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1 Integration of Differential Forms

Our goal is to define the integral of a differential n-form on an n-dimensional differentiable
Manifold. For that, we will first start with the case of R™, then move to a Manifold with a
straightforward structure and, after proving the existence of the Partition of Unity, generalize

it for all differentiable manifolds.
Let w be a differential n-form defined on the open set U C M™. It’s support K is the closure

of the set A defined by:
A={peM"; w(p) # 0}

1.1 The real case (n-form on R")

To handle the real case let us assume that M"™ = R"™ with

w=a(x1,...,xp)dx1 A... Ndxy,

Assume furthermore, that the support K of w is compact and K C U.

We now define:
/w:/ adxy...dx,
U K

Notice that the right side is the usual multiple integral in R".

1.2 The general case (n-form on M™)

Let now M be compact (K, the support of w will also be compact) and orientable (the coordinate

changes have positive jacobians).
We will distinguish two cases depending on K being contained in some coordinate neighbor-

hood or not.

1.2.1 K is contained in some coordinate neighborhood

With K C V,, = fo(U,) (coordinate neigborhood), the local representation w, of w in U, is

Wa = ao(x1,.. ., xp)dzy A ... Nday,

Similar to 1.1, we now define:

/w:/ wa:/ aqdxy . ..dx,
M o «

Again, the right hand side is an integral in R".



Given that otehr neighborhoods are possible, we still have to show that this definition is
independent of the choice of coordinate neighborhood.

Let K be contained in another coordinate neighborhood Vg = fg(Us). We can safely assume
that V,, = V3. If that’s not the case, we can contract both U, and Ug until this applies.

With (z1,...,25) € Uy and (y1,...,yn) € Ug, the change of coordinates

f=fltofs: Us— U,
is given by z; = fi(y1,.-.,yn), i=1,...,n.
Because wg = f*(wqa), we have
wg = det(df)agdyr A ... Ady,

where ag is as follows:

ag = aa(fl(ylv"‘ 7yn)7' . '5fn(y17"')yn))

By applying the change of variables for multiple integrals in R™, we obtain:

/ We = / aodxy . ..dz, = /det(df)agdyl .dyy = / wg
a o s Vs

Note that the last equality (1) holds because det(df) > 0, which explains the reason for the
assumption that M is oriented: without the orientation, the sign of the integral wouldn’t be well
defined. ]

1.2.2 K is contained in no coordinate neighborhood

In the preceding section we saw that the integral of a differential form with a domain contained
in a coordinate system was just a multiple integral. Now, to be able to integrate in more complex
domains, we need to reduce that complexity in some way, which can be done in two different
ways: by dividing the domain in simpler domains and adding up the results, or by decomposing
the form into forms which are zero outside some simpler domains.

The second alternative is the one we will be using with the help of the partition of unity,
which will enable us to give a simple definition of the form’s integral :

m
w= VW
foe=2 ],
m

Note: the ) ¢; contained in the definition is the aforementioned partition of unity
i=1

The Partition of Unity

Definition 1. Given a covering {V,} of a compact differentiable manifold M, a differentiable
partition of the unity subordinate to the covering {Va} is a family of differentiable functions
©1,- -, Pm Such that:

m
1. Z(pi =1
i=1
2.0<¢p; <1 ie{l,...,m} and the support of p; is contained in some V,, = V;.

Note: if M is orientable, {V,} is chosen compatible with the said orientation.



We now want to prove the existence of a differentiable partition of the unity subordinate
to a given covering by coordinate neighborhoods of a compact differentiable manifold Mn (not
necessarily oriented).

We will first need two technical lemma that will later help us to prove the existence of the
partition of unity.

We define B,(0) = {p € R™; |p| <r}.

Lemma 1. There exists a differentiable function ¢ : B3(0) — R such that:
1. ¢(p) =1, if p € B1(0)
2. 0<¢(p) <1, if p € By(0)
3. ¢(p) =0, if p € B3(0) — B2(0)

Proof. Consider the C'*° function @ : R — R given by

at) = 6‘4<t+1)1<t+2>, te(—-2,-1)
a(t) =0, t¢(~2,-1)

and the integral

The maximum value of the differentiable function v is given by f:; a(s)ds = A and, by
setting S(t) = v(t)/A we obtain a differentiable function with the following properties:

B(t) =0, ift < —2
0<B(t) <1, if ¢t € (—2,—1)
Bt) =1, ift>—1.

