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I. Classical Dirac operators in Riemannian geometry

For us M will be a Riemannian closed manifold, dimM “ d .
In physics, M is a spacetime (for this first part, still deterministic).
Q: When do Dirac operators exist on M?
A: Only if the obstruction to a spin-structure w2pMq P Ȟ2pM,Z2q is trivial.
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I. Classical Dirac operators in Riemannian geometry

For us M will be a Riemannian closed manifold, dimM “ d .
In physics, M is a spacetime (for this first part, still deterministic).
Q: When do Dirac operators exist on M?
A: Only if the obstruction to a spin-structure w2pMq P Ȟ2pM,Z2q is trivial.

Z2-Čech cohomology in short,

U “ tUiui good open cover of M

j-simplices are σ “ pk0, . . . , kjq such that
Uk0k1...kj “ Uk0 X Uk1 X ¨ ¨ ¨ X Ukj ‰ H
j-cochains, maps f : tj-simplicesu Ñ Z2 satisfying invariance τ˚f “ f under
τ P Spj ` 1q, form an abelian group Č jpU,Z2q
coboundary maps δj : Č jpU,Z2q Ñ Č j`1pU,Z2q given by

pδj f qpk0, . . . , kj`1q :“ f pk1, . . . , kj`1qf pk0, k1. . . . , kj`1q ¨ ¨ ¨ f pk0, . . . , kjq
Ȟ jpU,Z2q “ ker δj{im δj´1

3



A more familiar Z2-Čech cohomology class is
the orientability obstruction

tUjuj good open cover of M

pick sj : Uj Ñ F pMq sections on the
frame bundle Opdq ãÑ F pMq Ñ M

on a 1-simplex pk0, k1q, sk0 “ sk1Gk0k1

f pk0, k1q “ detpGk0,k1q
“ detpGk1,k0q “ f pk1, k0q

since tGj,luj.l are transition functions,

pδ1f qpj , l ,mq “ Gj,lGl,mGm,j “ 1

other choice of sections s 1
k yields

G 1
kl “ gkGklg

´1
l and f 1 “ pδ0hqf where

h “ det gk

other choice tV uj of a good open cover
yields a cochain complex map
Č˚pV ,Z2q Ñ Č˚pU,Z2q,
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Low Stiefel-Whitney classes (first two floors of Whitehead tower)

Theorem M is orientable iff the 1st Stiefel-
Whitney class w1pMq :“ rf s “ 1.

Proof of ‘if’. If w1pMq “ 1, f pk0, k1q “ detpGk0,k1q
is a 0-coboundary, f “ δ0h. We can pick sections
tsk : Uk Ñ F pMquk and gk P Opdq with det gk “
hpkq, so that the transition functions for s 1

k :“ sk ¨gk
satisfy

detpG 1
k0,k1q “ detpg´1

k0
Gk0,k1gk1q

“ rpδ0hq ¨ f spk0, k1q “ 1.
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Low Stiefel-Whitney classes (first two floors of Whitehead tower)

Theorem M is orientable iff the 1st Stiefel-
Whitney class w1pMq :“ rf s “ 1.

Proof of ‘if’. If w1pMq “ 1, f pk0, k1q “ detpGk0,k1q
is a 0-coboundary, f “ δ0h. We can pick sections
tsk : Uk Ñ F pMquk and gk P Opdq with det gk “
hpkq, so that the transition functions for s 1

k :“ sk ¨gk
satisfy

detpG 1
k0,k1q “ detpg´1

k0
Gk0,k1gk1q

“ rpδ0hq ¨ f spk0, k1q “ 1.

