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1 Definitions and properties

Motivation 1.
In R3 we defined a regular surface S as a subset S C R? such that for every point p € S there
exists a neighbourhood V of p and a map f, : U, C R? — V' N S with the property that

(i) fa is a differentiable homeomorphism.
(ii) the differential (dfs)q : Ty(Ua) — R? is injective for all ¢ in U,.

The map f, is called a parametrization of S around p.

A fundamental property of regular surfaces is the fact that a change of parametrizations is
differentiable, i.e. for any two parametrizations f, : Uy — S, fz : Ug — S with

W= fo(Ua) N f5(Up) # 0

filtofa: [fu'(W)—R?
is differentiable.

Proof of this fundamental property.

As a composition of homeomorphisms f~! o g is again a homeomorphism. The idea is to use
the inverse function theorem to proof that f,! o fs is differentiable. First, we choose a point
x € f/gl(W), then let (fi!o f3)(x) = g. Since the differential df, is injective for all ¢ € U, it
has rank 2 and by - if necessary - rearranging the axes, we can assume that

afa %,
g T;’q
at point q. Now we define an extension of f,, to which we can apply the inverse function theorem.
F:Uy;xR—R3
F(z,y,2) = (fi(z,y), fi(z,y), f2(z,y) + 2)
We immediately notice that F(z,y,0) = fo(z,y) and
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and therefore (Laplace expansion along the last column)

Oa) - Oa
det(dF,) = det ([a@;; v q]) #0
Tl Bl

The inverse function theorem gives us the existence of a neighbourhood M of f,(q) such that
F~! exists and is differentiable on M. We can now restrict F~! to a neighbourhood fs(N)C M,
where N is a neighbourhood of x in Ug. In this neighbourhood

F~bYo fsln = fit o fsln

is differentiable as the composition of differentiable maps. Since z was arbitrary f ' o fz is
differnetiable on fg o). O

We are going to use this property to formulate a definition that is independent of the ambient
space.

Definition 1 (n-dimensional differentiable manifold).
An n-dimensional differential manifold is a set M with a family of injective maps
fa : Uy CR™ — M of open sets U, C R™ into M, such that

L. Uy falUa) =M

2. For each pair a, 8 with fo(Us) N f3(Ug) = W = 0, the sets f, (W) and fﬁ_l(W) are open
sets in R™ and the maps fgl o fo: faY (W) — Ug and filo fs: fEI(W) — U, are
differentiable.

3. The family {U,, fo} is maximal relative to 1. and 2..

A pair (Uy, fo) with p € fo(U,) is called a parametrization or coordinate system of M at p.
A familiy {U,, fa}a satisfying 1. and 2. is called a differentiable structure of M.

Example 1 (The real projective space).
We identify the real projective space Py with the quotient space R7HL\ {0}/N, where ~ s the

equivalence relation given by
(xl,...,xm_l)N()\xl,...,)\xn+1) )\GR,)\#O

We denote an element in x € PR by x = [x1,...,%n41]. In order to proof that the real projective
space is a differentiable manifold, we need to find a family satisfying 1. and 2. in definition 1.
Let

Vi={lz1,...,znt1]lzi # 0} C PR

and define the functions fi : R™ — Vi by fi(y1, .-, yn) = [Y1, -+, Yi-1, L, Yis - Yn]-

We claim that {V, fi}eq1,..n1y) 18 a differential structure on M.

First we note that f; : R® — V; is bijective. Moreover, f[l(‘/;) = R” is open in R™ and
U= fi(R") = Pg.

We have f;(R™) N f;(R") = V;N'V; # 0. We need to show that f;*(V; N'V;) is open in R and
that fj_1 o f; is differentiable. Note that

Ti—1 1, Ti+1

X
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With that observation we get
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which is open in R™. Moreover, we have (without loss of generality i > j)

-1 -1
fj Ofi(l'l?"'afxn):fj ([$17'"7$i7171>1’ia'--7mn+1])
o171 Ti-1 | Tjt1 i1 1 z; Tn+1
_f] ([;)7 Py ) Ly T, ety T 7;7;7"'7 Py ])
j j j i i j
x1 Tj—1 Tjy1 ri1 1 ox Tnt1
= (=, ..., = = = =, )
Lj Lj Lj Tj Tj Tj Lj

which is differentiable on f;'(V; N'V;).

