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1 Conventions

In the following handout, Isom(X') denotes the group of isometries of a metric space (X,d).

For n € N, E™ denotes the euclidean space of dimension n. For a group G, e denotes the identity
in G.

For I C Isom(X), Trans(I") will denote the set of all translations in I', that is: Trans(I") := {g €
I': Je € X such that g(z) =z + ¢ Vo € X}.

For A € Maty,x,,(R), we define the operator norm || A||,, = sup{|Az| : z € S""'}. ||-||op determines
a metric dop(A, B) = ||A — Blop on O(n).

2 Foundations

Before starting with the initial topic as expected, I find it practical to mention / review a few basic
notions of fundamental regions and discrete groups. These following foundations will be necessary
in the succeeding section in order to understand crystallographic groups.

The proofs of some of the following theorems will use lemmas and theorems from [1], to which I
will simply refer instead of mentionning their content explicitly.

Definition 1. A topological group is a group G equipped with a topology such that ¢ : G —
G, (g)=gltandm: G xG — G, m(g,h) = gh are continuous.
A discrete group is a topological group G where {g} is open for all g in G.

Lemma 1. Let I be a topological group. T' is discrete if and only if {er} is open in T.

Proof. ="

{er} is open in I" by definition.

Pe="

Let g € " and define 7, : I' — T, 74(h) = gh is a homeomorphism, so 7,({er}) = {g} is open.
This holds for all g € T'. O

Theorem 1. A subgroup I' of R™ is a discrete group if and only if I' is generated by a set of linearly
independent vectors.

In the talk, we will just outline the idea of the proof.



Proof. "<=":

First, we assume that I' = {0}. It holds that I is discrete, for I is open in itself by definition of a
topology.

Now let I' be nontrivial and let it be generated by linearly independent vectors {v1,...,vm}, m <n
as a group. I' = {& € R" : Jg; € Z, such that = ;" ;v;} = &1 Zv;. We may even choose
v; = e; for all 7 by applying an injective linear transformation.

Lemma 1 implies the discreteness of I', because for B(0,1) = {z € R": ||z]| < 1}, 'NnB(0,1) = {0}
holds.

="

Let I be discrete. We use induction on n.

n=1:

Choose r > 0, such that there exists 0 # g € B(0,7) NI'. It follows, that for C(0,r) = {z €
R™: Jjz|]| < r} ("closed ball”) C'(0,7) NI is a closed subset of C'(0,r), since every discrete subgroup
I" of a topological group equipped with a metric topology (here: R™) is closed (this can be proved
by contradiction - see [1], 5.3. Lemma 3).

Therefore, C'(0,7) NT" is a compact discrete space and as such, it is finite. Let 0 < u € I' nearest
to 0, v € I'. Let k € Z, such that v € [ku, (k+ 1)u) = [ku, ku + u) and so v — ku € [0,u). Since I'
is a Z-module, v — ku € I'. Thus v — ku € I' N [0,u) = {0} (because u was chosen to be nearest to
0 in I"). It therefore holds that v = ku. Since v is arbitrary, I' is generated by w.

n > 1:

There is 0 < u € I with absolute value nearest to 0, such that I' " Ru = Zu. Let {u1,...,up—1,u =
un} be a basis of R”. We define a continuous linear map ¢ : R® — R* ™! o(u;) =¢;, i =1,...,n—1
and u € ker(p).

Let z € R", =z = Y0 wiuy. @(z) = S0 xie;. Since for all A € R, p(\u) = 0, it holds that
o Yp(x)) = x + Ru. We find o : R"1 — R" 4(e;) = u;, i = 1,...,n — 1 to be a continuous
right inverse of . According to Theorem 5.1.5 [1], @ : R" /Ru — R*™ 1 2 + Ru > p(z) is an
isomorphism of topological groups.