In similar way, a spin structure λ

Spinpdq ˆ PpMq PpMq
M

SOpdq ˆ FSOpMq FSOpMq
λ

exists when the SO-frame bundle can be lifted
in compatible way with the double cover Z2 Ñ
Spinpdq ρÑ SOpdq. Transition functions gij :
Uij Ñ SOpdq can be lifted to Spinpdq-valued
g̃ij . For Uijk ‰ H, let

g̃ij g̃jk g̃ki “: zpi , j , kqidSpinpdq

Theorem [A. Haefliger, ‘56] Orientable M is spin iff its
second Stiefel-Whitney class w2pMq :“ rzs “ 1.
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The Dirac operator (assume d even)

if PpMq is a spin structure, and S a rep.
of the Clifford algebra C�pdq – EndpSq

SpMq “ PpMq ˆα S

the Levi-Civita connection ∇lc can be
also lifted to the spin connection
∇s : ΓpSq Ñ Ω1pMq b ΓpSq

∇scpωqψ “ cp∇lcωqψ ` cpωq∇sψ

ψ P ΓpSq,ω P Ω1pMq

being c Clifford multiplication, basically
cpdxµq “ γµ

on the space of square integrable spinors
L2pM, Sq there is an (ess.) self-adjoint
operator, the Dirac operator,

DM “ ´ic ˝ ∇s loc.“ ´i
dÿ

µ“1

γµpBµ ` ωµq

and by Leibniz rule

rDM , as “ ´icpdaq a P C8pMq
which is bounded
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Commutative spectral triples

A spin manifold M yields pAM ,HM ,DMq
AM “ C8pMq is a comm. ˚-algebra
HM :“ L2pM, Sq a representation of AM

DM is self-adjoint and for each a P AM ,
rDM , as is bounded. DM has compact
resolvent

A spectral triple pA,H,Dq consists of

a ˚-algebra A

a representation H of A

a self-adjoint operator D on H with
compact resolvent and such that rD, as is
bounded for each a P A

The ‘commutative case’ motivates

Ω1
DpAq :“

! ř
(finite)

brD, as | a, b P A
)
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AM “ C8pMq is a comm. ˚-algebra
HM :“ L2pM, Sq a representation of AM

DM is self-adjoint and for each a P AM ,
rDM , as is bounded. DM has compact
resolvent

A spectral triple pA,H,Dq consists of

a ˚-algebra A

a representation H of A

a self-adjoint operator D on H with
compact resolvent and such that rD, as is
bounded for each a P A

The ‘commutative case’ motivates

Ω1
DpAq :“

! ř
(finite)

brD, as | a, b P A
)

Reconstruction Theorem:[A, Connes, JNCG ‘13] Commutative spectral triples`five axioms are Riemannian
manifolds.
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Quantization & randomness
Path integrals on M

x

y

M
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Quantization & randomness

Path integrals on M → Path integral of spacetime (Quantum Gravity)

x

y

M

→ ` ` . . .

loooooooooooooooooooooooooomoooooooooooooooooooooooooon
Quantum superposition of geometries
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→ ` ` . . .
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Quantum superposition of geometries

Quantum Gravity → Random Geometry
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e
i
�SEHrgsDrg s → Z “

żÿ

topologies

geometries

e´ 1
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Quantization & randomness

Path integrals on M → Path integral of spacetime (Quantum Gravity)

x

y

M

→ ` ` . . .

loooooooooooooooooooooooooomoooooooooooooooooooooooooon
Quantum superposition of geometries

Quantum Gravity → Random Geometry

ZQG “
żÿ

topologies

geometries

e
i
�SEHrgsDrg s → Z “

żÿ

topologies

geometries

e´ 1
�SEHrgsDrg s

To access Z, models for ‘quantum space’ are proposed, e.g.
Discrete Algebraic

single geometry

Ð paradigms Ñ
(Ô from Wikipedia)
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Standard Model (min. coupled to gravity with right-handed neutrinos)

C ‘ H ‘ M3pCq � NCG � Classical Lagrangian of the SM

[Chamseddine-Connes-Marcolli ATMP 2007 (Euclidean); J. Barrett J. Math. Phys. 2007 (Lorenzian)]
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II. Dirac operators in noncommutative geometry
The idea is to replace the metric in pM, gq by DM

