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1 THE STRUCTURE EQUATIONS OF R"

Definition 1. A Riemannian manifold is a differentiable manifold M and a choice, for each point p € M,
of a positive definite inner product ( , >p in TpM which varies differentiably with p. le. if X and Y are
differentiable vector fields in M, then p — (X, Y)p is differentiable in M. The inner product is called a
Riemannian metric on M.

Definition 2. A diffeomorphism ¢ : M — M’ between two Riemannian manifolds M and M’ is called an
isometry if

<x7 y)p = <d()0p(x)7 d(pp(y)>¢(p)
holds for all p € M and all pairs x, y € T,M.

Definition 3. Let U C R"™ be an open set. A set ey,...,e, of n differentiable vector fields such that for
eachp € U: (e;, ej)p = 0;5, where 0;; is the Kronecker delta, is called orthonormal moving frame. Given an
orthonormal moving frame {e;}, the set of differential 1-forms {w;} given by w;(e;) = &5, i,5 € {1,...,n}
at all p is called the coframe associated to {e;}.
In the following, the terminus “orthonormal” will be implicit. Next, we construct the connection forms on
R™: By differentiability of the e; : U — R"™ they give for any p € U the linear map (de;), : R* — R™. We
can therefore write

(dei)p(v) = Z(Wij)p(v)ej’

J

for any v € R" = T,R™. Each (wj;)p(v) is linear in v, i.e. (wj;)p is a linear form in R™ Vi, j € {1,...,n}.
Likewise we denote the corresponding differential 1-forms in U with w;; and call them connection forms of
R™. Then de; = > ; Wij€; holds at any p. Note that the connection forms are antisymmetric:

(ei,ej) = 6ij = 0 = (dei, e5) + (e, dej) = wij + wj

Proposition 4 (The structure equations of R™). Let {e;} be a moving frame in an open set U C R™. Let
{wi} be the coframe associated to {e;} and {w;;} the connection forms of U in the frame {e;}. Then

dw; = Zwk N Wi, (1)
k

dwij = Zwik N Wi (2)
k



fori, i, k=1,...,n.

Proof. The proof is not complicated and found in |[Car94] Chapter 5.1, Prop. 1. O
To clarify what this means and where the names come from consider the following: We denote by z : U — R"
the inclusion map. Then to say that the w; are dual to the frame {e;} is equivalent to the statement

dr =) ,wie;. A curve a(s) in U can be described by the inclusion = together with a moving frame {e;}.
Their differentials describe how the point and the frame in this point are varying:

dx = E Ww;€q, de,-: E Wij€j
@ J

The structure equations then follow from the above and that d?z = 0 and d%e; = 0

Lemma 5 (Cartan’s lemma). Let V' be a real vector space of dimension n, and let wy, ... ,w, : V = R, r <n,
be linear forms in V that are linearly independent. Assume that there exist 1-forms 61,...,0, : V — R, such
that .y w; AN0; =0. Then

91‘ = E AjWyj, with Aj; = Qg5
J

Proof. We complete the forms w; into a basis wi,...,wr,wr41,...,wy of V*. Then for some coefficients a;;,
bit
T n
92' = E QW5 + E bilwl.
j=1 I=r+1

Now from the hypothesis

r r r n
Ozzwi/\‘gizz Zaijwi/\wj—l— Z biwi N\ wy
=1

i=1 | j=1 l=r+1

r I n
= Z Z(aij — a,j,-)wi ANwj+ Z biw; N wy

i=1 | j>i I=r+1
From the fact that the w; A wy are linearly independent for ¢ < k, i,k = 0,...,n necessarily b; = 0 and
a,ij = ajz-. O
Lemma 6. Let U C R™ be open and let wy, . .. ,w, be linearly independent differential 1-forms in U. Assume

that there exists a set of differential 1-forms {w;}, 4,5 € {1,...,n} satisfying
wij = —Wij, dw; = Zwk N Wi
k

Then such a set is unique.

