Vector Field. It is called differentiable, if the a; are.
Definition 1.4. A map w: R? — (Rg)*,

3

w(p) =Y ai(p)(da’),

i=1
is called exterior form of degree 1 and Differential 1-Form, if the a; are differentiable.
As the name suggests, there are forms of higher degree:

Definition 1.5. Denote by AQ(RZ?;)* the set of all alternating, bilinear maps Rf; X Rg’ — R. If
whw? € (R;;)*, define w! Aw? € AQ(RE,)* as

w' A w? (v, v2) = det(w'(v;))

We need a basis for this space, conveniently the set {(dz’ A d2?),;i = 1,2,3,i < j} is one. This
result will be proven later in a more general manner. Also notice the following as an imediate result
of this definition:

Proposition 1.6. ‘ ‘ ‘ '

(dz* Nda?)y, = —(da? Ndax")p;i # j
and ' 4

dz* Ndx' =0

Definition 1.7. A map w: R3 — AQ(R;’))*,

w(p) = Zaijdxi ANdz?ii,5=1,2,3

1<J

where a;; are real functions, is called exterior form of degree 2 or differential 2-form, if the a;; are
differentiable.
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Differential Forms in R"

We will now generalize these concepts to R™. The definitions of tangent and co-tangent space are the
exact same with n in place of 3. We will start with the n-dimensional variant of AQ(Rg)*:

Definition 2.1. Let A* (RZ)* denote the space of alternating, k-linear maps from R x --- X R} — R.
Analogous to 3 dimensions if w* € (RI')*; i = 1,...,k we get an element w' A --- A wk € Ak(RZ)* by
setting

WA AR (gL y) = det(Wi()))sd, 5 = 1,0k

Again we need a Basis for this space:
Proposition 2.2. The Set
{dx™ Ao Ada' iy <dg < --- < igsij € {1,...,n}}
forms a Basis for Ak(R;})*.
Proof. The elements of this Set are linearly independet. To see this, take:

Z ail_,_ikdx“ A Adz =0

i1 < <ip

and apply it to
(€5, €5 ), i1 < <Jmi€{l,...,n}

this gives
Z ailmikdx“ A dz'® (ejl, ce ,ejk) = Qjy..j, = 0
11 <o <tp
Because:

Start by looking at the determinant p = |dz% (e, )|. Assuming i; > j; it follows that ix > -+ > ip >
j1. This in turn implies dz%(e;,) = 0; L = 1,...,k. In turn assuming i1 < ji gives jx > -+ > j1 > iy,
implying: dz'(ej,) =0;n=1,...,k.

Both giving us p = 0 if 41 # j;. Now assume i1 = j; and jo # is. Using the exact same Argument
as above it follows that p = 0 if i5 # jo. Iterating gives us the desired

(dxil /\.../\dg;ik)(ejl,-”?ejk) =0

if 35, # 4;. It remains to see that the above expression gives 1 if iy = j1,...,i; = jr. But this is an
immediate result of the definition of forms.
We will now show f € Ak(Rﬁ)* = f= Zi1<---<ik iy iy dx™ A A dxth

Define | |
g = Z flei,. .. ,eik)dxll Ao A drte
11 <---<i
Clearly:
g(eil s eik) = f(eil cee eik);Vil, R 78
It follows that f = g. Setting f(e;,,. .., €, ) = a;,..i, the result follows. -

Definition 2.3. A map w: R" — Ak(RZ)*, given by

f= Z iy iy (D) (AT A Adx'*) iy € {1,. .., n}

1< <
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where the a;, . ;, are real functions in R", if they are differentiable, this map is called differential
k-form.
In the following we will denote (i1,...,ix),41 < -+ < ig;ix € {1,...,n} with I. Therefore w can be

written
w= Z a Idxl
T

Further we will set the convention to refer to differentiable functions as differential 0-forms.
Let us now look at an example for forms in R*

Example 2.4. Let a;,a;j,... denote real functions.
0-forms: functions in R*
1-forms: ajdz! + asdz? + azdx® + agda?
2-forms: ajadz! A dz? + aizdz A dz® + apadat A dzt + asgda® A dad + agadx® A dz* + asada® A dz?
3-forms: ajazdz! A dz? A dx® + ayoadzt A dz? A dz* + apsadat A ded A de* + agsada® A dad A dat
4-forms: ajogadxt A dz? A dx3 A dz?