Connes’ geodesic distance

γ : R → M

x

y

M

infγ as abovet
ş
γ
dsu “ dpx , yq
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NCG toolkit in high energy physics (1.5 of 2)
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SbpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f around the origin
and Λ a cut off scale. It’s computed with
heat kernel expansion [P. Gilkey, J. Diff. Geom. ‘75]
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NCG toolkit in high energy physics (1.5 of 2)
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SbpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f around the origin
and Λ a cut off scale. It’s computed with
heat kernel expansion [P. Gilkey, J. Diff. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds M ˆ F ,
where F is a finite-dim. spectral triple

pC8pAF q,HM b HF ,DM b 1F ` γ5 b DF q
applications require pA,H,Dq to have a
reality J : H Ñ H antiunitary`some axioms ,
implementing a right A-action on H,

ψa “ Ja˚J´1ψ ψ P H, a P A

let’s sketch connections: if S is a
functional on M

SG ù SMapspM,Gq

d ù d ` A A P Ω1pMq b g

A1 “ uAu´1 ` udu´1
u P MapspM,Gq
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NCG toolkit in high energy physics (1.5 of 2)
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SbpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f around the origin
and Λ a cut off scale. It’s computed with
heat kernel expansion [P. Gilkey, J. Diff. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds M ˆ F ,
where F is a finite-dim. spectral triple

pC8pAF q,HM b HF ,DM b 1F ` γ5 b DF q
applications require pA,H,Dq to have a
reality J : H Ñ H antiunitary`some axioms ,
implementing a right A-action on H,

ψa “ Ja˚J´1ψ ψ P H, a P A

let’s sketch connections: if S is a
functional on M

SG ù SMapspM,Gq

d ù d ` A A P Ω1pMq b g

A1 “ uAu´1 ` udu´1
u P MapspM,Gq

given pA,H,Dq and a Morita equivalence
A »M B (i.e. EndApEq – B) yields new
pB,H 1,D 1q. For A “ B, in fact a tower

�pA,H,Dωq(
ωPΩ1

DpAq

with Dω “ D ` ω. In presence of J

Dω “ D ` ω ˘ JωJ´1

Dω ÞÑ AdpuqDωAdpuq˚

ω ÞÑ uωu˚ ` urD, u˚s u P UpAq
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NCG toolkit in high energy physics (2 of 2)

The fermionic part is not treated here but
is essentially given by

Sf pDq “ 1

2
�Jψ | Dψ�

where ψ are (Graßman valued) fermions,
J implements charge-conjugation (J fixes
the spin structure)

Dirac FSM operator

DF “

0 0 Υ∗
ν 0 0 0 0 0 0 Υ∗

R 0 0 0 0 0 0 0 0

0 0 0 Υ∗
e 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Υν 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 Υe 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 Υ∗
u 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Υ∗
d 0 0 0 0 0 0 0 0 0

0 0 0 0 Υu 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 Υd 0 0 0 0 0 0 0 0 0 0 0

ΥR 0 0 0 0 0 0 0 0 0 0 ΥT
ν 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ΥT
e 0 0 0 0 0

0 0 0 0 0 0 0 0 0 Ῡν 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 Ῡe 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
u 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
d

0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡu 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡd 0 0







⊗ 13

⊗ 13

P M96pCqs.a.

„ 104 zeroes from geometry.
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III. Random Dirac operators & multi-matrix models

Aim: Make sense of

Z “ ş
Dirac

e´ 1
� TrH f pDqdDZ “ ş

Dirac
e´ 1

� TrH f pDqdD

Plane p�, 1{N, 0q of ‘base geometries’

Plane p�, 0,F q “ limN→8p�, 1{N,F q
Plane p0, 1{N,F q “ lim�→0p�, 1{N,F q
of classical geometries

[CP 2105.01025]

13



III. Random Dirac operators & multi-matrix models

1 Matrix Geometries
[J. Barrett, J. Math. Phys. 2015]

2 Dirac ensembles [J. Barrett, L. Glaser, J. Phys. A

2016] and how to compute the spectral
action [CP 1912.13288]

3 Gauge matrix spectral triples
[CP 2105.01025]

4 Functional Renormalization [CP 2007.10914]

and [CP 2111.02858]
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Matrix or Fuzzy Geometries

Definition(“condensed” from [J. Barrett, J. Math. Phys. 2015]).