Proof. Suppose there exists another such set denoted by @w;;. Then

> wi A (@) — wig) = 0.
k

By Cartan’s Lemma [5, we can write the appearing 1-forms above as

- o Y J _ Rl
Wkj — Wkj = Z By,wi, By, = By
i

Using additionally that the antisymmetry of wy; — wy; in k, j one finds that Bii = _Bﬁ* With these:

kE _ J J _ pi _ pi k _ kE _ : -



2 SURFACES IN R3

To make use of the moving frames for describing the geometry of surfaces in R?, we will need one further
definition. It relies on the fact that any immersion  : M — R"™*¥ of a n-dimensional differentiable manifold
M into euclidean space R™* is locally an embedding. This means that for any p € M there exists a
neighbourhood U C M of p such that the restriction a:‘U : U — R"** is an embedding (c.f.|Car94] Chapter
3, Exercise 4).

Definition 7. Let M, n, k and = as above and V C R""* be a neighbourhood of x(p) in R™* such that
VNna(M) =x(U). Assume that V is such that there exists a moving frame {ei,... e 1x} in 'V with the
property that, when restricted to x(U), the vectors ey, ..., ey, are tangent to x(U). Such a moving frame is
then called an adapted frame.

Let in the following M, M’ be two-dimensional differentiable manifolds with an immersion = : M — R3.
We define an inner product ( , ), in T,M as

(v1, U2>p = <dxp(v1), d$p(v2)>x(p) )

where the bracket on the RHS is the canonical inner product on R3. Clearly it is differentiable and positive
definite (since the canonical inner product is), i.e. a Riemannian metric induced by the immersion x.
Let us

e fix a point p € M and study a neighbourhood U C M such that the restriction az‘U is an embedding,
e choose V C R? as in Definition [7|such that V Nz(M) = 2(U),
e choose an adapted moving frame ej,e9,e3 in V such that, when restricted to z(U), e; and ey are
tangent to z(U).
Then we from now on denote by {o;}, {0i;}, 4,5 € {1,2,3} the coframe of the adapted frame in and the

connection forms in R3 respectively while omegas are reserved for M. Then we have six structure equations
doy = 09 AN 091 + 03 A 031,
doy = 01 AN 012 + 03 A 032,
dos = 01 Awig + 0 A 093,
do1a = 013 A 032,
doig = 012 A\ 033,
dogg = 021 N 013.
The immersion « induces the pullback x* of differential forms, in particular z*(¢;) and 2*(0;;) in U preserving
the structure equations. This justifies writing for all indices z*(0;) = w; and x*(0y;) = wi;. Note that
ws = x*(03) = 0, since

z*(o3)(v) = o3(dz(v)) = 03(v) =0 Vqe UveT,M
So we can read from the structure equations :
dws = w1 Awig +wos Aweg =0
= w13 = hjiw + hiawe (4)
wa3 = haiwy + hoawo,
with h;; = hj; differentiable functions in U, using Cartan’s lemma.

Definition 8. Fiz the orientation of U and R® and choose an adapted frame such that {e1,es} is in the
orientation of U and {e1, ez, e3} is in the orientation of R3. Then the Gauss map is

e3: U — S% C R3,

and assigns to any vector v € U the unique unit vector es perpendicular to v and lying in the orientation of
R3.



Remark 9. 1. The Gauss map is independent of the choice of the frame.
2. If M is orientable, the Gauss map can be defined globally on M.

3. deg = wz1e1 + wszez implies that we can write Vg € U and Vv = aje1 + azex € TyM

hi1 hig\ (a1
des(v) = — ,
3(v) <h21 h22> <a2>
i.e. —hi; are the components of the matriz of the differential of the Gauss map in the basis {eq,ea}.

We can further use the spectral theorem from linear algebra: (h;;) is symmetric, so deg : TM — TS? is a
self-adjoint linear map and can as such be diagonalised with orthogonal eigenvectors and eigenvalues —Aq,

—A2.

Definition 10. In the above setup, one defines the Gaussian curvature K of M in p by
K = det(des), = AiA2 = hithoe — hi,

and the mean curvature H of M at p by

1 A+ A2 ki + hao
1= L (e, = 2 Tt

where all functions are computed at p.

We conclude:
e Since e3 does not depend on the choice of frame, neither do K and H
e H changes sign under change of orientation, while K is invariant

e The structure equations and our previous computation show:

dwlg = w13 AN wszg = —(h11h22 — hfg)wl ANwyg = —Kwi A w2,
w12 A wo + w1 A\ waz = (hll + hgg)wl Awo = 2Hwy N ws.