We obtain the required function ¢ : B3(0) — R by defining ¢(p) = 5(— |p|), p € Bs(0).
O

Lemma 2. Let M™ be a differentiable manifold, let p € M and let g : U C R" — M be a
parametrization around p. Then, it is possible to obtain a parametrization f : B3(0) — M
around p in such a way that f (B3(0)) C g(U) and that f~1(p) = (0,...,0).
Proof. Let (29,...,29) € U be such that g(z9,...,2%) = p. U is open so there exists an r > 0
such that B,(z9,...,20) C U. Let T be translation in R" that takes (z9,...,22) to (0,...,0)
and let H : R — R be defined by H(p) = 2p.

Using HoT : B.(2),...,29) — By(0,...,0) we define the parametrization f : Bs(0) —
M by

f=go T 'oH!
which satisfies the required conditions. O

Proposition 1. (Ezistence of a differentiable partition of unity). Let M be a compact manifold
and let {V,} be a covering of M by coordinate neighborhoods. Then there exists differentiable
functions @1, ..., pm conforming a differentiable partition of the unity.



Proof. For each p € M we consider the parametrization f, given by Lemma 2 with f,(B3(0)) =
Vp C V, for some V,, € {V,}. Set W, = f,(B1(0)) C V.

The family {W,} is an open covering of M and we can select from it a (compactness) finite
covering Wy, ..., W,, and the corresponding covering V1,...,V,,.

We define functions 6; : M — R, ¢=1,...,m, by

0;=wpofi'inV; 0, =0in M —V; (yp as given by Lemma 1)

These functions are differentiable and the support of 6; is contained in V;.
To finish up, we define the family ¢, that satisfies the required conditions:

%(p):%, peM

j=1

O

Armed with the partition of unity we can now define the integral of an n-form w on M", a
compact oriented differential manifold, as follows:

Let {¢;} a differentiable partition of unity subordinate to the covering {V,,}. The support
of the form p;w is contained in V;. We now set:

m
w= W
=3, e

We only have to demonstrate the independence from the chosen covering (and its partition
of unity).

Consider hence another covering {W3} of M with the same orientation as {V,}, and let
{#j}, 7=1,...,s be its subordinate partition of unity. Then, {V, N W3} will be a covering of
M with a subordinate partition of unity {y;1;}. Because for each i, respectively j, the functions
are defined in V;, respectively in W;, we obtain the following equalities:

g/f\/f@iw B g/ﬂ/[@i ;wﬂ' W= ZZ]:/M%%‘W
Sy S

2 The Stokes Theorem

In this section, we want to prove Stokes Theorem, which states that, given an n-form w on a
bounded manifold M, the integral of dw in M equals the one of i*w in 9M (i being the inclusion
of the boundary in the manifold).

2.1 Preliminaries

First we will need some new definitions!

Definition 2. A half-space of R™ is the set

H" ={(x1,...,2,) € R"; 21 <0}



An open set in H™ is the intersection with H"™ of an open set U in R"
A function f : V. — R defined in an open set V. € H" is differentiable if there exists an
open set U € V' and a differentiable function f in U such that f,, = f. The differential of f at

p € V is defined as df, = dfp.

Definition 3. An n-dimensional differentiable manifold with (regular) boundary is a set M and
a family of injective maps fo : Uy C H® — M of open sets of Uy, C H™ into M such that:

1. Ufa(Ua) =M

2. For all pairs o, B with f, (Ua) ﬂfg(Ug) =W # @ the sets f;1 (W) and fﬁ_l(W) are open
sets in H™ and the maps f/;l o fa, folo [z are differentiable.

3. The family is maximal relative to 1 and 2.

A point p € M is said to be a point in the boundary of M if for some parametrization around p
we have that f(0,x2,...,2,) = p.