A fuzzy geometry of signature pp, qq P Z2ě0 is given by

a simple matrix algebra A – we take always
A “ MNpCq
a Hermitian C�pp, qq-module S with a chirality γ.
That is a linear map γ : S Ñ S satisfying γ˚ “ γ
and γ2 “ 1

a Hilbert space H “ S b MNpCq with inner
product �v b R,w b S� “ pv ,wqTrN pR˚Sq for
each R, S P MNpCq, being p¨ , ¨q the inner product
of S

a left-A representation ρpaqpv b Rq “ v b paRq
on H, a P A and v b R P H
. . .
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Matrix or Fuzzy Geometries

Definition(“condensed” from [J. Barrett, J. Math. Phys. 2015]).

A fuzzy geometry of signature pp, qq P Z2ě0 is given by

a simple matrix algebra A – we take always
A “ MNpCq
a Hermitian C�pp, qq-module S with a chirality γ.
That is a linear map γ : S Ñ S satisfying γ˚ “ γ
and γ2 “ 1

a Hilbert space H “ S b MNpCq with inner
product �v b R,w b S� “ pv ,wqTrN pR˚Sq for
each R, S P MNpCq, being p¨ , ¨q the inner product
of S

a left-A representation ρpaqpv b Rq “ v b paRq
on H, a P A and v b R P H

three signs �, �1, �2 P t´1,`1u determined
through s :“ q ´ p by the following table:

s ” q ´ p pmod 8q 0 1 2 3 4 5 6 7
� ` ` ´ ´ ´ ´ ` `
�1 ` ´ ` ` ` ´ ` `
�2 ` ` ´ ` ` ` ´ `

a real structure J “ C b ˚, where ˚ is complex
conjugation and C is an anti-unitarity on S
satisfying C2 “ � and Cγµ “ �1γµC for all the
gamma matrices µ “ 1, . . . , p ` q.

a self-adjoint operator D on H satisfying the
order-one condition

r rD, ρpaqs , JρpbqJ´1s “ 0 for all a, b P A

a chirality Γ “ γ b 1A for H, where γ is the
chirality of S. The signs above impose:

J2 “ � , JD “ �1DJ , JΓ “ �2ΓJ .
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Characterization of Fuzzy Geometries

A fuzzy geometry of signature pp, qq (thus of dim.
p ` q and KO-dim q ´ p) consists of

A “ MNpCq
H “ S b MNpCq, being S a C�pp, qq-module
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Characterization of Fuzzy Geometries

A fuzzy geometry of signature pp, qq (thus of dim.
p ` q and KO-dim q ´ p) consists of

A “ MNpCq
H “ S b MNpCq, being S a C�pp, qq-module

. . . (axioms for D omitted ��) . . .

Gamma-matrices conventions:

- pγµq2 “ `1,

µ “ 1, . . . , p, γµ Hermitian

- pγµq2 “ ´1,

µ “ 1 ` p, . . . , q ` p, γµ anti-Hermitian

- ΓI :“ γµ1 ¨ ¨ ¨ γµr for µi “ 1, . . . , p ` q,
I “ pµ1, . . . , µr q

Characterization of D in even dimensions:

D “
ÿ

I

ΓIs.a. b tHI , ¨ u `
ÿ

I

ΓIanti. b rLI , ¨ s

with multi-index I monot. increasing, |I |
odd [J. Barrett, J. Math. Phys. ’15]

Examples:

- Dp1,1q “ γ1 b rL, ¨ s ` γ2 b tH, ¨ u
- Dp0,4q “ ř

µ γµbrLµ, ¨ s`γµ̂btHµ̂, ¨ u
[J. Barrett, L. Glaser, J. Phys. A 2016]

tH, ¨ u ÞÑ H b 1N ` 1N b HT

rL, ¨ s ÞÑ L b 1N ´ 1N b LT

so we will get double traces from
TrH “ TrS bTrb2

N
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Spectral Action: Traces of D2m
[C.P. 1912.13288] Chord Diagrams for d “ 2 geometries, η “ diagpe1, e2q

