On Dirac ensembles in noncommutative geometry
a gauge theory perspective

CP7-lunch seminar
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| Classical Dirac operators
[ Dirac operators in noncommutative geometry

[Il' Random (‘quantum’) Dirac operators and
multi-matrix models

[\ Yang-Mills-Higgs random matrix theory



I. CLASSICAL DIRAC OPERATORS IN RIEMANNIAN GEOMETRY —

. . . . ; G—7
For us M will be a Riemannian closed manifold, dim M = d. [
In physics, M is a spacetime (for this first part, still deterministic). F\’l/

Q: When do Dirac operators exist on M?
A: Only if the obstruction to a spin-structure wa(M) € H?(M,Z,) is trivial.



_ I. CLASSICAL DIRAC OPERATORS IN RIEMANNIAN GEOMETRY

For us M will be a Riemannian closed manifold, dim M = d.

In physics, M is a spacetime (for this first part, still deterministic).

Q: When do Dirac operators exist on M?

A: Only if the obstruction to a spin-structure wa(M) € H*(M,Z,) is trivial.

Z,-Cech cohomology in short,
« U= {U;}; good open cover of M
« j-simplices are o = (ko, ..., kj) such that
Ukky..ks = Uy 0" Uiy 0 -0 Uy, # I

« j-cochains, maps f : {j-simplices} — Z, satisfying invariance 7*f = f under
7€ &(j + 1), form an abelian group ¢/ (U, Z,)

« coboundary maps & : CV(U,Z,) — CIt(U, Zs) given by

(6jf>(k07 coog kj+1) = f(kl, coog kj+1)f<k0, kl. 5009 kj+1) DoO )‘_(/(07 coog kJ)

o HI(U,Z,) = ker & /im /1



A more familiar Z,-Cech cohomology class is
the orientability obstruction

« {U;}; good open cover of M
« pick s; : Uy — F(M) sections on the

frame bundle O(d) — F(M) — M « other choice of sections s, yields
1-simplex (kq. k _ oG Gl = gkGug, " and f' = (6°h)f where
+ on a l-simplex (ko, k1), Sk, = Sk; Gkoky he det g,
f(ko, k1) = det(Gy, .4, « other choice {V}; of a good open cover
— det(Gr, ) = F(ki. ko) yields a cochain complex map
- 1,K0/ — )

C*(V,Zy) — C*(U,Zy,),

« since {Gj }; are transition functions,

((Slf)(_h /, m) = @7/G/,me’j =1



I_OW Stlefe|—\/\/h |tney C|aSSGS (first two floors of Whitehead tower)

THEOREM M is orientable iff the 1st Stiefel-
Whitney class wy (M) := [f] = 1.

Proof of ‘if. If Wl(M) = 1, f(ko7k1) = det(GkO,kl)
is a 0-coboundary, f = 6°h. We can pick sections
{sk : Uxc — F(M)}« ande O(d) with det gy =
h(k), so that the transition functions for s, := sk~ g«

satisfy P
/ / NI -
det(Ghy k) = det(gy, Gho,ki &)
= [(8°R) - F](kos ka) = 1. [



I_OW Stlefe|—\/\/h |tney C|aSSGS (first two floors of Whitehead tower)

THEOREM M is orientable iff the 1st Stiefel- In similar way, a spin structure()\/?(M))
Whitney class wq (M) := [f] = 1. Spin(d) x P(M) —— P(M)

Proof of ‘if’. If wi(M) = 1, f(ko, k1) = det(Giy 1) ' ~_

is a 0-coboundary, f = 6°h. We can pick sections (Q/M l l)‘ P M
{sk : U« > F(M)}« and gx € O(d) with detgy = ‘

h(k), so that the transition functions for s; := si-gk SO(d) x Fso(M) Fso(M)

satisfy exists when the SO-frame bundle can be lifted
, o in compatible way with the double cover Z, <
det(Giy,x,) = det(gy, Cio.sagia) Spin(d) % SO(d). Transition functions gj

= [(8°h) - fl(ko,ka) = 1. [ 2" a Uj — SO(d) can be lifted to Spin(d)-valued

8ij- For U,'J'k # O, let

gl'jé-jkg-ki = Z(i,j, k)idSpin(d) ?(\(‘)\>k\€ Zz.
O —~\ = 4d s e
THEOREM [a acficer, 56) Orientable M is spin iff its
second Stiefel-Whitney class wo (M) := [z] = 1.



