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Set Up

m Fix a compact Riemann surface (X, Oy) of genus g > 2, where O y is the sheaf
of germs of holomorphic functions. I.e. we see X as the analytification of a
complex projective algebraic variety.
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Abelian Hodge Theory

Classify flat line bundles over X:
HY (X, C)= HY (X, X y)® H'(X,0y)

and moreover:

HY(X,C*) =~ HOY(X,Xy)x Pic®(X)

not hol
We describe GL,(C)- local systems, by a holomorphic line bundle and a
holomorphic 1-form.
Remark: By GAGA, classifying holomorphic bundles on the Riemann surface is
equivalent to the classification of algebraic bundles on the corresponding projective
variety/C.
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Non-Abelian Hodge Theory 5,

D H" (X, XF)
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Moduli

Higgs Bundles and the Dolbeaut Side

H(X) = {(9p, 9)| O : Q°(E) = QON(E); ¢ € HO(X,End(&) ®p,, K x)}

m The choice of 5}5 for a complex bundle £ fixes the holomorphic structure on
the bundle. Notation: & <+ (9g, E) <> Oy
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Moduli

Higgs Bundles and the Dolbeaut Side

H(X) = {(0g,9)| 0 : Q°(E) » Q¥ (E); ¢ € HO(X, End(€) B0, X x)}
m The choice of 5}3 for a complex bundle £ fixes the holomorphic structure on
the bundle. Notation: & <+ (9g, E) <> Oy
m Higgs field ¢ : & = £ ®y K x is a holomorphic (0o = 0), O x-linear
morphism.
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Moduli

Higgs Bundles and the Dolbeaut Side

H(X) = {(0p,9)| Op : QU(E) — Q¥ (E); ¢ € HO(X,&nd(€) ®p, X x)}
m The choice of 5}3 for a complex bundle £ fixes the holomorphic structure on
the bundle. Notation: & <+ (9g, E) <> Oy
m Higgs field ¢ : & = £ ®y K x is a holomorphic (0o = 0), O x-linear
morphism.
m H(X)C Q¥ (End(E)) @ QYO (End(E))
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Moduli

Higgs Bundles and the Dolbeaut Side

H(X) = {(0p,9)| Op : QU(E) — Q¥ (E); ¢ € HO(X,&nd(€) ®p, X x)}
m The choice of 5}3 for a complex bundle £ fixes the holomorphic structure on
the bundle. Notation: & <+ (9g, E) <> Oy
m Higgs field ¢ : & = £ ®y K x is a holomorphic (0o = 0), O x-linear
morphism.
m H(X)C Q¥ (End(E)) @ QYO (End(E))

m For simplicity we restrict to:

NE=0x
and tr(¢) =0, i.e. SL, C- Higgs bundles.
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Higgs Bundles and the Dolbeaut Side

m The gauge group G(F) of smooth automorphisms of the underlying bundle E,
acts on # by conjugation.
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Higgs Bundles and the Dolbeaut Side

m The gauge group G(F) of smooth automorphisms of the underlying bundle E,
acts on # by conjugation.

m Reduce # to the subspace of polystable Higgs bundles. These have closed
orbits under the action of the gauge group.

deg(F) - deg(€)

1 : o 1 :
Stability: (€, @) is stable : <= “o0p s < k(@)

) VI <¢—inv. ¢
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Higgs Bundles and the Dolbeaut Side

m The gauge group G(F) of smooth automorphisms of the underlying bundle E,
acts on # by conjugation.

m Reduce # to the subspace of polystable Higgs bundles. These have closed
orbits under the action of the gauge group.

deg(F) - deg(&)

Stability: (&, ¢) is stable : <= E—r rank:(é’) VI <pimy. €
m The resulting quotient is the moduli space of Higgs Bundles:
M poy(X) := HP* (X /9 H(X) /g(E) =: MF(X) D T*Bun®*(X)
Mpa(X) > T Bun(X)
dense
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Higgs Bundles and the Dolbeaut Side

m M p,(X) is a complex analytic space/ normal quasi-projective variety/c. In
addition to the C- structure I, it carries a symplectic structure w;.
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Higgs Bundles and the Dolbeaut Side

m M p,(X) is a complex analytic space/ normal quasi-projective variety/c. In
addition to the C- structure I, it carries a symplectic structure w;.

m There is a C*-action on M p,;(X):

A (0, @) = (05, Ad); A € C*
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Hitchin Map

m There is a proper holomorphic map:

Mp(X) — B:= @ HO(X, K®%)
(&, ¢) = (tr(¢?), ..., tr(¢™))
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Hitchin Map

m There is a proper holomorphic map:
M po(X) — B = P HO(X, K®')
(&, ¢) = (tr(d?), ..., tr(4™))
m We will be interested is a special section of this map:

Sp B — Mpy(X)

0 g2 Qn

n—1 n—3 1-n 1 ., “.. S
(@253 q) = (K K¢ 0Ky, g )

‘. . )

1 0

g-Opers and the Hitchin Section (Partl) Menelaos Zikidis - Universitit Heidelberg 8



Hitchin Map

m There is a proper holomorphic map:
M po(X) — B = P HO(X, K®')
(&, ¢) = (tr(d?), ..., tr(4™))
m We will be interested is a special section of this map:

Sp B — Mpy(X)

0 g2 Qn

n—1 n—3 1-n 1 ., “.. S
(@253 q) = (K K¢ 0Ky, g )

‘. . )

1 0

1
m Involves the choice of a X'} € Spin(X) where Spin(X) is affine over Jac(X)[2].
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Non-Abelian Hodge Theory 5,

D H" (X, XF)
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Theorem: Donaldson/ Narasimhan Seshadri

The Higgs bundle (&, ¢) is polystable as a Higgs bundle, i.e. (&£,¢) € M p,;(X).

<

There exists a hermitian metric h on E, with associated Chern connection 9, with

@2’1 = 5E, that solves the following system of non-linear PDE’s:
Fp + 9, #¢Tr] =0 Hitchin’s Self-Duality
@2’1¢ = 0. Equations
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Moduli

Moduli Space of Flat connections/ the de Rham Side

mD:={(V,V)|V:V -V ®c Ky holomorphic connection}
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Moduli

Moduli Space of Flat connections/ the de Rham Side

mD:={(V,V)|V:V -V ®c Ky holomorphic connection}
m D :={(V,V)e D W <V V-inv. has a V-inv. complement }
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Moduli

Moduli Space of Flat connections/ the de Rham Side

mD:={(V,V)|V:V -V ®c Ky holomorphic connection}
m D :={(V,V)e D W <V V-inv. has a V-inv. complement }
m Myp(X) = DCT/Q
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Moduli

Moduli Space of Flat connections/ the de Rham Side

D:={(V,V)|V:V =V ®c Kx holomorphic connection}

Der:={(V,V) € D| W <V V-inv. has a V-inv. complement }

Myp(X) =D /9

Is a Stein space and carries a symplectic structure, which is the pullback of
the Atiyah-Bott-Goldman via the Riemann-Hilbert correspondence.
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Non-Abelian Hodge Theory 5,

D H" (X, XF)
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A-Connections/ the stuff in between, (in and around)/ "The Hodge Span’
M p0g(X) = {(X05, V)| V5 : Q(E) = QM(E)} /g
m (E, 5E) is a homolorphic vector bundle on X,
m V,(fs) = fV(s) + \-0f ® s; with s € Q°(E), f e C®(E,).
m [V,,05 =0.
m )\ € C, defines a tautological map onto the affine line, also denoted by A:

A s M goa(X) — Ag,
[)‘7 5Ev VA] — A
with fibers: A71(0) = M p;(X) and A71(1) = M 4z(X)
making M p,,(X) into the NAH-span from M p;(X) to M 45(X).

m the C*-action on M p,;(X) extends on M p,,(X), which preserves only the
A~ (0)-fiber.
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Non-Abelian Hodge Theory 5,

D H" (X, XF)
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Non-Abelian Hodge Correspondence

m Hitchin’s equations are equivalent to the integrability of the following family
of A-connections:

Dy = AL+ Dy, + Aopin Deligne’s twistor family
D=0 V\eC.

m Further, specializing the family to the fiber over A = 1, we obtain a
holomorphic flat connection, i.e. a point (V,V) € M ;5(X):

(V= (&, D?,l)’ V= Q)ll’()) € M yr(X)
m Summarizing, the NAH correspondence is the map:

Mpo(X) 3 (€,¢) = (B, h, D), 8) = (B, Dy) = (B, Dy2,), D)) € Map(X)
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Definition: SL,,C-Opers a la Beilinson-Drinfel’d

An a SL, C-Oper on the curve X is a triple (£,V,F°):
m & is a holomorphic bundle,
m V is a holomorphic connection,
m F° is a complete holomorphic filtration of &,
such that:
1. The filtration is Griffiths-transverse w.r.t. V:

V) : " Ty Ky, (C-linear)
2. the induced map on the quotients:
VI J g1 FH g ®o, Xx, (Ox-linear)

is an O y-linear isomorphism (i.e. the identity in Pic(X)).
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Baroque-Opers: R.C. Gunning was the first to take a shot at defining Opers:

An Oper on an projective algebraic curve is a globally defined differential operator

1-n

3 2
of order-n, acting on X" ,* .