From now on we will restrict ourself to differential k-forms, or simply k-forms. In the following we
will define operations of k-forms to see their structure.
Exterior Product

Definition 2.5. Let o = Y ;asdx!, 8 = Y, brdz! denote two k-forms, their sum is definded to be
a+B=>(ar+by)dxl.

Now let a = ", ardz! be a k-form and 8 =", bsdz’ an s-form. Their exterior product is defined
to be: a A B =>;;arbydx! Adx’, which is an (s+k)-form. Notice that this agrees, by definition of
the determinant, with our previous definition of A.

Example 2.6. Let us look at the explicit exterior product of two forms, therefore let a = z1dx! +
xodx?® + x3dx? denote a 1-form in R? and 8 = z1dx! A da? + dz' A dx?® a 2-form. Using da® Adz? =0
and dz’ A dz/ = —(dz? A dz'),i # j, we obtain:

a A B = zoda® Adz' Ada® + zsxida® Adat A da? = (r123 — ajg)da:l Adz? A dx®
Proposition 2.7. Let o be a k-form, B a s-form and v an r-form, then:
a) aN(BAY)=(aAB) Ny
b) anf=(-1)(BAa)
c) aN(B+vy)=aAB+aAy, ifr=s

Proof. a) and c) trivially follow from definition, let us look at b):

Denote
a= Za[dxl,ﬂ = ijdx‘]
I J

Then:

aAB = abyda™ A--- Ada™ AdaTt A A da?
1J

Switching one indice, we obtain

alNf= ija](—l)dmil Ao Ada™=t A dadt A dat A e A dad
1J

Sven Grutzmacher 3



DIFFERENTIAL FORMS IN RV Stephan Schmitt

repeating this k-times, we get:

Z byar(— kdle Adx™ A - Ada A da? A A dads

Since J has s elements, we repeat this process for all j; € J and obtain

anB=(-D)"(BAa)

Pullback

So far we introduced the tangent space and co-tangent space with maps giving you elements of those
spaces. Another important question is, given R™ and R™ can we somehow get differential forms in R"
from those in R™. The next definition will give us a possibility to do so in a very natural way. All we
need is a differentiable function.

Definition 2.8. Let f : R™ — R™ be a differentiable function. This induces a map, denoted by
f*, called the pullback of f, that takes k-forms in R™ to k-forms in R™. For a k-form w in R™
(ffw)p(vr, ..oy vk) = w(f(P)(dfp(v1), ... dfp(vg)). Where df, : R} — R, 1s the differential of f at
point p € R" and vy,...,v; € R}, In the special case of g being a O-form(a differentiable function),
we set: ffg=gof

As always, we need some properties for this new map, after that we will try to make more sense of
this map.

Proposition 2.9. Let f : R™ — R™ be a differentiable function, «, 8 k-forms on R™ and g : R™ — R
a 0-form in R™, then:

a) f*la+B)=frat f*B
b) f*(ge) = f*(9)f" (@)
¢) If !, ..., aF are 1-forms in R™, f*(a' A--- A a®) = f*(a') A--- A f*(aF)

Proof. These proofs will be rather short:

a)
Fla+B)p) (o, o) = (@4 B)(F ) dfp(vr), - -, dfp(vr))

= ([fa)(P)(v1, - ve) + (F7B) (P) (v, - - s vp)
= (ffa+fB)(p)(v; - -, vr)

b)