The DlraC Operator (assume d even)

« if P(M) is a spin structurelémd S a rep.

of the Clifford algebra C/(d) = End(?\S) « on the space of square integrable spinors
‘ L2(M,S) there is an (ess.) self-adjoint
S(M) = P(M) x4 S Qi & operator, the Dirac operator,
1
« the Levi-Civita connection V"¢ can be oo Gl
also lifted to the spin connection Dy = —icoV® =" —i 2 V(O + wp)
VeiT(S) - QX(M)RT(S) =1
Vec(w)y = c(Vw) + c(w) Ve and by Leibniz rule

v er(E)we Q' (M) [(75 ) [Duy, a] = —ic(da) ae C*(M)

being c Clifford multiplication, basically <4l ypich is bounded
c(dxt) =



Commutative spectral triples

A spectral triple (A, H, D) consists of

« a x-algebra A
A spin manifold M yields (An, Hu, D) a x-algebra

© Ay = C*(M) is a comm. =-algebra
o Huy := L2(M,S) a representation of Ay
= Dy is self-adjoint and for each a € Ay,

[Du, a] is bounded. Dy, has compact
resolvent  (Dy+ii™ € K(#)

+ a representation H of A

« a self-adjoint operator D on H with
compact resolvent and such that [D, a] is
bounded for each a € A

The ‘commutative case’ motivates

Q%)(A) = {Z(ﬁnite) b[D7 a] | ENCS A}



Commutative spectral triples

A spectral triple (A, H, D) consists of

« a x-algebra A
A spin manifold M yields (An, Hu, D) a x-algebra

o Ay = C*(M) is a comm. =-algebra
o Huy := L2(M,S) a representation of Ay

= Dy is self-adjoint and for each a € Ay,
[Du, a] is bounded. Dy, has compact
resolvent

+ a representation H of A

« a self-adjoint operator D on H with
compact resolvent and such that [D, a] is
bounded for each a € A

The ‘commutative case’ motivates

Q%)(A) = {Z(ﬁnite) b[D7 a] | ENCS A}

RECONSTRUCTION THEOREM:a connes, svce 137 Commutative spectral triples”""e axioms are Riemannian
manifolds.



Path integrals on M




——  QUANTIZATION & RANDOMNESS — —
« Path integrals on M — Path integral of spacetime (Quantum Gravity)

o <o

Quantum superposition of geometries
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o o

Quantum superposition of geometries

"
» Quantum Gravity — Random Geometry

ZQG :i eWSE”[g]D[g] — Z :i ei%sEH[g]'D[g]

~
topologies

topologies
geometries

geometries



~  QUANTIZATION & RANDOMNESS
 Path integrals on M — Path integral of spacetime (Quantum Gravity)

o o

Quantum superposition of geometries

» Quantum Gravity — Random Geometry

1
- :j: endelelplg] » z N e nlelp[g)
topologies topologies
v
» To access Z, models for ‘quantum space’ are proposed, e.g.
“ Discret Algebraic
{ e iscrete g

< single geometry
ﬂt&&bor %{ aradigms "@ — L(Z
Rebots (yp 757 paracie = =

N A ) / r‘\\ (™ from Wikipedia)
- e‘v e //ﬂ?(?uaw {?ﬁ‘[ﬁ?ﬂ, Rapddan ario



Sta n d a rd M Odel (min. coupled to gravity with right-handed neutrinos)
Lig?h ZOH(Wé™ — W o) + 75,2”,4 AWie +

-2.‘; — —30u900,9% — 9" 0ugiab gy — F9R U f ghgs g + Ligtsh
M i Yq5)gy, +G"(’)2("’+(7> 4, G"(;"_{/;—(),/H TIW— Wooh) + %iv(/?SwAuH(U;fCF W gt) — [/2%(2& -
MWW, - 18,220,Z; — LJFZOZ,U 30, 4,0, ’1v 1)Z)A, o*o’—(71;2“4“44},0*0’—E)‘(',E)er et — P yot —
«) Ho,H — —m,,H2 — 0T 0,0” — M?6T 9™ — 10,0°0,0° — “]A( O+ mA)ud — (70 + m)d) + igs, A [—(@yed) +
. \[o%"— B, [2;.’?+20”H+ (H2+r)°o°+20+w )]+ﬂm, %(u*"“u*) HUBAB)] + LA (L + 7)) +
i90ul0, Z0W W W W)= ZO(W40, Wy — W70, H) + (@ w(lS 19N + (@ (52— 1 =) + (B (1 —
Z“(U *() W, =W, ,’(),U;)] — iGSw ,A (U’*H N 5 ),1*)] 1g U,Ur[(f/\,u(l +15)er) + ('H?q"(l +
Wiw, )~ 4/(11 W —WoAW )+ -1 (W, Jr(),H B S\ n U - v Tt
2 s a v )C (1 dfCh (1
W, o,,IH]”JZU +n At ’+1y2U +n u*n i )A Al )q] i wva" i (@ f W+ (;7 *”;(f
,L.(Z°U T ZOZUH,, W)+ g% (4,‘11 i t )“QHM e[ ( AL =%)e) + o7 (@1 + )]~
AI,A,AU',ﬂV,T) + g2 'u,ru[—l,,Z,,(U W =W, *H )— %%‘i[H( &) + i (B %)) + 2”\/91#[ m[;(ﬂ;(f)\h(l -
24, Z)WFW] — ga[H® + HH° +2H(J)+U’] — égzu./,[]‘{“‘ + P)E) + (@ Cne(L + 75)d] + Z[\I\/’()?[”lé\((j,\(‘;\h(]‘ +
(%) +4(¢T )2 4 4(¢°) 29T ¢~ + AH2 ¢+ ¢ + 2(¢°)2H?| — 2OYu) — (@I )] — J&H(“ ) -
q\[lV,fH;l’H—%{]‘;‘}ZBZSH—%vg[”"ﬁ(o“(‘)ﬂo’—o’()“o")— L A Arg N ; 2 M il N
w g 7'77”14 g ig 5
Wi (60,6 — 670,00 + SgWi (HO,6 — =0, H) — SR (B + $570° (@) — 5@ )
" (HO, 0% — ¢*0,H)] + %yé(Zﬁ(HO ¢ — ¢°9,H) —
igSi MZO(Wio™ — Wi g¥) +igsu MAL(WiFo — Wrgh) — -
ig-5 2 ZN610,07 =9 0, +igsuAu (T 0,07 =0 0 OT)—
,(/Zn +¥ —[HZ ( ) +20+“—] 7,(/2 1 ZBZS[HZ (00)2Jr A
2(2s2, —1)%¢%¢7] — 342 ”Z%O(U *o + W gt)—
Inpot
— Classical Lagrangian of the SM