Theorem 11 (Gauss). K only depends on the induced metric of M; that is, if x,x’ : M — R3 are two
immersions with the same induced metrics, then K(p) = K'(p), where K and K' are the Gaussian curvatures
of the immersions x and x’ respectively.

Proof. Let U C M be a neighbourhood of p and choose a moving frame {ej, es} in U, orthonormal in the
induced metric. For both immersions we can extend the frames to adapted frames {dz(e;),dz(e2),e3} in
V D x(U) and {d2'(e1),dz'(e2),e4} in V' D 2/(U). The coframes {01, 09,03} and {0}, 05,04} are pulled
back onto U, where

wi(ej) = x*(0i)(e;) = oi(dxz(ej)) = dij,
wi(ej) = 2" (07)(ej) = oi(da’(e;)) = 0y ford,j € {1,2}.

That is, by duality wy = w{, wy = wh. Then, by uniqueness, Lemma [6 w12 = w}, and thus
d(wlz) = d(wh) = —Kwi Aws = —K'wi Aws.

So K = K'. O



Definition 12. Fiz a point p € M and an immersion x : M — R3. The first fundamental fornﬂ I, :
T,M x T,M — R is the quadratic form associated to the induced metric:

Iy(v,w) = (v, w) Yo, w € TyM

P
The second fundamental formlﬂ 11, : T,M x T,M — R is defined by

IT,(v,w) = — (deg(v), w) Yo, w € T,M,

p

where e3 is the Gauss map. In both definitions products of co-frame forms are symmetric products. One
also finds the notation I(v) = I(v,v) and II(v) = II(v,v).

For any p € M, in an adapted moving frame they take the forms
IP(U7 w) = w%(v, w) + w%(v, U)),

IT,(v,w) = (wisw1 + wosw2) (v, w) = Z hijwi(v)wj(w), 4,7 € {1,2}.
ij

Theorem 13. Let M and M' be additionally connected submanifolds in R3. Assume that there exist adapted
frames {e;} in M, {e}} in M', i € {1,2,3} and a diffeomorphism f: M — M’ such that

frwl = w;, f*ng =wj, 14,j€{1,2,3}
Then there exists a rigid motion p : R® — R® such that the restriction p‘M = f.
Proof. The proof is found in |[Car94] Chapter 5.2, Theorem 2. O

Corollary 14. Let M and M’ as above. Assume there exists a diffeomorphism f : M — M’ that preserves
the first and the second fundamental form, i.e.

Ip(v’ U) = I}(p) (df(?)), df(v>)’ IIP(U’ U) = II}(p)(df(v)a df(U))
for allp € M and all v € T,M. Then there exists a rigid motion p : R3 — R3 such that p‘M = f.

Proof. Consider an adapted frame {e;} in M and define in M’ a frame {e}} = {df(e;)}. Since f preserves
inner products, this is again an adapted frame, and f*w] = w;. Because the second fundamental forms are
preserved, one also has f*w]; = wi3 and f*why = we3. Then one can apply again the uniqueness lemma |§|
to see that f*wis = wio and the statement follows with Theorem O

We see that the local geometry of a surface in R? is completely determined by the two fundamental forms.
The first gives the metric. But how can we interpret the second form? Let « : (—¢,e) — M be a curve
parametrised by s with a(0) = p and o/(0) = v € T,M. Let us abbreviate the expressions z(a(s)) with
x(s) and e;(«(s)) with e;(s). Then it is easy to show that

<‘i§<0),e3(0)> = IT,(v).

With k(s) the curvature of a(s) and n(s) the principal normal of a(s), we can write

2.T
<382(0), e3(0)> = k(0) (n(0), e3(0)) -

Definition 15. The expression k (n,es3) is called the normal curvature kx(v) of the surface in the direction
v = a/(0) at the point p which only depends on the tangent vector v at p, since

IT,(v) = — (des(v),v), = kn(v) Vpe M, veT,M.

The mazimum and minimum of 11,(v) for vectors v on the unit circle S; C T,M are the eigenvalues A\ and
A2 of (—des), called the principal curvatures. The corresponding vectors generate the eigenspaces of (—des)
and give the principal directions at p.