Note that the definition is almost identical to the definition of differential Manifold, only
adding the boundary and replacing R™ by H™. All other definitions are introduced the same
way just replacing R"™ by H".

The set of points in the boundary of M is called the boundary of M and denoted by OM.
If OM = @ the above definition agrees with the one of a differentiable manifold given in the
previous lecture.

Lemma 3. The definition of point in the boundary does not depend on the parametrization

Proof. Let f1 : U — M be a parametrization around p with fi(q) = p, ¢ = (0,22,...,2,)
and assume the existence of a parametrization fo : Uy — M around p with fa(q2) =p, ¢2 =
(x1,22,...,2p) and 1 # 0. Furthermore, let W = f; (Ul) N fg(Ug).

The map

fitefor f3 (W) — £ (W)

is a diffeomorphism. Because z1 # 0, there is a neighborhood U of g2, U C fy ! (W), that
does not intersect the x1-axis.

The restriction f; Lo f5 to U is differentiable with non-zero jacobian and, because of the
inverse function theorem, it will take a neighborhood V' C U of ¢y diffeomorphically onto f| Lo
fo (V) But this would mean that f1_1 o fo (V) contains points (x1, z2,...,x,) with ;1 > 0 and
thus not in H", which is a contradiction to our assumption. O

Proposition 2. The boundary OM of an n-dimensional differentiable manifold M with boundary
is an (n-1)-differentiable manifold. Furthermore, if M is orientable, an orientation for M induces
an orientation for OM.

Proof. Let p € M be a point in the boundary of M and let f, : U, — M™ be a parametrization
around p.

Given f;1(p) = (0,z2,...,7,) € Uy, let Uy = Uy N {(:cl,...,xn) e R x1 = O}, which is
an open set in R"™!, and f, = fa|Ua'

According to Lemma 3, f, (Ua) C OM and by letting p run the points of 9M, we see that
{(Ua, f4)} is a differentiable structure of M and OM a (n-1)-differentiable manifold.

Now assume that M is orientable and set an orientation {(Ua, fa)} for it. {(Ua,?a)} is, as
per above, a differentiable structure for 9M. We want to show that det(d(fgl ofg)g) >0;qe
OM (the jacobian of the change of coordinates is positive).



For a point ¢ whose image is on the boundary, because the change of coordinates f, o f/g !

takes a point (O,mg, .. ,xﬁ) into a point (0,z9,...,z%), we get:

det(d(Fa" o fa)) = gxﬁ det(d(Fa" o F5))
1

ZI—Z > 0 and, since det(d(f; ' o f5)) is positive by hypothesis, it follows that det(d (fa o fg) ) >
7

0; g € OM. O

2.2 Stokes Theorem

Theorem 1. (Stokes Theorem) Let M™ be a differentiable manifold with boundary, compact
and oriented. Let w be a differential (n-1)-form on M, and let i : OM — M be the inclusion
map of the boundary OM into M. Then

/ i*w:/ dw
oM M

Proof. Let K be the support of w. We will consider two cases: K is contained and K is not
contained in a coordinate neighborhood.

A K is contained in some coordinate neighborhood V' = f(U) of a parametrization f : U C
H" — M. In U,

n
w:Zajdxl/\...Adwj_l/\dxj+1A.../\dxn

Where a; = aj(x1,...,2,) is a differentiable function on U. dw is given by:

n

.. Oa;
dw = —1) 1 =L | day . day,
w jz;( ) oz, 1 T

A1l We will first examine the case where the border isn’t contained in the coordinate neigh-
borhood.

In such a case w is zero in M and i*w = 0 which gives us |, on "M =0 and we only need
to show that [;, dw =0 to end the proof.

Let us first extend a; to H":

aj(z1,...,xn) = aj(z1,...,2p), if (x1,...,2p) €U
aj(z1,...,xn) =0, if (z1,...,2p) € H"=U

The functions are differentiable in H" (f~!1(K) C U ). We now construct a parallelepiped
@ C H" with boundaries 9:]1 <z; < x? containing f~'(K). We then proceed to explicitly
calculate the integral:

- . 0a; Oa;
dw:/ —1)y1== dwl...dxn— j 1/ jdl'l
/M U jz:;( ) dz;

= Z(—l)jil / [aj(xl, e ,a:j_l,x?,xj+1, e ,.’L‘n)
J

1
—aj(z1,... s Tj1y Ty Tjgds oo )| dxy ... dejydrjgy ... dx, =0

With the last equality being a result of a; = 0 on the edges of Q.