= (9)(f(P)(dfp(v1), ..., dfp(vK))
= (g0 f))f a@)(v1,-..,vk)
f9(p)fra(p)(vi, ..., vk)

frat A ndf) = (ol Ao nab)(df (o), - df (o)
= det(a' (df (vj)) = det(f*a’ (v;))
= (f*oz1 Ao A f*ak)(vl, ceey V)
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Note that the last part of this proposition is also true for k-forms, and will be proven so later. For
now we try to make sense of the pullback by interpreting it as a substitution of variables, to justify
this interpretation:

Example 2.10. Let (z1,...,x,) be coordinates in R™ and (y1,...,yn) in R™, define f : R" — R™
by y1 = fi(x1,...,2n), . s Ym = fm(x1,...,2,). Now let w=>"; ardy’ be a k-form in R™.
Using the last Proposition we obtain

Frwo=3"Fran(fFdy) A A (Frdy'*)
1

since
£*(dy")(v) = dy'(df (v)) = d(y; o f(v)) = df*(v)
we finally get
ffw= Zal(fl(l“l,...,xn),...,fm(ajl,...,xn))dfil Ao A dfte
I

where f; and df’ are functions of xj. Thus, applying f* to w is equivalent to 'substitue’ the variables
y; and their differentials in w by x; and dz* obtained abvore.

Another thing we have yet to mention: Subsets of R™. Up until now we only referred to R™ directly,
sometimes however it is more convenient to use the concepts we introduced only on Subsets of R™. As
long as these are open, everything done up to now extends trivially.

To showcase these last two facts see:

Example 2.11. Let w be the 1-form in R? — {0,0} given by

- Yy z
YT +y2dx+ z? +y2dy

Next define
U={r>00<6<2n}

and let f: U — R? be the map
r = rcosb
0=}

y =rsind
We can now compute f*w. For that, notice

dx = cosfdr — rsinfdo

dy = sin@dr + rcosfdf
which gives us

rsint rcost

ffw=— 2 (cosBdr — rsinfdf) + 2

(sinfdr + rcosfdf) = db

We can now proof another important fact, the Pullback actually commutes with the exterior product:
Proposition 2.12. Let f : R™ — R™ be a differentiable map. Then
a) ff(anp)=(f"a)AN(f*B), where o is a k-form and B a s-form in R™
b) (fog)*a=g*(f*a), g : RP — R"™ differentiable

Proof. Setting (y1,...,ym) = (fi(x1,. -, @)y -y frn(T1, -y 20)) ER™ (21, .. 20) ERY o= ardy’,
B:ZJdeyJ
We get:
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a)
f(a/\ﬁ Zaledy /\dy ZGI flv"'afm bJ(fla"'afm)de/\de

1J

We can now seperate this and get:

Za‘f(fla"'>fm)dfl/\ZbJ(fla---yfm)de:f*a/\f*ﬁ
1 J

Fogra=Sar(foah....(foghm)d(fog)
I
= Zal(fl(gla oo agn)v s 7fm(917 s 7gn))dfl(dglv s 7dgn)
1
=g (f"(a))

exterior derivative

Unitl now we have seen some properties of k-forms in R™. Yet we haven’t covered why those forms
are also called : ,differential “forms. This name implies some form of differentiability we haven’t seen
so far. To motivate the following definition we take a look at 0-forms which we understand quite well.

Example 2.13. Let g : R™ — R be a 0-form (and thus a smooth function). Then its differential is
given by
0
dg = Z J dx

which is a 1-form
We generalize this idea to k-forms now

Definition 2.14. Let w = 5 arda’ be a k-form in R™. The exterior differential is
I

dw = Zdal A dz!