For the canonical projection 7 : R” — R" /Ru, we claim that 7(T") is discrete. Let (v;) be a
sequence in I' satisfying m(v;) — 0 = @((7(v;)) — 0 = ¢(v;) — 0 = Y (p(v;)) — 0 in
R™. It follows that vor r; € R, v; — rju; — 0 in R™. Since v; — 0 ( mod Ru), we can choose
k € Z with |k| =1 and ku +v; — 0 ( mod Ru).

As a consequence, there are r; € R, so that v; — r;u — 0 and v; + u(k — r;) — 0 in R™. We may
therefore assume, that |r;| < 3.

Using this upper bound, we get |v; — rju| < l%l for large enough i (Sidenote: Define without

loss of generality 7; := r; + ¢; for i large enough, with ¢; infinitesimally small; we shall have
v =ru = |v; —ru| = (7 —ri)ul < %), which implies |v;| < |ul.

Because of our choice of w and the fact that v; € I', we conclude that v; = 0 for sufficiently
large i. Therefore, for every convergent sequence (v;) in m(I'), there is an N € N, such that
v, = const Yn > N. With Lemma 2 in 5.3. [1], we know that «(I") is discrete. According to
the induction hypothesis, there are wy,...,w,, € T, such that 7(w;) are linearly independent and
generators of w(I'). Using these vectors, we get a linearly independent set {u,ws,...,wp} in R™
generating I'. ]

Lemma 2. LetI' C Isom(E"™) be a subgroup. For a point a in E™, a matriz A in O(n) and r > 0,
let T, be the subgroup of I' generated by all ¢ = a + A with ||A — L,|lop < r. ky(r) shall denote
the mazimum number of matrices in O(n) with mutual distances dop(A, B) at least r. Then T, is



a normal subgroup with I : '] < k(7).

Proof. Let A, B € O(n), a,be€ E™.
For [|[A— I, ||op, we define I', 3 ¢ = a+ A. We will furthermore need a second map: I' 3 ¢ = b+ B.
We then have: ¢¢yp~' =c+ BAB™!, ce E".

Remark: For D € Mat,«n(R) and Q € O(n), it holds that |DQ||op = || D||op-

According to that remark, we get |BAB™! — I,||op = || BAB™' — BB Y|,p = ||(BA— B)B™Y||op =
|BA = Bllop = |B(A—=1)lop = [[A = Il[op <r-

Thus ¢¢p~! € T, and T, is a normal subgroup.

Let ¥ = b; + B, i =1,...,m < k,(r) be a maximal sequence in I' with mutual distances between
the matrices B; at least r. Choose an arbitrary element I' 3 ¢ = b+ B.

After having chosen the sequence 1; to be maximal, there is a j € {1,..,m}, such that

IB = Bjllop <7 = [IBB; " = Inllop <7
. For d € E", we have gmbj_l =d+ BBj_1 €I',.. Now let o € T',, such that

gow;1:0 & =0

. Hence ¢ is in the coset I',1;.
Since ¢ was chosen arbitrarily, it holds that

=T u...ulyy,
and [I': Ty <m < ky(r). O
Remark: The following Theorem will be used in our final proof.

Theorem 2. Let I' C Isom(E™) be a discrete subgoup. Then T’ has an abelian normal subgroup N
with Trans(I') C N and there is an integer k(n) € N with [I' : N| < k(n) < oco.

Proof. We apply Lemma 2 with N = I'1. We then have k(n) = k,(3). N is abelian by lemmas 4
and 5 (5.4 [1]). These lemmas also expl:iin the choice of T’ 1

Let 7 € Trans(I'). 7 can be written as 7 = g + I, g € E". Clearly, I, is orthogonal with
I, — In|lop = 0 < 3, which is why 7 is an element of F% = N. O

Remark: The following Theorem will be used in our final proof.