CoH® M;(C) —
number of families (3) by hand

[Chamseddine-Connes-Marcolli ATMP 2007 (Euclidean); J. Barrett J. Math. Phys. 2007 (Lorenzian)]




_ JI. DIRAC OPERATORS IN NONCOMMUTATIVE GEOMETRY —
The idea is to replace the metric in (M, g) by Dy «—

Connes’ geodesic distance

inf'y as above{g,y dS} = %(va)

10
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_ JI. DIRAC OPERATORS IN NONCOMMUTATIVE GEOMETRY —
The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

[f(x) = f(y)l

10



II. DIRAC OPERATORS IN NONCOMMUTATIVE GEOMETRY —

The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

sup {|f(x)—f(y)| : [|[Df = fD|| <1}
feC® (M)

10



_ II. DIRAC OPERATORS IN NONCOMMUTATIVE GEOMETRY —
The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance D =-¢"q3

inffy as a\bove{_“,y dS} = d(va)

sup {|f(x)—f(y)| : [|[Df = fD|| <1}
feco () 19l Ty ot

10



II. DIRAC OPERATORS IN NONCOMMUTATIVE GEOMETRY —

The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

infy as above{sv ds} = d(x,y) sup {|f(x)—="f(y)| : ||Df — D] <1}

feC® (M)

10



NCG toolkit in high energy physics (1.5 of 2)
« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

Sb(D) = TrH f(D//\) [Chamseddine-Connes CMP '97]

for a bump function f around the origin
and A a cut off scale. It's computed with ="
heat kernel expansion e cikey, 1 birr Geom 75)

11



NCG toolkit in high energy physics (1.5 of 2)

) o let's sketch connections: if S is a
« On a spectral triple (A, H, D) the functional on M

. . o .
(bosonic) classical action is given by 56 ., GMaps(M.G)
v

Sb(D) = Try f(D//\) [Chamseddine-Connes CMP '07] dwsd+ Al Ace (M) ®g

! _ —1 -1 §
for a bump function f around the origin BV = BT o 5 u € Maps(M, G)

and A a cut off scale. It's computed with
heat kernel expansion e cikey, 1 birr Geom 75)

» Realistic, classical models come from .
almost-commutative manifolds M x F,

where F is a finite-dim. spectral triple -

(C*(AF), Hu ® Hr, Dy @ 1F + 75 ® DF)
(MY Ay O
« applications require (A, H, D) to have a
reality J: H — H antiunitary™some axioms
implementing a right A-action on H,

wa = Ja* )~ peHaeA

11



NCG toolkit in high energy physics (1.5 of 2)

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

Sb(D) = TrH f(D//\) [Chamseddine-Connes CMP '97]

for a bump function f around the origin
and A a cut off scale. It's computed with
heat kernel expansion e cikey, 1 birr Geom 75)

» Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu ® Hr, Dy @ 1F + 75 ® Df)

« applications require (A, H, D) to have a
reality J : H — H antiunitary "someaxioms
implementing a right A-action on H,

wa = Ja* )~ peHaeA

o let's sketch connections: if S is a
functional on M

SG . SMaps(l\/l,G)

dvwod+ A Acd'M®4g

A = UAUil a4 UdU71 u € Maps(M, G) :

E woduts | ¥'= E § H, D
« given (A, H, D) and a Morita equivalence

A~ B (i.e. Enda(E) é/s) yields new
(B,H',D’). For A= B, in fact a tower

{(A7 H7 Dw)} te
weQp(A)
usduats D Wﬁ’ms. ' \
with D, = D 4+ w. In presence of J \‘D(')Q@q/

R E— EQ@SUM)
V(,{):L\)

ol (1oat)

D,=D+w= JwJ!