Definition 2 (differentiable map between manifolds).

Let My and Ms be n resp. m-dimensional manifolds. A map ¢ : M1 — M> is differentiable
at a point p € M if given a parametrization g : V. C R™ — My around ¢(p), there exists a
parametrization f: U C R® — M; around p such that ¢(f(U)) C g(V) and the map

glopof:UcCR* —R™

is differentiable at f~1(p). The map ¢ is differentiable on an open set of M if it is differentiable
at all points of this set.

We call a differentiable map ¢ : My — Ms = R a differentiable function on M; and a
differentiable map s : I C R — My a differentiable curve on M.

The differentiability of a map between manifolds is well-defined, i.e. independent of the choice
of parametrizations, because the change of parametrizations is by definition differentiable.

Motivation 2.

In R? a tangent vector v at a point p to a differentiable curve o : I C R — S € R?,a(0) = p on
a regular surface S is simply defined as v := o/(0) = [} (0), 2% (0), 4 (0)]*. Again, since we do
not necessarily have the ambient space R™, we need an alternative characterization. The idea
is that a tangent vector is fully characterized by the derivatives of functions along this tangent
vector.

Let ¢ : R®> — R be differentiable in a neighbourhood of p € S. We calculate the directional
derivative of ¢ in direction of the tangent vector v:

3 3
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Notice that we can get the coordinates of v by applying the operator (Z?:l ag(O)a%l) to the
functions ¢1(z,y,2) = (2,0,0), p2(x,y,2) = (0,9,0),p3(x,y,z) = (0,0,z). This observation
motivates the following definition:

Definition 3 (tangent vector).

Let {0} C I be an open subset of R and o : I — M a differentiable curve on a differentiable
manifold M through p € M, «(0) = p. Let D be the set of functions on M, which are
differentiable at p. The tangent vector to the curve « at p is the map

o'(0): D — R
given by
d
o/(0)p = —(poa)l=o,  peD

A tangent vector at p € M is the tangent vector to some differential curve o : I — M with
a(0) = p.



Proposition 1. The set T,M of tangent vectors at a point p € M of an n-dimensional differ-
entiable manifold M, called the tangent space, is an n-dimensional real vector space.

Proof. Choose a parametrization f : U C R" — M around p, without loss of generality
p= f((j), and a curve o : I — M on M through p, a(0) = p. Let p € D.

Then by definition f~'oaoid = f~loa : I — R" is differentiable. Therefore, we can
write f~'oa = (z1(t),...,z,(t)) with differentiable functions x; : I — R. We also write
vo f(q) =p(z1,...,2n), where ¢ = (z1,...,2,) € U. Then we have

d d
o/ (0)g (poa)li=o = a(wofof_l o a)lt=0

~dt
_ %w(m(t), oo 2n () im0

n
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This observation leads us to the assumption that 7,,M, the tangent space to M at p, is equal
to Ty = <(a%i)\o\i =1,...,n). (Notice that 8%1- depends on the choice of f!). We have already
seen that T, M C T¥.

For the other direction, Ty C T,M, let v € Ty, i.e. v =", )\i(a%i)b € Ty. We now have
to look for a curve «a for which v is the tangent vector at p.
Let o : I — M be given by f~toa(t) = (Mt,..., \t) = Z(t) or equivalently a(t) :=
f(A1t, ..., Apt) where f is the given parametrization of M around p. Then

- 0 - 0
1y / - (L
/(0) = - w0) 5o = Y- Mo
i=1 1=1
Finally, T, M = T} is an n-dimensional vector space and the chosen parametrization f determines
a basis {(%)]0}(1,:17“_7”) of T,M.
O

Motivation 3.

We first consider the case of a differentiable map ¢ : S; — S5 between two regular surfaces Sy
and Sy in R3. At a point p € S; the differential dy, is a map from the tangent space T},S; to
the tangent space T, S2. It maps a tangent vector v = a/(0) to a curve «, a(0) = p, to the
tangent vector w = (¢ o a)’(0) to the curve g o, (v o @)(0) = ¢(p).