Theorem 3. Let T' C Isom(E™) be an abelian discrete subgroup. Then there are subgroups H and
K of I' and an m—Plane P of E™, so that the following features hold:

1. T=H®K;
2. |K| < oo and every element of K acts trivially on P;
3. H is a free abelian group of rank m and the only element of H acting trivially on P is e = ep;

Remark: H acts on P as a discrete group of translations.



Proof. The following proof uses induction on n.
n = 0:
E" =0, T ={er} is the trivial case.
n > 0:
Let I' 5 ¢ = a + A with dim(V := {v € E" : Av = v}) minimal. If V = E™, I" = Trans(I") holds
and we can finish the proof in this case by applying Theorem 1 on I' = H (therefore, K = {er})
and P =span({y-0: v €T}).
Now on to dim(V) < n. For [¢,¥] = ¢vpop~ ™1, ¢, 1 € T defined as ¢ = a+ A, ¢ = b+ B, we
get:

[6,9] = (A= )b+ (I — Bla+1

Since T is abelian, we also get [¢, 9] = I and so, we get
(A—-Ib+(I—-B)a=0 <= (A-I)b=(B—-1)a (1)

For v € V, we have ABv = BAv = Bv. Therefore, B(V) C V and since B € O(n), we have
that B(V') = V. Consequently, (B — I)(V) is a subspace of V.
IfbeV, (A-1I)(b)=0. Forbe V+, (A—1I)(b) € V* would be the case.
Combining this information with the equation 1, we conclude that

(B—NacVnVvt={0}

so Ba = a and Ab = b, with b being in V, for it is fixed by A. Since ¢ = b+ B is an arbitrary
element in I' with ¢(z) € V for all z € V, T leaves V' invariant.
We may assume that for k < n, E¥ = V. By restricting all elements of T' to E*, we obtain a
discrete group Res(I") C Isom(E¥) and a restriction homomorphism p : I' — Res(T").
Since k < n, we can apply the indutction hypothesis: There are subgroups H', K’ C Res(I') and
an m-plane P of E* such that Res(T') = H' @ K’, where K is a finite group an H’ is a free abelian
group of rank m. ep is the only element of H’' acting trivially on P. H' acts generally as a discrete
group of translations.
K := p~1(K") defines a finite subgroup of I' acting trivially on P.
The sequence

{6[(} KT —-H — {eH/}

is exact and since H' is free abelian, it splits. Therefore, I' = K @ H holds for a subgroup H of
I', that is mapped isomorphically onto H’ by p. This isomorphism equips H with all the necessary
features mentionned above. O

Definition 2. Let X be a metric space and I' C Isom(X) a subgroup.
1. R C X is a fundamental region for I' if and only if:

(a) R isopen in X
(b) gRNhR=0for gh €T, g#h
(¢) X = UgergR

2. T has a fundamental region, therefore I' is a discrete subgroup

3. D C X is a fundamental domain for I' if and only if D is a connected fundamental region for
r



Definition 3. Let R be a fundamental region of I' C Isom(X). R is called locally finite if and only
if the family {gR : g € I'} is locally finite, meaning that for every z € X, there is a neighbourhood
U of x that intersects gR for finitely many g.

Definition 4. A polyhedron P in E" is called a fundamental polyhedron, if its interior is a locally
finite fundamental domain of T'.

Definition 5. Let I' C Isom(X) act discontinuously on X and let g € T".

For a € X with trivial stabilizer Iy, we define Hy(a) := {x € X : d(x,a) < d(x, ga)}. The Dirichlet
domain D(a) for I is either X if I" = {er}, or if I is not trivial, we have D(a) = N{Hy(a) : g # er}
The so called Dirichlet polyhedron for I" with center a is D(a) defined as above, if it is a convex
fundamental polyhedron.

3 Crystallographic Groups

This section is supposed to serve with several equivalent definitions of crystallographic groups
working our way to the first theorem by Bieberbach presented in this seminar.