!Sometimes called first quadratic form, e.g. in |[Car94].
2Sometimes called second quadratic form.



3 INTRINSIC GEOMETRY OF SURFACES

The aim of this section is to develop intrinsic geometric properties of a two-dimensional submanifold of R3.
Our starting point is:

e A Two-dimensional Riemannian manifold M together with metric (,).

e For each point p € M choose a neighbourhood U C M such that one can define orthonormal vector
fields e; and eg on U.

e The corresponding coframe is {wi,ws}.

e We have to analyse the behaviour of geometric entities under change of basis. Therefore denote be
{€1, €2} another moving frame related to {e1, ez} via Equation (/).

Lemma 16 (Theorem of Levi-Civita). Let M be a two-dimensional Riemannian manifold. Let U C M
be an open set where a moving orthonormal frame {ey,es} is defined, and let {wi,ws} be the associated
coframe. Then there exists a unique 1-form wio = —we1 such that

dwi =wip Aws  and dws = woy A wy.

Proof. Uniqueness: Lemma [6]
Existence: Define

w(e1) = dw1 (61, 62),
w(ez) = dwsa(er, e2).
This is possible since w; = wj(e1) and respectively wy. The above choice has the desired properties:
dwi(e1, e2) = wia(e1) = wia(er)wa(ez) — wiz(ez) wa(e1) = (wiz A wa)(er, e2).
=0
The other calculation works similarly. O

Now, we wish to define geometric entities. This means that we wish to combine the forms wi, w2 and wio
into something which does not depend on the choice of coordinates. So lets investigate the behaviour of wyo
under a change of frame.

First, we have to perform a change of frame of our moving frame.

Lemma 17. Let {ej,ea} and {€1,e2} be moving frames in U. If {€1,e2} has the same orientation like

{e1, €2}, we obtain:
()= (49 (). @

where f,g are differentiable functions on U satisfying f*+ g*> = 1. If the orientation is opposite, we obtain:

()= ) ()

Proof. Consider the first case. The change of frame shall be orientation preserving, i.e. the matrix of the
transformation has determinant 1. Besides the system {€;,és} shall be orthonormal, i.e. (€1,€2) = 0 and
(e1,€1) = 1 = (€2, €2). These conditions fix the matrix of the transformation to the above form. f and g
are by definition differentiable.

The second case is analogous except for the determinant which shall be —1 here. O

Now, we proceed with the transformation law of wis.



Lemma 18. Let {e1,e2} and {e1,e2} be moving frames being related to each other as stated in Lemmal[17
If both have the same orientation, then

Wiz = W12 — 7,
where T = fdg — gdf. If the above orientations are opposite,
w1 = —Wi2 — T.

Proof. In this proof we will make have use of the first structure equation of R" (dw; = ) wi A wi;, ) in
combination with the fact that the connection form is unique (Lemma [6]).

Transformation implies:
w1 [y w1
K1) = . 6
(@)= 7)) <

which can be checked explicitly. Therefore the inverse transformation is:

(M) = <f _g>'<m)
wo f2+¢2\g f w2)
N—_——

=1

~—

Differentiating the transformation law of wy we can conclude:
dw; =df Awi + fdwoy — dg Aws — gdiog

Structure Eq. _ _ _ _ _ _
= df/\w1+f-Zwk/\wk1—dg/\wg—g-Zwk/\wkg

2 2

=df ANwy+ (w1 A w11 +09 A @ —dg A9 — g (w1 A wyg + o A @
fAOL+f- (o 11 w2 21 ) —dgAwe —g- (W1 Awig +wWa A Wa)
-0 =—a -0

=df Aoy —dg Awy — (faws + gwr) A w2

ansformation Law _
I nation L df A (fwr + gwa) —dg A (—gwr + fwa) —wa A @12
= (fdf +gdg) ANwi + (gdf — fdg) A wa + G12 A wa.