To accept that this is well-defined we need to check that dy,(v), v = o/(0) is independent of the
choice of the curve oe. Moreover, we will proof that dy,, is linear.

Proof. We choose parametrizations (f,U) around p and (g,V) around ¢(p). Let ¢(x,y) =
(o' (z,y),p*(x,7)), be the coordinate expression of ¢ with respect to the chosen parametriza-
tions, let a(t) = (e (t), as(£)), then A(t) = p(a(t)) = (a1 (t), as(t)). We get

2 1 2 2
dop(v) = 8'(0) = (v a)'(0) = (Z SE a0, 5 a;<o>)

i=1 =1

This does not depend on « but only on the coordinates v = [o(0), &% (0)] w.r.t the basis that is
determined by the choice of parametrization. Moreover the map dy, can be written as:

/ % % a1 (0)

=v

Therefore it is a linear map. ]



Definition 4 (The differential).
Let My,Ms be n- respectively m-dimensional differentiable manifolds and ¢ : M; — Ms a
differentiable map. For all p € M the differential of ¢ at p is the linear map
d(pp . Tle — T¢(p)M2
v — dpp(v)

such that for all differentiable curves « : (—e€,€) — M; with «(0) = p, o/(0) = v the following
relation holds:

dpp(v) = (¢ 0 a)'(0) (1)

In order for the definition to be well-defined, the differential (1) has to be independent of the
choice of a. By taking parametrizations around p and ¢(p), we reduce the problem to a map
between R™ and R™, where the claim can be proven analogous to motivation 3.

Definition 5 (immersion, embedding, submanifold).
Let M, N be m- respectively n-dimensional differentiable manifolds and ¢ : M — N differen-
tiable.

e ¢ is called an immersion, if dpp : T,M — Ty,) M is injective for all p € M.

e ¢ is called an embedding, if it is an immersion and a homeomorphism onto (M) C N,
where p(M) has the topology induced by N.

e If M C N and the inclusion ¢ : M — N is an embedding, then M is called a submanifold
of N.

Example 2 (alternative representation of the projective plane).

We can model the projective space in two dimensions, IP’%& as the quotient space of the sphere

8% = {p € R3|||p|| = 1} by the equivalence relation p ~ q 1= q = *p, i.e. P32 = S? . Basically,

we identify antipodal points.
We are now looking for a differentiable structure for this representation of the projective plane.
To find this we first look at a well-known differentiable structure on the sphere:

fiJr:Ui—>82
fiU—8*  i=1,2,3

Up = {(21,22,3) € R* 21 = 0,25 + 23 < 1}
Us = {(21,29,23) € R3 29 = 0,27 + 23 < 1}
Us = {(21, 22, 23) € R% 23 = 0,27 + 23 < 1}

\/1 a:2+x3 ﬂ?g,xg
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Now let w: 82 — P2 be the canonical projection; 7(p) = {p, —p}. Thenw(f;(U;)) = n(f; (U))
(but not necessarily 7(f;"(Z)) = w(f; (Z)). We claim that by defining

gi:WOf¢+

we obtain a differentiable structure on IP’]%. Condition 1 in definition 1 is obviously fullfilled. For
condition 2 we observe that

g logi=(moff ) o(mo fi) = (f) T ertemo f = ()71

where we used the fact that g; is injective in the second step. Hence, (gl._1 o gj) 1is differentiable
and therefore (g;,U;) is a differentiable structure.

Example 3 (Immersion of the projective plane in R*).

We define the map ¢ : R® — R by o(z,y,2) = (2% — y? 2y, 22,y2) for (z,y,2) € R3.
Let 8% = {(z,y,2) € R32? + 4? + 22 = 1} be the unit sphere and let © be the canoncial
projection of S? onto the real projective plane. First, we observe that ¢ is symmetric, i.e.
o((z,y,2)) = o((—z,—y,—2)). Now we define the map 0 : P2 — R* by 0({p, —p}) = ©(p).
This is well-defined because of the previous observation. We claim that 0 is an immersion of P]%
into R*. We have already seen that m is a local diffeomorphism. It is therefore enough to show
that |g2 is an immersion. We will prove this by using the parametrization of S? that we found
in the previous example. We have

f;(f):f;(l’l,afg,O):(xl,.TQ, 1—(1’%4‘1‘%))

and composed with

00 (@) = po ff (£1,22,0) = (aF — B 21w, w17/1 — (a3 + 23), 221 — (&3 + 23))