A2 Lets now assume that f(U) NOM # @. We write the inclusion map i as 1 =0, z; = z;

We will extend the a; functions as in Al and construct a parallelepiped @ containing f~*(K),
given by 1 < 21 <0, :c]l <z; < azg-), j € {2,...,n}. Again, we only need to calculate the
integral:

da
dw = =t [
fy =2 [ ke
:/[al((),acg,...,:vn)—al(x%,asg,...,:vn)dxg...da:n
Q
+Z(—1)j_1/ [aj(:cl,...,az?,...,xn)—aj(:clj...,azjl-,...,xn)]dxl...da:j,ld:cjﬂ...dxn
; Q

Becauseaj(xl,...,:ng,...,mn) = aj(xl,...,:v},...,asn) =0for2 <j<nanda(zi,xe,...,2,) =
0, we obtain the desired result:

/ w:/al(O,xg,...,wn)dmg...daEn:/ Fw
M oM

B We now want to consider the general case. Let {V,} be a covering of M by coordinate
neighborhoods compatible with orientation and ¢4, ..., ¢, be its subordinate differential par-
tition of unity. The forms w; = p;w, j € 1,...,m satisfy the conditions of case A and, since

>_jdpj =0, we have
ij = w, Zdwj = dw

/de:Z/dej:Z/aMi*wj:/aMi*ij:/aMi*w

J=1 J=1 J

. Hence,

3 Divergence Theorem

Definition 4. Let v the n-form in R" defined by v = dxi A --- Adxy, i.e. the n-form such that
v(er,...,en) = 1, where {e;}, i = 1,...,n is the canonical basis of R™. Then v is called the
volume element of R™.

Definition 5. (Hodge star operation)
Given a k-form w in R™, we will define an (n — k)-form xw by setting

*(d$“ A A dSC@k) = (—1)U(dl’j1 FANIRIVAN d$]'n7k)

and extending it linearly, where i1,..., 05, Jiy--yJn—ks (01 .-k, J1 - - Jn—k) 98 a permutation of
(1,...,n) and 0 is 0 or 1 according to the permutation is even or odd, respectively.

Example 1. If we have a differentiable vector field in R", that can be considered as a differ-
entiable map v : R” — R™, we can obtain a 1-form w by the canonical isomorphism induced by
the inner product: w(—) = (v, —), or, in coordinates w = vidzy A --- A vsdzrs. Then we have *w
is an (n — 1)-form given by

kw = v1dxy A - Adxy — vodzy A (dzg) -+ Ndxy + -+ + (—1)”_lvndx2 Ao Aday,



Now we can compute d(*w) that is an n-form and it is equal to:

n
a’UZ'

1 8:01

d(*w) = dzy N--- Ndzxy,

So, we have that
d(*w) = (divv)v

Theorem 2. (Divergence theorem) Let M be a bounded region of R® such that the boundary
OM of M is a reqular hyper-surface of R3; M is then a compact 3-dimensional manifold with
boundary OM. Let v be a differentiable vector field in R, and let w be the 1-form in R3 dual to
v in the natural inner product of R3. Then,

/M div(v) v = /8M<v, Nyo

Proof. Let v be a differentiable vector field in R3, and let w be the 1-form in R?® dual to v in
the natural inner product of R3. Then, d(+w) = (divv) v, where v is the volume element of R3.
Now choose an orientation for R? and let N be the unit normal vector of M in the induced
orientation. Finally, let o be the area element of OM.
Consider, in a neighbourhood U C R? of p € M, differentiable orthonormal fields ey, ez, N such
that, in the points of dM, ey, eo are tangent to IM.
Then

i*xw(er,ez) =w(N) = (v, N)
ie. *(xw) = (v, N)o.
In fact, if we change basis from the standard one to {e1, e2, N}, we see that w(—) = w(eq){e1, —)+
w(ez){ea, —) + w(N)(N,—), in coordinates w = w(ey)de; + w(ez)des + w(N)dN.
So, (xw) = w(ey)dea AN dN — w(ez)der A AN + w(N)dey A des.