%%%QS‘,W . D, — Ad(u)D,Ad(u)

w— uwu® + u[D,u*]  ueun
/':/f;J . 11



NCG toolkit in high energy physics (2 of 2)

Dirac F,, operator

» The fermionic part is not treated here but
is essentially given by

1
SH(D) = 3 | DY) o
where 1) are (GraBman valued) fermions,

J implements charge-conjugation (J fixes
the spin structure)

2
‘{/ £ l. (‘E\ ] HF ~ 10* zeroes from geometry.

I
licks @ll pebider ,

12



_ III. RANDOM DIRAC OPERATORS & MULTI-MATRIX MODELS —

F (‘finite geometries’)

=CoHeo M;3(C)

geometry
etry paradigm)

Commutative spectral triples
(Spin Riemmanian Geomery)

i (C=(M), L(S), Par)
af)
0
1;\‘[ Quantium base geometrios 1
11][ without matter iolds _
g ~—— Teuk T
Tull & XT =

A1M: Make sense of

= e hTHIEE
awe  @.H,.)

Plane (h,1/N,0) of ‘base geometries’

Plane (1,0, F) = limy_o(h, 1/N, F)

Plane (0,1/N, F) = limp_0(h, 1/N, F)
of classical geometries

[CP 2105.01025]

alwost = comw.

13



Fynen

III. RANDOM DIRAC OPERATORS & MULTI-MATRIX MODELS —

F (‘finite geometries’)

Classical geometry

YM-H matrix spectral triple

matrix & fuzzy geometries

1 Matrix Geometries
[J. Barrett, J. Math. Phys. 2015] &~

2 Dirac ensembles (1. Barrett, L. Glaser, J. Phys. A
2016 and how to compute the spectral
action [cp 1012.13283)

3 Gauge matrix spectral triples
[CP 2105.01025]

«4 Functional Renormalization [cp 2007.10014)

and [cp 2111.02858)

14



Matrix or Fuzzy Geometries

DEFINITION “condensed” from [J. Barrett, /. Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € 2220 is given by

* a simple matrix algebra A — we take always
A = My(C)

¢ a Hermitian C¢(p, g)-module S with a chirality ~.
That is a linear map « : S — S satisfying v* =
and v2 =1

* a Hilbert space H = S® My/(C) with inner
product (v® R,w ® S) = (v, w)Try (R*S) for
each R, S € My(C), being (-,-) the inner product
of S

° a left-A representation p(a)(v® R) = v ® (aR)
onH,ac Aand vR ReH

15



Matrix or Fuzzy Geometries

DEFINITION “condensed” from [J. Barrett, /. Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € 2220 is given by

* a simple matrix algebra A — we take always
A = My(C)

a Hermitian C¢(p, g)-module S with a chirality .

That is a linear map « : S — S satisfying v* =
and v2 =1

a Hilbert space H = S® My (C) with inner
product (v® R,w ® S) = (v, w)Try (R*S) for
each R, S € My(C), being (-,-) the inner product
of S

a left-A representation p(a)(v® R) = v ® (aR)
onH,ac Aand vR ReH

three signs ¢, €/, €” € {—1, +1} determined
through s := g — p by the following table:

s=q—p(mod8) 0 1 2 3 4 5 6 7
c T - - = = & &
€ = =+ F + = F
% T

a real structure J = C ® *, where * is complex
conjugation and C is an anti-unitarity on S
satisfying C2 = ¢ and Cy* = ¢/y*C for all the
gamma matrices pu=1,...,p+q.

a self-adjoint operator D on H satisfying the
order-one condition

[[D,p(a)],dp(b)J ] =0  foralla,be A

a chirality ' = v ® 1 4 for H, where v is the
chirality of S. The signs above impose:

P =e, JD = €DJ, Jr=¢'rJ.

15



Characterization of Fuzzy Geometries

A fuzzy geometry of signature (p,q) (thus of dim.
p + g and KO-dim g — p) consists of

« A= My(C)

« H=S® My(C), being S a Cl(p, g)-module

16



Characterization of Fuzzy Geometries

A fuzzy geometry of signature (p,q) (thus of dim.
p + g and KO-dim g — p) consists of
« A= My(C)
« H=S® My(C), being S a Cl(p, g)-module
. . (axioms for D omitted £>) . . .