The first term vanishes since f2 + g2 = 1 implies d(f? + ¢g?) = d(1) which gives 2fdf + 2¢gdg = 0. So we
are left with:

dw; = [@12 — (fdg — gdf)] Nwo = (@12 — 7’) A wa.
Similarly one shows:
dws = —((1)12 —7‘) AN

This is exactly the form of the structure equations for w; and wy with wye replaced by wi. Since the
connection forms are unique (Lemma @ we conclude:

w12 = Wi2 — T. (7)
]

Let us continue by developing some geometric intuition for the form 7.

Lemma 19. Let p € U C M be a point and let v : I — U be a curve such that ~y(tg) = p. Let ¢g =
angle(e1(p), €1(p)). Then
Y9 df
t) = g )t
o) = [ (15 —a%f ) de+ oo
is a differentiable function such that

cosg(t) = f(1), sing(t) = g(t), olto) = o, db=7"T.



Proof. First we show that
f(t)cosp(t) + g(t)sing(t) =1 foralltel. (8)
By definition of ¢ we know ¢ = fg’ — f’g. Thus,

(fcosp+ gsing) = f'cosdp — f¢' sing + ¢'sin ¢ + g¢' cos ¢
= (¢ + fgf' = fP9)sind + (' +gfg — g°f') cos 6. (9)

Again we use ff’ + gg' = 0 (since f2+ g> = 1). The coefficients of @ therefore read:

d+rfof' —fP9g=9 -9 -9 =9 -9 (@P+f)=9g—-g =0,
f+afd —af =f—-af-Ff=f-f - @+A)=f-f=o0.

So (fcos¢ + gsin@) vanishes for all t € I and (fcos¢ + gsin¢) is constant which can be evaluated at
t =to.

€2

g(to) /

1

¥ ¢o

€1

f(to)

We realise that cos(tg) = f(to) and sin(tg) = g(to) (results from f2 + g = 1). This implies:

f(to) cos ¢(to) + g(to) sinp(to) = (f* + g*)(to) = 1.

Altogether we showed . The lemma follows immediately:

(f —cos@)® + (g —sing)? = f2 + g> —2f cos ¢ — 2gsinp+1 = 0
S—— ~~
=1 72
showing cos ¢(t) = f(t) and sin ¢(tg) = g(t) for all ¢t € 1. O
Now we are able to define our first intrinsic geometrical object.

Proposition 20. In an oriented surface the 2-form wi A ws = o does not depend on the choice of frames
and is called area element of M.

Proof. o does not depend on the choice of frame since
w1 Awy = (f@1 — gig) A (gig + f@o) = f201 A@g — g% A = (f2+ g?) 01 A g = @1 A @a.

where we used @ and the fact that w; A w; = —w; A w; including w; A w; = 0.
The interpretation as area element is obtained as follows. Let v; = ajie1 + aizea,t € {1,2} be two linearly
independent vectors at a point p € M. Then

o(vy,v2) = (w1 Aws)(v1,v2)

= w1 (v1)w2(v2) — wa(vi)wi(v2) = ar1a22 — aziarz = det(ai;) = area(vy, va). O

Remark 21. Since o does not depend on the choice of frames it is globally defined.



Now, we are ready for our second geometric entity.

Proposition 22. Let M be a Riemannian manifold of dimension two. For each p € M, we define a number
K(p) by choosing a moving frame {ey,ea} around p and setting

dwia(p) = —K(p)(w1 A w2)(p). (10)
Then K (p) does not depend on the choice of frames, and it is called the Gaussian curvature of M at p.
Proof. Let {€;, e} another moving frame around p. We have two cases.

1. Suppose the orientations are the same: We have wio = w19 — 7 with 7 = fdg — gd f, therefore dr =0
and we conclude dwis = dwis. It follows that:

—Kwi Nwy = dwio = dwip = —K(Dl N o = —le N wa.
This shows the proposition.

2. Suppose the orientations are not the same. Here we obtain dwjs = d(—wi2 — 7) = —dais but
additionally w; A wy = —w1 A we. The two signs cancel in the above computation.

O
The next frame-independent quantity is the covariant derivative of vectors.

Definition 23. Let M be a Riemannian manifold and let Y be a differentiable vector field on M. Let
p € M,z € T,M, and consider a curve o : (—€,€) — M with «(0) = p and &/(0) = z. To define the
covariant derivative (V.Y)(p) of Y relative to x in p, we choose a moving frame {e;} around p, express
Y (a(t)) in this frame

Y(a(t)) = wit)e;, i€ {1,2},

and set

where the convention is made that wy; = 0.
Lemma 24. The covariant derivative does not depend on the choice of frames.