i**w(N) (e1,e2) =w(N) = (v, N)

/M div(v) v = /aM@, N)o

Thus, in this case

can be written as

4 Poincaré’s Lemma

Definition 6. Let M™ an n-dimensional differentiable manifold. A differential k-form w is said
to be exact if there exist a (k — 1)-form (3 such that dg = w. It is said to be locally exact if for
each p € M™ there exist a neighbourhood V' of p in which it is exact.

w is said to be closed if dw = 0. It is said to be locally closed if for each p € M™ there exist a
neighbourhood V' of p in which it is exact.

Remark 1. Since d?> = 0, an exact form is closed, but the converse of the above fact does not
hold in general.

Example 2. Let’s consider the 1-form w = ”ng%g‘j"‘, defined in R? — {(0,0)} = U.
We see that w is closed. In fact,

x x Y Y 2
dw=d| - | Ndy + ————d%y —d| ——— | Ad d
’ <:c2+y2) Pty <x2+y2) SR

x y
—d| -V Ady—d[ —L— ) Adz =0
(w2+y2> Y <x2+y2> !




On the other hand, there exist no 1-form, i.e. differentiable function g in U such that dg = w,
otherwise, by Stokes theorem, if C' = (z,y) € R2, 224+ ¢y? =1,

Joo= o= fo=0
C C oC

But it is easy to see that this is impossible, because it is easy to prove that fcw = 27.
It is possible, however, to find a neighbourhood V' C U of each p € U and a differentiable
function gy such that dgy = w.

In this section we will show that the situation of this example is completely general, in other
words, we will show that the condition dw = 0, i.e . w is a closed form, is a sufficient condition
for w to be locally exact.

Definition 7. An n-dimensional differentiable manifold M™ is said to be contractible to some
point pg € M if there exist a differentiable map H : M" xR — M™, H(p,t) e M, pe M, t€ R
such that

H(p,1)=p, H(p,0)=po, VpeM

Example 3. R"” is contractible to an arbitrary point. In fact, we can define

H(p,t) =po+ (p — po)t

With the same argument, we can show that the ball B, (0) = {p € R";|p| < r} is contractible
to the origin 0.

Now we are going to prove the Poincaré’s Lemma, in other words, we are going to show
that, if M is smoothly contractible to a point, then every closed form dw is exact.
At first, we need to define a differential form on the product M™ x R. To do that, we need to
remember the projection map 7 : M x R — M, w(p,t) = p.
In addition, if we have a k-form w in M™, we can consider the k-form in M x R, given by

w; = H*w
where H is the map of the definition of contractibility.

To prove the theorem, we start with a Lemma.

Lemma 4. Fvery k-form wy in M X R can be written uniquely as
w; =wo+dt A

where wq is a k-form on M x R with the property that wo(vy,...,vx) =0, if some v;,i = 1,.., k,
belongs to the kernel of dm and n is a (k — 1)-form with a similar property.

Proof. Let p € M and f : U — M be a parametrization around p. Then f(U) x R is a
coordinate neighbourhood of M x R, with coordinates, say, (z1 om,...,x, o m,t), that we will
call (21,...,2n,t).

In f(U) x R, wy can be written as

w] = Z aih_“,ikdxil A A dl’lk +dt A Z bi17-~-7ik—1d‘ri1 VANERRIVAN da:z-k_l =wo+dt An.

Ulyeensll

It is very easy to see that wg and 7 have the required properties.



Furthermore, if the decomposition
w1 =wo+dt An
holds in all of M, it has to be locally equal of the form

W] = Z aih._,,ikdxil VANREIAN d:liik + dt A Z bh,...,ik_ldmil VANIERWAN dxik_l =wo+dt An.