* Gamma-matrices conventions:

- (7#)2 = +]-7
w=1, ... p,v" Hermitian
B (,YH)Q = 717

w=1+p,...,q+ p,7y" anti-Hermitian

S Thi=AM AP for i =1,...,p+q,
I=(p,...,pr)

Characterization of D in even dimensions:

D =Z[‘;®{HI’ : }+Zr:nti.®[Ll7 ]
I I

with multi-index | monot. increasing, |/|

odd [J. Barrett, J. Math. Phys. '15]
Examples:
- Dayy =7 ®[L, ']+’Y2®{H7 -}
- Doy = ZMVH®[LH7 ']‘*"Yﬂ@{Hﬂ, >
[J. Barrett, L. Glaser, J. Phys. A 2016]
{H, }» H®Ily+1yQ@H"
L, -]~ L®ly-1yQL"

so we will get double traces from
Try = Trs ®Tr%92

16



Spectral Action: Traces of D?7 (cp 11156 Chord Diagrams for d = 2 geometries, 1 = diag(er, e2)

1
Try(D°) = 2N )" Trg (" -+ 4%) x
©

H(—1)2ppamsqpanappsie 4 (—1)lpnsprarephsia 4 (—1)0pHempanspuans (1) ipHem pranapiass 4 (—1)0pHer phais ik

(1) lparsppaneppans 4 (—1)0pmpappanspusis | (—1)3pakappais i | (—1)2parappanspians 4 (—1)1pimkspraisyians

(= 1)Oppragpspappsis (1) ipmmeppsnspuans 4 (—1)0pmpzpuspepass (] )ipesspraaisie (1 )2y sy piaps

17



Spectral Action: Traces of D™ (cr 1121525 Chord Diagrams for d = 2 geometries, n = diag(e1, &)

solid circ.

1
TrH(DG) = 2NZTr5(fy“1 ...ﬁ/us) 52
©w

Iz

-

Ha—13 Ha—13 a3 Ha—13 Ha—H3

1) 2y b pisis (1)L paksypas sk 4 (1)Op et priabsppans 4 (1 )Lpher e piishs | (—1)Opiohn piais ppsia
H(—1)Pppbegpatagatte (1) Ippikeppeegiats (-1 )Opuerplataphate (=] )Lpletpattapiais 4 (—1)OnHek gty

+ s M2+ s I R | 2 4 ps |2
p e Y

M3 Ha—[3 P13 Ha— 13 Ha—H3

/\
AN

+(,1)1,7mmnuwsnums +(*1)UU‘“' 7 s +(,1) ey 7 +(*1)2’/'“' nt2He sk +(*1)W“‘“SW“Z“U““‘G

pri— 3] He_— 11 He_— {1 He_—_f1 He_—j1
AL N IENIL S R

+  ps| M2 A s 2+ Ma(\ 2 4 ps| 2 4 ps |12
Ha——H3 Ha——H3 #\4"% P 3 Ha—— 3

+(—1)Oppabappassgpts g (—1)Lypnzppuansy (= 1)Ogpbzppisnoy (=) kg usiis g (—1)2p s pans s

18



Spectral Action: Traces of D™ (cr 1121525 Chord Diagrams for d = 2 geometries, n = diag(e1, &)

solid circ. dashed circ. (1,5),(2,4),(3,3)-partitions
1

Tru(D®) = 2NZ'TrS(¢n c ") x Toy (K -+ Kug) -+ Trw P x Try Q terms

Ky Km Ky K K K Kig K K K
/ He K I’/bf M \ // I’kiﬂ \ // /l/o,& \ // M 7& X
Is,L um |12 Is,u 4 Is,z Hs \f& 2 Kb + K lls\%\ /ﬂ\;ul(m\ K | \w /729 R T — 77 -
\ N e e T N T (T
- K L K Ky’ n - K Ky
e SR R S R S A
I M| 2 Kj + K 15| 2 Kp + K 15| 2 Kj + s 15| 2 Kuj + K b5 /ﬂwzhm
R ! R ! ‘\\ a3 2 4 K
S : G
/ KM Ix,,,\ Ko K
K 15| Wzl\'ﬂ e AM s Wzl& i + 1& 5 1 |12 K uf
N / N n—T / ‘\‘ / K
K Ky -




Spectral Action: Traces of D™ (cr 1121525 Chord Diagrams for d = 2 geometries, n = diag(e1, &)

solid circ. dashed circ. (1,5),(2,4),(3,3)-partitions
1

TI’H(DG) = 2NZIT|'S(7HI e ﬁ/HB)I X I']:‘I'/\/ (Kﬂl 000G Kuﬁ) +I TI"N P x TrN Q termsl

N PR us
[ — ) N s e 1 N V ) N i I N . [t

,ég(\\ W )Q W / Slngle Tr term from th|s dlagram \\ ky
K s |2 Kuj + {&',,, #5\ Wzl\,u + 1\,L 5 e v e pe e iz Ky
v\ PN/ PV N T T N