Proof. Let {e1,e2} and {é1,é2} be two orthonormal frames around p. Assume that they have the same
orientation. Then Y (a(t)) = > yi(t)e; = > ui(t)e; with

)=G 7) G (-6 7) @) w

f, g differentiable functions with f2 + g2 = 1. By definition,

dy1 dys
T = _— —_—
V.Y <dt +w21(w)y2> er + ( g +w12(x)y1) €2

where the functions are taken at t = 0. Using , wig = w12 — 7 and ff 4+ gg’ = 0, we arrive after a long
and painful computation at

_ dy; A dys | _ =\ =
¥ = (o) e+ (2 +oun ) e

Because it’s fun. Let us take a look at this computation.



d d
vy = (Bt i) e+ (22 4o ) e

(AL @y — o) o + S ) (Fer = ge) + .

d(gy1 + f72)
- <dt

@ = 7)) (7~ o) ) 961 + fea)
—A+B+C
with
A= —w2(2) (91 + fy2)(fe1 — géa) + wi2(2)(f41 — 992) (g1 + fé2)

Ek:(d%?)—d%?i)ﬁa—g@%%Cmm”+dU@ﬁ>@a+f@)

dt dt
C = 71(x)(gy1 + fi2)(fe1 — ge2) — 7(x)(f1 — g¥2)(9€1 + fé2)

First of all take a look at A.

) (g1 + fy2)(—fe1 + ge2) + (fy1 — gy2)(ger + féz)]
) [(f* + gP)inea + (= — g)ier + f9(Gaea + 161 — §262 — J161)]
) [y162 — Yali]

)

So all terms involving wie are invariant under change of frames. A similar calculation shows that B and C
is invariant as well.
When the orientations of the frames are opposite, the proof is similar. O

The covariant derivative can be used to give a geometric interpretation of the connection form wis. We
obtain V e; = wia(x)ey or

wlg(az) = <Vx61, €2> . (12)

Remark 25. For the induced metric of surfaces M C R? it can be shown that the covariant derivative is
just the projection of the usual derivative in R3 onto the tangent plane of M.

Note that the covariant derivative is R-bilinear, tensorial in the lower argument and a derivation and additive
in the main argument:

VixY = fVxY,
Vx(fY)=df(X) Y + fVxY,
Vx(Y1+Y2) = VxY1 + VxYa.

The covariant derivative makes it possible to define a variety of geometric entities (parallel transport,
geodesics, geodesic curvature, etc.).

Definition 26. A vector field Y along a curve a: I — M s said to be parallel along « if V)Y =0 for
allt € 1.

Remark 27. For a general manifold it is not trivial what is meant by Vo since o/ (t) ¢ Ty M but
rather in TyI. In this case one pushes the tangential vector o/ (t) to I to our main manifold M by using the
differential map do: Tyl — Ty (x) M, v — da(v) such that da(v)(¢) = v(¢ o ).

Definition 28. A curve «: I — M is a geodesic if o/(t) is a parallel field along «, i.e. Va/(t)o/(t) =0 for
allt € 1.

10



Definition 29. Assume that M is oriented, and let o : I — M be a differentiable curve parametrized by
arc length s with o/(s) # 0 for all s € IE| In a neighbourhood of a point a(s) € M, consider a moving frame
{e1, e2} in the orientation of M such that, restricted to «, e1(a) = &'(s). The geodesic curvature ky of a

in M is defined by

kg = (@wi2) (%)

where % is the canonical basis of R.

A nice way to think about geodesic curvature is the following. The geodesic curvature measures the deviation
of a curve of being a geodesic. A differentiable curve is a geodesic if and only if its geodesic curvature
vanishes. To show this we state the even more general following proposition.

Proposition 30. Let o : I — M and {e1,e2} be as in Definition [29 (here we do not need to assume that
M is orientable). Then ey is parallel along « if and only if a*wi2 = 0.

Proof. By definition e; is parallel along « if and only if V¢, e = 0. Thus, (V¢,e1,e1) = 0 and it follows that

(112)
Velel =0 = 0= <v51€1, 62) W12(61).