Definition 6. A crystallographic group of dimension n is a discrete group I' C Isom(E™) such that
E™ /T is compact.

Lemma 3. Let R be a locally finite fundamental region of X and let x in X be a boundary point
of R. Then the following properties hold:

1. |ORNTz |[< 00
2. Ir > 0, such that for N(R,r) = U{B(z,r): x € R}, we get N(R,r)NTz =0RNTx

Proof. R is locally finite, so for r > 0, B(z,r) meets gi_lﬁ fori e {1,...,m}. Assume that x € gi_lﬁ
for all i (after shrinking r, for example).

Now let g € I' and suppose that g € OR. Then there is an i € {1,...,m}, such that g = ¢g; and we
get that = € g, 'R. Since gz € 'z, we would then get:

ORNTx C{giz: i=1,..,m}

Conversely, let’s have a look at g;x for some ¢ € {1,...,m}. We get that g;z € IR for all i.
Therefore, we get
ORNTz D {gix: i=1,...,m}

and equality holds.
Now, let y € R and suppose that d(gz,y) < r. Then we get d(x,g"'y) < r = g 'y € B(x,r) C
N(R,r). Since y € R, It follows, that there is an i € {1,...,m}, such that g = g;. Furthermore,
gr € OR. We conclude, that

N(R,7)NTz C ORNTz

is a subset. Since R C N(R,r), equality holds. O

Theorem 4. Let I' C Isom(X) be discontinuous (discrete) and X be locally compact, such that
X /T is compact. Furthermore, let R be a fundamental region for T'. If R is locally finite, then R
18 compact.



Remark: Equivalence also holds, but for this talk, this implication suffices.

Proof. Suppose that R is not compact. Then there is a sequence (;) in R, that does not have a
convergent subsequence. Let m: X — X /T be the canonical projection. Since X /T is compact,
the sequence (7(z;)) has a convergent subsequence in X /T". We therefore may assume, that (7(z;))
converges. Hence there is an x € R, such that 7(z;) — 7(z) for i — oc.

7w maps R homeomorphically onto 7(R), so x € OR must be the case, for R is a fundamental region
and as such, it is an open set. Then, Lemma 3 implies, that there is an r > 0, such that

N(R,r)NTz=0RNTz={gw: i=1,...,m}

We may assume that C(giz,r) = {v € X : d(giz,v) < r} is compact for each i (possibly after
shrinking 7). Since (m(z;)) is a convergent sequence in X /T, there is an N € N, such that
dp(Tx;,Tx) < r for all i > N, dr being a distance function on X /T.

We then get for our sequence in R and for each ¢ > N an h; € I', such that

d(xi, hiz) <r

with hjz € Te N N(R,r) = {gix : i =1,...,m}. As a consequence, we find a j € {1,...,m} for each
i € {1,...,m}, such that hjx = g;x. Because of d(z;,g;x) < r, we find that z; € U™, C(gix,r) for
all ¢« > N, which is a compact set.

In this case, we get a contradiction, for we have found a convergent subsequence of (z;). O

Theorem 5. Let I' C Isom(E™) be a discrete group. Then the following are equivalent:
1. T is a crystallographic group
2. FEvery convex fundamental polyhedron of I' is compact
3. I’ has a compact Dirichlet polyhedron

Proof. We will proof this theorem in the following order: 2 =3, 3 =1, 1 = 2.

2=3:

According to (2), we only need to show the existence of a Dirichlet polyhedron: This ist the case,
fot I" acts discontinuously, for it is discrete.

3= 1:

Let D be a compact Dirichlet polyhedron of I". According to definition 2 and using the projection
map 7, m(D) = E™ /T holds. Since D is compact and 7 is continuos, it follows, that #(D) = E" /T
is compact as well.

1= 2:

This is the case by Theorem 4. O

For an n—dimensional grystallographic group I" with a convex fundamental polyhedron P, we
know now that P is compact, so it has finitely many sides. P serves as a model for an n-dimensional
crystal and we can cover E™ with copies of P; we get a so called tesselation: {gP: g € I'}.