K I\M N K K P K K Ko K

Sk ke Tk =N, eneve, Ty (KK Ko KuKuKy) o i,
cameal, . (e
A &, kp. =2N-Try{e1K? + 2ex(Ki1K2)?K? + el(KozKl)Z &

;f*”\ +eKS + 2e1(KaK1)?K3 + ex(KEK2)?}

//&\uzku, 4 K ﬂ)\WVMKM + K,‘ ﬂ)\%\\ﬂzku + 1\‘1 NJQ /&“21\12

I N T *”u . uvwa

K, K Ky ) v

5!l diagrams
) 6 0/ 442 / 2 2 / 2 2
=2N - Try {elKl + 662K K5 + 3e2(Ki K2)? — 662Kt (K1 K2) }+ (1o2)

s

Ky \}\\wz I\M 4 A Mx\\:w Ky + K, us(ﬂ/}:\ﬂz Kuj + Ky, us(q_P\’m K,
i g w N/'s N *f*u/:z u\rffu/a }*J%



Multi-matrix models with multi-traces & ribbon graphs

» This holds in general dimension and
signature (cr 19

Z - SDIRAC e_ TrH f(D)dD (h = 1)

_ SM o—NTiy P—Tr%2(0(1)®0<2))dXLEB
p,q

- X e M, q = products of su(/N) and Hy

dXy; is the Lebesgue measure on M, 4

- P, Q(,') in (C<k> = (C<X1, 600 ,Xk> = (C<X>
are certain noncommutative polynomials

- Zronua leads to colored ribbon graphs

21 Try (ABBBAB) K

B TP (AABABAQ AA)
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Multi-matrix models with multi-traces & ribbon graphs

» This holds in general dimension and
signature (cr 19

Z - SDIR.—\C e TrH f(D)dD (h - 1)

_ SM e~ NTiy P—Tr%z(Qu)@Q@))dXLEB
b.q

- X e M, q = products of su(/N) and Hy
- dXg; is the Lebesgue measure on M, 4

- P, Q(,') in (C<k> = (C<X1, 600 ,Xk> = (C<X>
are certain noncommutative polynomials

- Zronua leads to colored ribbon graphs
&1 Try (ABBBAB) <

B TP (AABABAQ AA)

Ribbon graphs can be useful!

o Enumeration of maps [rezn, itzykson, Parisi, zuber, cmp 78].
The ones we get are ‘face-worded’

. . . .
7 N\4 a4
. »>---e x
B B B \ B B p
¢ B e
. .
N\ £ B B B B v’
S o A 3
o ! N X X %
af - ‘. .

¢ s

« Intersection numbers of -classes (ronieiich, cmp, ‘o2

/1 1)1
Z ar | a ann (2a; — 1!l
1 2 n 2a;+1

aj+...+a,=dim¢ ./ng Jj=1 sj

-y

G trivalent of type (g,n

(N

22g72+n 1

) #AU(G) ¢ Si(e) + SR(e)

19



~— TIV. YANG-MILLS-HIGGS MATRIX THEORY

F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asm =CoH & M;3(C

Aym = M, (C

geometries or

C=(M) commutative spectral triples

20



~— IV. YANG-MILLS-HIGGS MATRIX THEORY —

F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asy =CoHe M;(C

Aym = M, (C

geometries or

o> commutative spectral triples

{M* die ‘L)

? _1
Zac if T gp
Dirac ops.

(hard for AC-manifolds)
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IV. YANG-MILLS-HIGGS MATRIX THEORY —

F (‘finite geometries’)

Almost-commutative manifolds

(classical)

gravity}/
Asn = COH @ Ms3(C

? 1
Zac 2 f T gp
Dirac ops.

Ayn = M, (C e (hard for AC-manifolds)

geometries or

C=(M) commutative spectral triples

DEFINITION (210501025 We define a gauge matrix spectral triple G, x F as the spectral triple product
of a fuzzy geometry G, with a finite geometry F = (Ag, Hr, Dr, Jp,vF), dim Ap < 0.

20



DEFINITION [cP 2105.01025] Consider a gauge matrix
spectral triple G, x F with

F = (Mn(C), Ma(C), D, JF = c.c.,7F = 1)

and G, Riemannian (d = 4) fuzzy geometry on the
algebra My(C)

DHiggs Dga uge

D., :’Y®¢+Z’V“®(fu+ﬁ'u)+7ﬂ®(xu+4u)a
o

The field strength is given by

Fuv i =lu+an, v+ av] = [Fu, -]
7

m
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DEFINITION [cP 2105.01025] Consider a gauge matrix
spectral triple G, x F with

F = (Mn(C), Ma(C), D, JF = c.c.,7F = 1)

and G, Riemannian (d = 4) fuzzy geometry on the

algebra My(C)

DHiggs Dga uge

D., :’Y®¢+Z’V“®(fu+@u)+7ﬂ®(xu+4u)a
o

The field strength is given by
Fuv i =lu+an, v+ av] = [Fu, -]
— —

K

LEMMA The gauge group G(A) =~ PU(N) x PU(n)

acts as follows

Fu, — FZV = UFHVU* for all u e G(A)