And wia(eg) = 0 if and only if a*wig = 0. O

Corollary 31. A differentiable curve o : I — M is a geodesic if and only if its geodesic curvature vanishes
everywhere.

Proposition 32. Let M be oriented and let o : I — M be a differentiable curve parametrized by arc length
s with o/(s) # 0,s € I. Let V be a parallel vector field along o and let ¢(s) = angle(V,d/(s)) where the
angle is measured in the given orientation. Then

de
ko(s) = —.
() = 20
Proof. Let us choose frames {e1,ea} and {é1, e} around «(s) such that e; = V/|v| and & = &/(s). Let ey
and ey be normal in positive direction to e; and e; respectively and wio and w9 the respective connection
forms. Then ¢ = angle(ey, €1).
By Lemma 19| and equation we know d¢:

dp = a’i19 — afwia. (13)

Since e; is parallel along « it follows with the help of Proposition 30| a*wio = 0. We are left with

o dy _ d\ _do
by = (a7wiz) (ds) = d¢ <d8> ds’

Let us see how this enables us to understand the geodesic curvature descriptively.

Remark 33. Let p € M and D C M an open neighbourhood of p homeomorphic to a disk with smooth
boundary OD. Parametrize the boundary 0D by « (by arc length).

Let g € 0D and Vo € T,M,|Vpo| = 1. Let V(s) be the parallel transport of Vo along o. Generally, there will
be a non-vanishing angle between Vi and the vector at q obtained by parallel transport.

Use the frames {e1(s) = /(s),ea}, {€1(s) = V(s), ég}lﬂ we obtain:

‘/ a*(wi2) 2 [ do =0
oD

oD

3A differential curve is called parametrized by arc length if its velocity has unit norm at every point.
4Note that these frames are different from those used in the proof of Proposition Therefore the other term in lj vanishes.
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The integral on the left-hand side can be evaluated as well by using Stoke’s theorem:

¢=—/8D04*(w12)=—/de12/DKa.

By elementary calculus we interpret the Gaussian curvature as:

K(p) = lim

=1
D—p areaD

where we take the limit in the sense that area(D) — 0 and p is element of all D. Thus, the Gaussian
curvature measures how different from identity is parallel transport along small circles about p.

LIST OF INTRINSIC GEOMETRICAL OBJECTS
e Area element 0 = w; A wy (only for orientable manifolds globally defined).
e Gaussian curvature: dwis(p) = —K(p)(w1 A w2)(p).

e Covariant derivative of vectors
— Parallel transport (V)X = 0)
— Geodesics (V) (t) = 0)

e Geodesic curvature

Remark 34 (General remarks on notation). In differential geometry there exists another broadly known
formulation. It starts with differentiable manifolds. Those are equipped by additional structure: the covariant
derivative. This is completely independent of a potentially existent metric.

With the help of the covariant derivative it is possible to define entities like torsion, Riemann curvature,
Ricci curvature, scalar curvature, parallel transport, geodesics, etc. The notion of covariant derivative can
be generalized (https: //en. wikipedia. org/wiki/Ehresmann_ connection).

If we consider a pseudo-Riemannian manifold (a manifold endowed with a metric tensor which does not
need to be positive-definite but only non-degenerate) it can be shown that there exists a unique (torsion-free)
covariant derivative known as Levi-Civita connection which is in some sense compatible with the covariant
derivative.

To embed our discussion into another formulation I give the corresponding equations but do no derive them.
Note that all signs depend on conventions. T is the torsion 2-form, Ryy;; is the Riemann tensor and [, | is
the Lie bracket.

First structure equation ‘ Second structure equation
dw; = Zk Wi N\ Wi dwi]‘ = Zk Wik N Wk
dw; = Zk W ANwi; + 7 dw;j = Zk Wik N\ Wgj + %Ej,l Ryij wi A\ wyp

VxY - VyX - [X,Y]=7(X,Y) | [Vx,Vy]Z -~ Vixy|Z = R(X,Y)Z

One can nicely observe that the existence of the structure equations express the fact that R™ has a Levi-Civita
connection (which is torsion-free) and flat (vanishing Riemann tensor).
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