L.e. define globally a higher order differential equation.
The higher order differential is not globally defined on a generic coordinate system
(unlike the de Rham differential).

Remark

The Beilinson-Drinfel’d picture generalizes Gunning’s, by interpreting Opers as
cyclic D y-Modules.

The 2nd-order situation:

d2
dz?

2

(2) = q(2h(z) > da? [hd— <z>} $(z) =0

dz?
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Opers Vs Complex Projective Structures

m A simple computation shows that the condition for the last equation to be
globally defined is that the coordinate change functions are Mobius
transformations:

+ b
_ %ap®s T ap. {a 2} € Aut(H)
Caﬁzﬁ—i'daﬁ

as the obstruction to gluing/integr. takes the form of a Schwarzian derivative.

m The uniformization theorem for compact Riemann surfaces provides us with
such a coordinate system.
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Uniformizing CP!-Structure

» Uniformization: 3p : 7,(X) — SLyR such that: X =~ H /p<771 (X))- Then the
covering map H — X endows X with a PSL,R- coordinate system.

m In this coordinate system we obtain 1-cocycles for the canonical sheaf and its
square roots:

1 -1 Sap O
sread {7 )
«@ aB
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The associated connection to the equation

So we have: dz? [ﬁ% — q(z)] Y(z) = 0 globally defined on {z,}, with:
m q,d2% = qpdz = g€ H'(X, X%)
m Y, =&y = Y e HNK2) = dye H(X?)
We can now rewrite our equation as follows:
ENiley
-1 0 ('R

@ |: aw, :| |: Zb” :| |: Oéw :|
dZ w 1;// 1//
0

1[0 g —vo| _
d GHERI RS IPAE
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The associated connection to the equation

So we have:
_w/]
av, | Ve =0
h[,¢a
m For V, i=d + 1, and ¢, := [_01 qg] dz, € HO(End(K% & K ) @y Kx)-

m Le. ¢, is a Higgs field, and the connection-matrix in V.

1 _1
m BUT V,, is not a connection on the holomorphic bundle: X% @ X * as the
connection matrix ¢, does not gauge properly:

P AT e TN

af gaﬂ
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The associated Oper to the equation
On which bundle does V), live?

m The answer comes from interpreting A as an extension-class:

helsBat (K32, K%)= HY(X, X ) = H(X,0y)

m The holomorphic bundle on which V, live is:
1 _1
0 — X5 —V, — KXy —0

given explicitely by the cocyle:

5—1 dfaﬁ
Jap =707 |5 Gag~ Vi ap = Va.
0 faﬁ
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The associated Oper to the equation

BV, 2K K 2
mV, =2V, VA #0

Theorem: R.C.Gunning

1 1
For an point in the Hitchin section (X% © X'x*,¢,) € 522

m The pairs (V;, V") VA € C* constructed above, are an 1-parameter family of
SLy- Opers,

m In particular :

—0: (KL @K, ,) € 539 C Mpy(X)
1: (V,,Vh) e Ops1, C Myp(X)
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Conformal Limit

Introduce a real parameter: R € R* in Hitchin’s equations, by rescaling the Higgs

pair/ rescaling the compactification circle :

(&, ¢) stable — (&, Ro) stable.
= I, + R2[¢,¢Tr] =0
D)t p = 0.
thereby "twisting’ the twistor family:

R
Dp y = qu + Dy, + RApn

D%, =0 VYAeC
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The Gaiotto Conjecture

R
Dpy = 36+ Dy + RAG™ = Dpy= h'¢ + Dy, + hR?¢in
=%
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The Gaiotto Conjecture

R
=R

1. lim Dp , exists and is holomorphic.
R, =0 ’

h=2 fixed
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The Gaiotto Conjecture

R
Dpy = 36+ Dy + RAG™ = Dpy= h'¢ + Dy, + hR?¢in
=%

1. lim Dp , exists and is holomorphic.
R, =0

h,% fixed

2. If (£,¢,) = Sy(q), then for Dy 5 , = £¢, + Dy, + RAGY we have

lim D, = + D, + RA¢g"
RAas0 oA R 350 A ¢ h Z
h= % fixed h= % fixed

_ T
=h 1% + Dy + g™ = Vo,h.q
1
gauge ™ d+h ¢q
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The resulting correspondence:

M por(X) D C*-orbits in 8y — C*-families in Op,;  C M 45(X)
[Eo, )\%],\e@* — [E), vh,q]he@*

MDOZ (X)
C*-orbits BAA

(E07 (bq).
(E07 Ad)q) ®
Su * (B 00)
VHS
N

M ap(X)

ABA  h € C*-families
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Remarks on the Conformal Limit

m Interpretation of the conformal limit as a different (holomorphic) section of
MHod (X)

m The show must go on...but next time.
L]
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