In the following lemma, X will stand for the euclidean space E™ or for the hyperbolic space H™.

Remark: The following Lemma will be used in our final proof.



Lemma 4. For a discrete group I' C Isom(X), let H C T be a subgroup of finite index, that is:
[[': H] < co. Then X /T is compact if and only if X /H is compact.

Proof. "="":

First, let X /T be compact. Let D be a Dirichlet domain for I'. D therefore is a locally finite
fundamental domain. By Theorem 4, D is compact. Since H is of finite index, we can list the
cosets g1H, ..., gnH of H in I" and define a compact subset K of X as follows:

K= gl_lﬁu Ug;llﬁ.

For x € X, there is a g € I" such that gz € D. Since I' = U;g;H, there is an i € {1,...,m}, such
that g = g;h for h € H.

Let n: X — X _7H be the quotient map.

gr = gihr € D +— thQi_lﬁ

Since hx is in gi_lﬁ, Hz lies in n(K). After having chosen x arbitrarily, n(K) = X H and so
X /H is compact.

Pe=":

Now, let X ~H be compact. Define

¢: X,/ H— X,/T

by ¢(Hzx) =Tx and let 7 : X — X /T be the quotient map. 7 shall be defined as above.
It holds that m = ¢n. Since w and 7 are continuous, ¢ is continuous as well. And by definition, ¢
is surjective. Hence X /T is compact. O

Definition 7. A lattice subgroup I' C Isom(E") is a group generated by n linearly independent
translations.
I’ (as above) is a lattice subgroup if and only if T" is discrete and free abelian of rank n.

We will now continue with the first theorem among Bieberbach’s Theorems. In this talk, we
will only look at one implication: A statement on all crystallographic groups. It is to be noted that
equivalence holds in the following theorem. The proof of the conversion will not be stated here,
but that part of the proof uses Theorem 1 from this handout.

Theorem 6. Let I' C Isom(E™) be a discrete group. If T' is crystallographic, then Trans(T') is of
finite index with rank n.

Proof. According to Theorem 2, T" has an abelian subgroup H with [I" : H] < co and Trans(T") C H.
By Lemma 4, H is crystallographic as well. By Theorem 3, there is an m-plane P in E™ with H
acting on it by translation. Since H is a group of isometries, points at distance d from P stay at
distance d under the action of H. Therefore, for m < n, E" H is unbounded. Since E" H is
compact, this cannot be the case: m = n as a consequence.

Hence H is a lattice subgroup and H = Trans(T"). O

For an n-dimensional crystallographic group I', Trans(I") is a free abelian group of rank an with
finite index by Theorem 6. Trans(I") is the unique maximal subgroup of this sort, which follows
from Theorem 3.

Since all elements of Trans(I') can be written as 7 = x + I, for some = in E™ and I,, being the
identity matrix of rank n, Trans(I") is the kernel of the natural projection p : I' — O(n) defined



by p(a+ A) = A.
We call the image of Im(p) = II the point group of I'. The exact sequence

{er} = Trans(T') > T — II — {I,,}

shows that Trans(T") is a normal subgroup (for it is the kernel of a group homomorphism) and that
IT is a finite group.

Now, let Z" = L(T") C R™ denote the lattice subgroup corresponding to Trans(I"). For a + A = ¢
in I and for a point b in L, we have

(a+A)b+T)(a+A) ' =Ab+1.

We now see that IT acts on L(I") by left matrix multiplication.
We then get an injective representation II — Aut(L(I")) with A — [z — Ax].
For a finite subgroup @Q C GL(n,Z), we get an exact sequence

{0} = Z" ST - Q — {I}.
This forms the foundation of an approach to proving that there are only finitely many isomorphism
classes of n-dimensional crystallographic groups.
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