We will see later that this generalizes some concepts of differential calculus. To show this we will
take a look at a little example und some properties of exterior differentiation:

Example 2.15. Let w = xydz + e*dy + xdz. Then

dw = d(zy) N dx + d(e*) Ndy + d(z) N dz
= (ydx + xzdy) N dx + e*dz N dy + dx N\ dz
= —zdx ANdy +dx Ndz —e*dy Ndz

Proposition 2.16. Let w be a k-form, ¢ a s-form in R™ and f : R™ — R" smooth. Then
a) d is R-linear

b) dw A @) =dwA @+ (—1)FwAdp

6 Sven Grutzmacher
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¢) d(dw) = d*w =0

d) d(f*w) = f*(dw)
Proof. a) follows directly from the definition

b)

c)

Sei w = > ardz! und p = 3 bydr’. Dann gilt

dlwNy)=d (Z (arby)dz! A d:L'J>

1J

= Zd(a[bj) A Cl.Z'I A\ d.’L‘J

1J
= byda; Adx' Adx +) " apdby Ada' A da?

1J 1J
=dwAp+(— Zajdx Adby A dx”

1J

=dw A+ (=1)Fw A dy

we will give this proof in two steps.

First let w be a 0-form and thus a smooth function R” — R; = — f(z1,...,z,). Then
d(df) = d Zd Ada' = -~ 0 dz! A dx' = ia"fdxj/\dmi
- ij=1 0z;0; ij=1 "

Since f is smooth the order of differtiation does not matter, e.g. 0;;f = 0;: f-
Furthermore dz/ A dz' = —dx' A dz?. Thus we get

d(df) = Z(&Uf — @,f)da:z Adz! =0
1<j

Now let w = 3" ardz!. Through linearity it suffices to consider w = aydx! where a; # 0. Using b)
we get

dw = dar A dz’ + azd(da”)
while d(dz!) = d(1) A dz!' = 0 we can compute
d(dw) = d(day A dz') = d(dar) A dz’ + dag A d(d2') =0
since we have already shown d? = 0 in the cases above.

we use the same method as in ¢). So let g : R" — R; y — ¢(y1,...,yn) be a smooth function.
Then

09 Ofi ;i gof),
f*(dg) = f ( ) 2 Bue, =2 gy, W = dlge = i)
Now again let w = >_ aydx! be a k-form. Since f commutes with the exterior product we obtain

d(f*w) —d<Zf ar) f*(de) ) 2 dlf (@) A
—Zf dar) A f*(dz’) (ZdazAd:z>=f*(dw)
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The first properties certainly justify the name ,differential“form since we got a product rule and
linearity. Property c) is probably the most important one which can be easily seen if you have some
basic knowledge in Ko-/Homology-theory.

Since in R™ we can identify smooth vector fields with smooth 1-forms via the scalarproduct induced
isomorphism we can take a look at some concepts of differential calculus to see in which way they’re
connected to 1-forms.

divergence and gradient

The divergence and the gradient are commonly known objects in the first calculus lectures. There
they’re often defined by concrete formulas. Yet they can naturally be defined using the exteroir
derivative

Definition 2.17. Let v be a vector field in R™. We can identify v with a map R™ — R". Then the
divergence of v is a function R” — R defined as follows:

div(v)(p) = trace(dv),

Since we know what dv, looks like concerning the standard basis we deduce the known formula for

v=>Yae

aai
di
() =Y o,
Definition 2.18. Given a smooth function f : R”™ — R we define a vector field grad(f) : R — R"
through

< grad(f)(p),u >=dfp(u),u € R}

If we choose the standard basis for R} we get

graf(f) =Y ghe

which can be easily derived from the initial definition by

< grad(1)(p)u>= dfy(w) = Y g’ (w) = - £,

laplacian

A combination of the two concepts above is the laplacian which involves second derivatives.

Definition 2.19. Let f : R® — R be a smooth function. Then the lapacian is
Af =div(grad(f)); R — R

As before we can describe it in local coordinates:

o (0r
Af =div (; ox; e,) Z 8x28x]
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