THEOREM. For a Yang-Mills—Higgs matrix spectral
triple on a 4-dimensional flat (z = 0 = 3) Rieman-
nian (p = 0) fuzzy base, the Spectral Action for a
real polynomial f(x) = 3 3% aix’ reads

1 )
2T f(D) = S{y + S + Sty + S,

where each sector is defined as follows:

a v
Stu(ta) = *f T"MC®" (FuwF""),
Sin(t,a,®)=—a Truge, (2, "),
Sh(®) = Trye  £(®),
S)(¢,a) = Tryg fo(97).

Moreover, one obtains positivity for each of the fol-
lowing functionals, independently:

S}, S, Sk =0 ifa, >0.

21



MEANING

Derivation
Gauge potential
Higgs field

Covariant Derivative

Field strength

Higgs lagrangian
Gauge-Higgs coupling

Yang-Mills action

RANDOM MATRIX CASE
(RIEMANNIAN SIGNATURE)

fl»t': “./,, _'j
an=[a,~]
()
dy=Cu+ <y
20

——
[duvdl’] = [fﬂvf'/] +
[l’ﬁuv ﬁ"/] _ [l’ﬂVv @M] + [@u: &/’/]

Tr(Hd? + f,0%)
Tr (9 d?)

1 Te( P FH)

\
Tl cﬂr&\

SMOOTH OPERATOR

{
S )

D; =

QD

i + A
EJ
—
[Divl]])f] = [aivaj] +
0iAj — OjA; + [Ai, Aj]
§y (RIA* + fa|h|*)vol
— §y IDih[*vol
— 3 $31 Trou(ny (F5FY)vol

3



Handwaving Functional Renormalization for k-matrix models (w/mutti-trace-measures)
Quantum theories ‘flow’ with energy, here in RG-time t = log N. E.g. for kK = 2 and with bare action

1 1

1 1 1
S[A, B] = NTiy {§A2 + 5B +gu Al + gy B + E,z,rABABABAB}

radiative corrections ‘generate’ the effective vertices. For instance \,@// generates N'Try (ABBA).

operators from the bare action (but with ‘running couplings’) radiative corrections

Zg

V4 1 1 1
FN[A,B]=TrN{7AA2+ BZ+gA47A +gB4fB aF 2gABABABAB+ —ZaBeaABBA + gA\ATIIV(A) ><Av..4}

23



Handwaving Functional Renormalization for k-matrix models (w/mutti-trace-measures)

Quantum theories ‘flow’ with energy, here in RG-time t = log N. E.g. for kK = 2 and with bare action
1, 1 1 4 1., 1
S[A, B] = NTrN{EA + 5B +gu Al + gy B + EgABABABAB}

radiative corrections ‘generate’ the effective vertices. For instance ! \ // generates N'Try (ABBA).

operators from the bare action (but with ‘running couplings’) radiative corrections

V4 Z 1 1 1
rN[A,B]zTI‘N{fAZ_i_ BBz+gA47A +gB4fB aF 2gABABABAB+ —ZaBBaAABBA + gA\ATlN(A) ><Av..4}

We are interested in one-loop graphs (graphs G whose
1-dim skeleton G° has b;(G°) = 1). The effective ver-
tex Ogﬂ of such Feynman graph is formed by reading off
each word w; traveling around all ribbon edges (propa-
gators) by both sides:

— w
from vertices contracted with propagators
H T 1
Og :TrN(Wl)><TrN(W2)><-~~><TrN(W5) \ ,
I. situation (yet, without multi-traces) inner word w; & outer word wy
x Try (Up) x Try (Uz) ... x Ty (U, era
Ty (Ur) x Ty (U2) w (Ur)

from vertices uncontracted with propagators

23



* nc-derivative 0 : Cy — (C%(z> sums over
‘replacements of A by &®'[rot saan stein i voiculescu]:

a(PAAR) = PQ AR + PA® R, but
OA(ALGEBRA) = 1 ® LGEBRA + ALGEBR ® 1

o for W e (C(k), Hess Try W € Mk((C<k> ®C<k>)
is the nc-Hessian cp 2007.10014], whose entries are
Hessp,. Tr W = (0x, o 0x, )Tty W. These are
computed by ‘cuts’: e.g. W = ABAABABB

aBaA(‘ )
Ok
< % % % %,, % 8 ) X1y + .