To simplify the equation we will define D12 = \/1 — (23 + 23) and we get
po fi (F) = (a7 — a3, 2129, 21 D1, 2 D12)
The differential d(p o f5) is injective, since

2x y  Dia+x2 Dy y2 Dis
D(gof)y)=1|"5 . s Dt o p

Y oy 12 12 T 5y 12
has full row rank, i.e. has rank 2. An analogous argument for the other parametrizations shows
that p|s2 is an immersion and therefore 6 is also an immersion from IP’%& into R%.

Remark 1. The immersion in the previous example is actually an embedding. Therefore the

projective plane can be embedded in R*, it can be shown, however, that it cannot be embedded in
R3.

2 Differential forms on manifolds

We want now to extend the notion of differential forms for differentiable manifolds.

Definition 6. Let M™ an n-dimensional differentiable manifold. An exterior k-form w in M
is the choice, for every p € M, of an element w(p) of the space A*(T,M)* of alternate k-linear
forms of the tangent T, M.



Definition 7. Given an exterior k-form w and f, : U, — M"™ a parametrization, around
p € fa(Uy) we define the representation of w in this parametrization as the exterior k-form in
U, C R”™ given by

W (V1 ... ) = w(dfg(v1), ..., dfa(vs)), with v1,...,0, € R"
If we change coordinates to a different f3: Ug — M"™ we obtain

(5" 0 fa) wa(or, . vn) =w(d(f5" 0 fa) (01), .. d(f5" 0 fu) (00))
—w((dfs 0 d(f5" 0 fo))(01),. ., (dfs 0 d(f5" © f))(v1))

=We(V1, ..., Un)

ie. (fg1 o fo) wg = waq.

Definition 8. A differential form of order k or differential k-form in a differentiable manifold
M™ is an exterior k-form such that, in some coordinate system, its representation is differentiable.

From all this, it follows that a differential k-form is the choice, for each parametrization
(Uq, fa) of a differential form w, in U, in such a way that for a different parametrization
(Ug, f5) with fo(Us) N f3(Ug) # 0, applies that w, = (fg1 o fa) wg.

A remarkable and important fact is that all operations defined for differential forms in R"
can naturally be extended to differential forms on manifolds through their local representations.
Indeed, given a differential form w in M, dw is the differential form whose local representation
is dw,. Since

dwo = d(f7" o fa) ws = (f5' o fa) duwg

it follows that dw is well defined as differential form on M.

3 Vector fields

The concept of vector field is closely associated with differential forms. Let us first define what
it is.

Definition 9. A vector field on a differentiable manifold M is a correspondence that associates
to each point p € M a vector X (p) € T, M. The vector field X is said to be differentiable if X ¢
is differentiable for each differentiable ¢ : M — R.

Let f, : Uy — M™ be a parametrization for M and X; = 8%1-’ i = 1,...,n, the basis
associated to the parametrization. Then a vector field, for each point p can be described in the
parametrization through its local expression

where each a; is a C*° function.

We can now denote with X(M) the set of all vector fields on M and observe that given
X, Y € X(M) and f € C*°(M), we can define the sum (X +Y)(p) = X(p)+ Y (p) and a product
(fX)(p) = fX(p), that give X(M) a structure of vector space.

Lemma 1. Let X and Y be differentiable vector fields on a differentiable manifold. Then there
exists a unique Z € X(M) such that, for every differentiable function ¢, Zo = (XY — Y X)p.
The vector field so defined is called bracket and it is denoted as [X,Y]p = (XY — Y X)p.



Proof. To prove that if such Z exists then it is unique, let f : U — M be a parametrization and
0 0
X = ; d Y= bi—

be the expressions of X and Y in the parametrization f. Then

B Oy ob; Oy 0%
XYSO =X <; bj 81'3) Z (9.1‘Z 81‘3 ; alb] 8.%18.%]
B A dp\ ﬁaz 8@ 8290

(XY —YX)p = Z(Z( ng bi giﬁ)ai)*’

(2

It follows that any Z with the required properties must be expressed in this form in any coor-
dinate system, hence it is unique.