To prove the existence, it is sufficient to define wy and 7 on each coordinate neighbourhood using
2. In the intersection of two of such neighbourhood, the definition agree by uniqueness, thus wy
and 7 can be extended to the whole M satisfying the decomposition of the Lemma.

This proves the claim. O

Now let’s consider the map i; : M — M x R, given by i:(p) = (p, ).
It is the inclusion of M into M x R at the "level” t.
We want now to define a map I that takes k-forms of M x R into (k — 1)-forms of M. If p € M
and vy ...vy € T,M, then, the required map, at p is the following:

1
({w1)(v1..05-1) = /0 {n(p,t)(dir(v1),...,dig(v—1)}dt

where 7 is the form found in Lemma.

The crucial point of the theorem is contained in the following Lemma.

Lemma 5.
i’{wl — igwl = d(le) + I(dwl).

Proof. Let p € M. We can use the same coordinate system (x1,...,x,,t) of M x R introduced
in Lemma 4. At first, we notice that the operation [ is additive,

Iag + ag) = I(ag) + I(ag)
It follows that, since w1 = wg A dt A 1, it suffices to consider the following two cases:
1. wy = fdx;; A .. ANdx;, and

2. w1 = fdt/\dwil VAR /\da:ik_l.

1. We know that wy = fdx;, A..Adx;,. Let’s calculate dw; = %{dt/\dwil A---Ndx;, + terms
without dt.
Since we are in the coordinate system (z1,...,x,,t), the operation I allow to integrate
the local representation of w; along the second factor ¢t. Therefore,

1
I(dw1)(p) = (/0 g{dt) dxi, A - Ndzg, = (f(p, 1)—f(p,0))dzi,, ..., dz;, =ijw(p)—igw(p)

, where we used the fact that (i; o m)* = (id)* in order to prove the first of the equations.
Since [w; = 0, we conclude the lemma in case (1).

10



2. lfwy = fdt Ndxzi, N.. ANdx;, , then ijw = 0 = i{w. It is easy to show that considering the
fact that i} (dt) = d(if(t)) = d(t o i) = d(const) = 0.
On the other hand,

a=0

Therefore,
1 af
I(dwy)(p) = — g a—dt dre Ndxi A--- ANdx, |

and

1 1
d(Iwy)(p) = d{ (/ fdt) degy A--- Ndzg, |} = Z(/ aa;dt> Ao Adxiy A--- Ndxi,
0 = \Jo a

which complete the Case (2) and the proof of the Lemma.

Now we are ready to deal with the Poincaré’s Lemma.

Theorem 3. Let M be a contractible differentiable manifold, and let w be a differentiable k-form
in M with dw = 0. Then w is exact, i.e., there exist a (k — 1)-form « in M such that do = w.

Proof. Let m: M x R — M, w(p,t) = p the projection map and w; = H*w as defined above.
Since M is contractible, we have
H oiq = identity

and
Hoig=const=py e M

Thus,
w=(Hoi)w=14](H'w) =ijw;

0= (Hoip)*w=1i5(H"w) =ijwi
Now, since dw = 0, we obtain that dw; = H*dw = 0. It follows by Lemma 5 that
w=1ijw=dw) = d(a)

where o = Twy. O

5 Exercises

Exercise 1. Let g : R? = R, f : R3 — R be a differentiable function and let M3 C R3 be a
compact differentiable manifold with boundary dM?.
Prove that:

1. (First Green’s identity)

/ (grad f, gradg) v—i—/ Vg w :/ f{gradg, N) o
M M oM

where v and sigma are, respectively, the volume element of M and the area element of
OM, and N is the normal of OM

11



2. (Second Green’s identity)
[ (¥ =92 o= | (flgradg, ¥) - glgradg. N))o
M oM

Proof. 1. The proof of the first Green’s identity is a simple application of the divergence
theorem proved above. We know that

/ div(v) v = / (v, N)o
M oM
If we choose our vector field v = fgradg, we obtain:
/ div(fegradg) v = / (fegradg, N)o
M oM
But it is very easy to check that

div(fgradg) = fV?g + (gradf, gradg)

and so, we have:
/ div(v) v :/ Vg U+/ (gradf,gradg) v :/ (feradg, N)o
M M M oM
2. To prove the second Green’s identity, we will use the first one. In fact, we know that