in ellipsis Z » — BAA® ABB

cuts
B A
B

24



¢ nc-derivative da : Cy — (C%(z> sums over

'replacements of A by ®’[Rotm§ag3n—5tc'\n Voiculescu] - ¢ prOdUCts of traces = extend by B,
Ak = (Coy ®Ciy) & ((C<k>.<C

a(PAAR) = PQ AR + PA® R, but
OA(ALGEBRA) = 1 ® LGEBRA + ALGEBR ® 1

o for W e C, Hess Try W e My (Cry ® Ciiy) Hess, »(Tr P - Tr Q) = Tr P - Hess, »[ Tr Q]
is the nc-Hessian (cr 200710014, whose entries are
+0x, TrPXox, TrQ + (P < Q
Hessp,. Tr W = (0x, o 6xa)TrN W. These are * & ( )

computed by ‘cuts”: e.g. W = ABAABABB o Wetterich Eq. governs the functional RG

t =log N it

B 1 A 1 a R «r
0B0a | « o == StV S
B A( H | ) oM [X] 5 STF{Hess My[X] + RN} w

A ! 1 @ - \
Gk TR
5 . 5 . o . k=0

1

< %‘ll'g aig %:’g ) Ol +. . E(_l)k STr <.{(Hess I'}\“,T[X])*k}

regulator-independent part

e STr = Trk® Tr4,. Tadpoles imply
in ellipsis Z » — BAA® ABB TrA,,(P®Q) = Ty P- Ty Q, Tra,(PXIQ) = TI"N(PQ)

24

cuts
B
B

A



Finding

/\
S ] I Os %
N

.. xHess, , Op

Want: //‘J 49 ' < Hess, , O; x Hess;, - Oy x Hess

q



Finding
/ \
Want: x q ] 4
\ /

\/ q > C Hess, , O1 x Hess;, - O, x Hess. ; O3 x ... x Hess,, , Oy
Associativity (tr|V|aI check)

0ls

25



Tr,[(U® W) x

(U®W) *

Case II

(PRQ)] Tra[URW)*(PRQ)]  Tra,[(U®W)

(UW)*

/_

/

(PXRQ) (URW)

\

_—

PeQ)

UW)*

Case IV

Tra [URW) * (PR Q)]

(P®

*(PRQ)]
Q)/
URW)*

P®Q)

—

*(PRQ)/ ~

(URW) «

(PREQ)

26



QL

Cage I Case II
Trg,[(UQW) *x (PRIQ)] Ty, [(URW) * (PRQ)]

% &

VW)«

/—

_—

UeW)+(PHQ) UEw)

*(P®Q)

Casg 111
Tra (U W)+ (PR Q)]

<

(P®Q)/ ~

URW)*(P®Q)

SL 2z

Casg v
Tea, [(URW) * (PRQ)]

(URW)* (PRQ)/ ~

(URW) * (PRQ)

27



N, Yy
¢ & £ % SN
p g —
Ca§e T Cag‘e 1T Casg juts
Tra,[(U@W)* (PRQ)] Trg[(URW)*(PRQ)] Tra[(UQW)x(P®Q)]
UeW)*(PRQ)/ ~

/—

_—

UeW)+(PHQ) (URW) = (P®Q)

URW)

THM.

(P®Q)

[cp 211102858 T he algebra of Functional Renormalization

is Mic(An,k, *) where Ank = (C/ ®C ;) ) ®(C ) KIC,,))

SN (k)
which in homogeneous elements reads:

Casg IV
Ty [(URW) * (PRQ)]

URW)*(PRQ)/ ~

(URW) * (PRQ)

(UeaW)(PRQ) =PURWQ,
(U W)+ (P®Q) = UK PWQ,
(U@W)«(PKQ) =WPUKX Q,
(URW)* (PR Q) =Te(WP)UK Q.

27



_ CONCLUSION —
In this talk the following was sketched:

wi (M) and w,(M) trivial = M spin

spin minus commutativity =: spectral triple

spin M x {finite spectral triple} =: almost-commutative
(reproduces classical Standard Model, but hard to quantize)
finite spectral triple with Cl-action ~ fuzzy or matrix geometry

1 . . . . .
(Zevey = e 7 " FP)AD is a multi-matrix model with multi-traces)

SD!RAC
G, x F= fuzzy x finite = gauge matrix spectra triple
(is PU(n)-Yang-Mills-Higgs-like if F is over M,(C); partition function is a k-matrix model, k large)

the functional renormalization for the NCG-related mutlti-matrix models
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_ CONCLUSION —
In this talk the following was sketched:

wi (M) and w,(M) trivial = M spin

spin minus commutativity =: spectral triple

spin M x {finite spectral triple} =: almost-commutative
(reproduces classical Standard Model, but hard to quantize)
finite spectral triple with Cl-action ~ fuzzy or matrix geometry

1 . . . . .
(Zevey = e 7 " FP)AD is a multi-matrix model with multi-traces)

SD!RAC
G, x F= fuzzy x finite = gauge matrix spectra triple

(is PU(n)-Yang-Mills-Higgs-like if F is over M,(C); partition function is a k-matrix model, k large)
the functional renormalization for the NCG-related multi-matrix models

thank you!
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