To see that it always exists, it is enough to define Z, in each coordinate neighborhood by
the expression just given. By uniqueness Z, = Zg in fo(Us) N f3(Up), thus Z is well defined on
all M. O

Let’s now see some of the properties of this bracket.
Proposition 2. Given X,Y,Z € X(M), a,b € R and f,g € C>°(M), then:
1L[X,Y] = —[¥, X]
[aX 4+ bY,Z] = a| X, Z] + b]Y, Z]
(X, Y], 2] + Y, Z], X] + [[Z, X], Y] = 0
[fX,gY] = fglX, Y]+ fX(9)Y — gV (f)X

There exist an interesting correlation between exterior differentiation of differential forms
and the operation of bracket. For the case of 1-forms, it applies the following.

2.
3.
4-

Proposition 3. Let w be a differential 1-form on a differentiable manifold M and X,Y € X(M).
Then
dw(X,Y) = Xw(Y) - Yw(X) —w([X,Y])

Proof. As usual, let f: U — M be a parametrization and
0 0
X_Zi:aiaxl and Y_;bia%’i

be the expressions of X and Y in the parametrization f. First of all, we notice that if our claim
holds for X; and Yj, then holds for ) | X; and > Y;. Next, we claim that if it holds for X and Y,
it also does for #.X and @Y, when 6, ¢ are differentiable functions. First of all, we notice that

dw(0X,0Y) =0pdw(X,Y) = 0p{Xw(Y) — Yw(X) —w([X,Y])}

by definition. By the properties of the bracket
(0X)w(pY) — (pY)w(0X) — w([0X, oY]) =
=0X(p)w(Y) + (0pX)w(Y) — @Y (0)w(X) — (6Y )w(X)
— O0pw([X,Y]) = X (p)w(Y) + @Y ()w(X) =
=0o{Xw(Y) = Yw(X) —w([X,Y])} =
=0pdw([X,Y])



that proves our claim. It follows that we just have to prove our statement for vectors %, %,
i J

and since their bracket is 0, it suffices to prove that

w2 DN_ 0 (o 0 (0
81‘1 81‘] N 8SCZ 85[,‘]' aCCj 81)1

Notice that if the property above applies to two 1-forms, then it applies to their sum. Thus
we can again restrict and prove that

o 0 0 0 0 0

where « is a differentiable function. The above reduces to

o 0 Oa fole}
daNd — Oki
(dav A day) (a:c, a:;,) 50~ M ox;
that is true by definition of exterior product. O

We can also observe that, with basically the same proof, one can generalize the last propo-
sition for a differentiable k-form w:

k+1
dw(Xl,...,Xm):Z( DX (X, Xy, Xpy)
+Z ”Jw XZ,X]Xl,...,Xi,...,Xj,...XkJrl)
1<j

where each X; is a differentiable vector field and Xz means that X; is missing.

4 Orientation

As for surfaces we might need to know “which side” we are walking on. Of course it is not
always possible to determine, but we can give a generalization of the concept of orientation for
manifolds.

Definition 10. A differentiable manifold M is orientable if it has a differentiable structure
{(Uq, fa)} such that for each pair «, 8 with fo(Ua) N f3(Us) # 0, the differential of the change
of coordinates fﬁ o fo has positive determinant. Otherwise M is called non-orientable.

Since on manifolfds we can not generally use arrows, we can let ordered basis of the tangent
space be the needle of our compass. Indeed two different basis can be brought one into the other
by a regular linear transformation 7" of the tangent space at a point, so we will define equivalent
two basis such that the determinant of 7' is positive. This is of course an equivalence relation
between ordered basis of T, M and an equivalence class is called orientation at p. Let’s take now
a closer look to what happens when we consider the orientation at two points: obviously it is
not sure that, a priori, they have the same orientation. If for each point p the orientation at p
specifies also an orientation for an arbitrary point in a neighborhood, the orientation is said to
be coherent.

Thinking about this you will realize that this is a very intuitive definition, and it corresponds
to the idea we had previously that a surface is orientable if any closed path leads back to the
starting point on the same side of the surface. This gives us the input for an equivalent definition
of orientation for manifolds.