/ (foradg, N)o — / V2 0+ / (gradf, gradg) v
oM M M
and
/ (ggradf, N>0=/ gV?var/ (gradg, grad f) v
oM M M

Now, we just need to subtract the two equations in order to prove our statement

/8 | (feradg, N)—{ggradf, N)o = /M Vg o+ /M<gradf, gradg) v— /M gV f vt /M<gradg, gradf) v

Since (gradf, gradg) = (gradg, gradf), the statement is proved.
]

Definition 8. Given a differentiable function f : R — R, we will define the Laplacian Vf :
R™ — R by
V[ = div(gradf)

Is it easy to show that this definition in equivalent to

0% f
Vf= —5
! Z Ox?
and, with this definition, we can see that the Laplacian is a linear operator, i.e.

V(f+9)=Vf+Vyg

Exercise 2. (introduction to potential theory in R) A differentiable function g : R® — R is said
to be harmonic in a subset B C R3 if V2g = 0 for all p € B. Let MinR? be a bounded region
with reqular boundary VM. Prove that:

12



1. If g1 and go are harmonic in M and g1 = go in VM, then g1 = g2 in M.
2. If g is harmonic in M and we define

on

IN (gradg,N) =0

in OM, where N is the unit normal vector of OM, then g = const. in M.

3. If g1 and go are harmonic in M and

991 _ 09>
ON ON
in OM, then g1 = g2 + const in M.
4. If g is harmonic in M, then
dg 0
AP
om ON
5. The function % is harmonic in R® — {0}

(24y2+22)2

6. (Mean value theorem). Let f be harmonic in the region
B, ={peR’| |lp—pol* <r?}

whose boundary is the sphere S, with center in pg. Then

1
o) = 5o [ 1o

Proof. 1. We can use the first Green’s identity with f = g = g1 — g2 and we obtain:

/<grad(g1—gz),grad(gl—gz)>v+/ (91—92)V2(g1—g2)v=/ (91—92)(grad(g1—g2), N) o
M M oM

Since g = go in VM, f = g = 0in VM and g1, g2, i.e. V2(g1 — g2) = 0 are harmonic
functions:

/ (grad(g1 — g2), grad(g1 — g2)) v =10
M

The norm of the gradient is equal to 0 in M and so, the function f = g = g1 — ¢o is
constant in M and so, it must be null in M.
As a consequence, g1 = g2 in M.

2. We can use the first Green’s identity with f = g and we obtain:

/ (gradg, gradg) v + / gVigv = / g(gradg, N) o
M M oM

As in the previous case, we have:

/ (grad(g), grad(g)) v =0
M

and so, g must be constant in M.
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3. Let’s define the function f = g; — go. We know that V2g; = V2g; = 0 and
991 _ 092
ON ON
or, in other words,

(gradgi, N) = (gradgs, N) = (gradg; — gradgs, Nrangle = (gradf, N) =0

We also know that V2(f) = 0 because the two functions g; and go are harmonic: the
function f is harmonic. So, using 2), f = const, i.e. g1 = g2 + const.

4. Let’s use the first Green’s identity with f = 1. We obtain:

/ (gradl, gradg) U+/ Vzgv:/ (gradg, N) o
M M oM

Since gradl = 0 and V?g = 0,

)
—= = gradg, N) 0 =0
/8M ON aM< )

5. Tt follows with easy calculations by the definition of Laplacian operator.

6. Let’s use the second Green’s identity in the region D = B, — B,,p < r, with f = f and
g= % Since g and f are harmonic,

1 of o 1 19f
[ Uant = Qe = [ Uant — rone

Furthermore, we know that %(%

1
dp? Jg fo= 4777“2/ fo

And if we just let p — 0 we prove the claim because:

1 1 1
Ii =1 -
,olg(l) 47 p? / fo= plg%) 47r7"2/5 fo 472 /Sr fo
1
p—>0 47rp / fo = Anr2 /Sr fo

) = 8@(7) = (_1) and we can also use the point (4):
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