Definition 11. A differentiable manifold M is orientable if we can assign an orientation to each
point of M such that the orientations at any two sufficiently near points in M are coherent. If
the orientation is specified, M is called oriented manifold.



Remark 2. If M is orientable, there are always exactly two orientations, that can be positive
or negative in according with the orientation they acquire when seen as local ordered basis at a
point. Moreover, if two orientations are the same at a point, then they are equal.

Let’s now go back to differential forms and take a look at how orientation is connected to
them.

Proposition 4. Any non vanishing n-form w on a differentiable n-dimensional manifold M
determines a unique orientation for which w is positively oriented at each point. Conversely, if
M is given an orientation, there is a smooth nonvanishing n-form that is positively oriented at
each point.

Because of this proposition, if M is a smooth n-dimensional differentiable manifold, any
nonvanishing n-form on M is called an orientation form. If M is oriented and w is an orientation
form determining the given orientation, we also say that w is (positively) oriented. It is easy to
check that if w and @ are two positively oriented smooth forms on M, then @ = fw for some
strictly positive smooth real-valued function f.

Proposition 5. Suppose M and N are differentiable manifolds of dimensionn. If F : M — N is
a local diffeomorphism and N is oriented, then M has a unique orientation, called the pullback
orientation induced by F, such that F' sends positively oriented basis of T,M into positively
oriented basis in Tp)N. Such diffeomorphisms are called orientation-preserving.

Proof. For each p € M there is a unique orientation on 7,M that makes the isomorphism
dF, : T,M — Tp)N orientation-preserving. This defines a pointwise orientation on M and
provided it is continuous, it is the unique orientation on M with respect to which F' is orientation-
preserving. To see that it is continuous, just choose an orientation form w for N and notice that
F*w is an orientation form for M. O

We want to use these results to have some more detailed information on the manifolds.

Proposition 6. Any open subset U C M of a differentiable orientable manifold is orientable.
Proof. 1t is enough to restrict an orientation form of M to U. O

For the viceversa it is less trivial.

Proposition 7. Let V. = (V;);cr be an open covering for a differentiable manifold M. Let’s
suppose each V; to be oriented and the restriction of the orientation forms from V; and V; to
ViN'Vj to be equal for i # j. Then there exists a unique orientation for M with the given
restriction on each Vj.

Proof. Let us denote w; the orientation form for V; for each 7, w, the orientation form with
respect to p and consider a partition of unity ¢;. We can define w as w = ), ; ¢iw;, with ¢;w;
extended to an n-form on the whole M (just setting it to 0 in M \ Supppr(¢;)). This is still an
orientation form, since given p € V; C M and by, ..., by, basis for T, M, with w;,(b1,...,b,) > 0,
we have wj (b1, ...,b,) > 0 for each other j with p € Vj}, and in the following

wp(bty ooy bn) = Gilp)wip(bi, ..., bn)

all terms are greater or equal than 0. So w is an orientation form on M and by,...,b, are
positively oriented with respect to w, and this orientation satisfies the properties we desired. If
7 is an other orientation form giving M an orientation that satisfies the same properties, then
7 = fw and 7,(b1, ..., bp) = f(p)wp(b1, ..., by). Since both 7, and w), are positive on by, ..., b, then
f(p) > 0, and so w and 7 determine the same orientation. O

10



Proposition 8. Let M be a differentiable manifold and Vi, Va coordinate neighborhoods such
that ViU Vo = M and V1 NV, := W 1is connected. Then M is orientable.

Let’s conclude making an idea of how all of it works with a couple exercises.

Exercise 1. Show that the sphere 8™ is orientable.

Carry out. Let’s consider the stereographic projection 7 : §* — R™. We can use it to cover §"
with two open sets such that their intersection is connected. ]

Exercise 2. Prove that the projective space Py is orientable for n odd and non-orientable for n
even.

Carry out. Let’s see Pg as 8"/{£1}. The function f : 8" — S™ defined by f(p) = —p is an
orientation-preserving diffeomorphism if n is odd and orientation-reversing if n is even, because
if we extend f to a diffeomorphism f of the whole R"*! by the same formula, df (6%%) = —( 0 )

axi
On the other hand, f carries the outward normal vector to the outward normal vector, so that
the orientation stays coherent for n odd but not if n is even. ]
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