TrHpD6q “ 2N
ÿ

µ

TrSpγµ1 ¨ ¨ ¨ γµ6q ˆ

+(−1)0ηµ1µ2ηµ3µ4ηµ5µ6 +(−1)1ηµ1µ2ηµ3µ5ηµ4µ6 +(−1)0ηµ1µ2ηµ3µ6ηµ4µ5 +(−1)1ηµ1µ3ηµ2µ4ηµ5µ6 +(−1)2ηµ1µ3ηµ2µ5ηµ4µ6

+(−1)1ηµ1µ3ηµ2µ6ηµ4µ5 +(−1)0ηµ1µ4ηµ2µ3ηµ5µ6 +(−1)3ηµ1µ4ηµ2µ5ηµ3µ6 +(−1)2ηµ1µ4ηµ2µ6ηµ3µ5 +(−1)1ηµ1µ5ηµ2µ3ηµ4µ6

+(−1)2ηµ1µ5ηµ2µ4ηµ3µ6 +(−1)1ηµ1µ5ηµ2µ6ηµ3µ4 +(−1)0ηµ6µ1ηµ2µ3ηµ4µ5 +(−1)1ηµ6µ1ηµ2µ4ηµ3µ5 +(−1)0ηµ6µ1ηµ2µ5ηµ3µ4
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+
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Spectral Action: Traces of D2m
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Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

+
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Spectral Action: Traces of D2m
[C.P. 1912.13288] Chord Diagrams for d “ 2 geometries, η “ diagpe1, e2q

TrHpD6q “ 2N
ÿ

µ

solid circ.

TrSpγµ1 ¨ ¨ ¨ γµ6q ˆ
dashed circ.

TrN pKµ1 ¨ ¨ ¨Kµ6q `
p1,5q,p2,4q,p3,3q-partitions
TrN P ˆ TrN Q terms

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2
µ2

Kµ3

µ3

Kµ4

µ4

Kµ5
µ5

Kµ6

µ6

+

+

Single-Tr term from this diagram

“ 2N ¨ ř
µ,ν,ρ eµeνeρTrN pKµKνKρKνKµKρq

“ 2N ¨ TrN
�
e1K6

1 ` 2e2pK1K2q2K2
1 ` e1pK2

2K1q2
`e2K6

2 ` 2e1pK2K1q2K2
2 ` e2pK2

1K2q2(

5!! diagrams

“ 2N ¨ TrN
�
e1K

6
1 ` 6e2K

4
1K

2
2 ` 3e2pK2

1K2q2 ´ 6e2K
2
1 pK1K2q2(

+ (1Ø2)

µ1

µ

µ3µ4

5

µ6
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Multi-matrix models with multi-traces & ribbon graphs
This holds in general dimension and
signature [CP ’19]

Z “ ş
Dirac

e´ TrH f pDqdD p� “ 1q
“ ş

Mp,q
e´NTrN P´Trb2

N pQp1qbQp2qqdXLeb

- X P Mp,q “ products of supNq and HN

- dXLeb is the Lebesgue measure on Mp,q

- P, Qpiq in C�k� “ C�X1, . . . ,Xk� “ C�X�
are certain noncommutative polynomials

- Zformal leads to colored ribbon graphs

ḡ1TrN pABBBABq Ø ḡ1

ḡ2 Tr
b2
N pAABABA b AAq Ø g2
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Multi-matrix models with multi-traces & ribbon graphs
This holds in general dimension and
signature [CP ’19]

Z “ ş
Dirac

e´ TrH f pDqdD p� “ 1q
“ ş

Mp,q
e´NTrN P´Trb2

N pQp1qbQp2qqdXLeb

- X P Mp,q “ products of supNq and HN

- dXLeb is the Lebesgue measure on Mp,q

- P, Qpiq in C�k� “ C�X1, . . . ,Xk� “ C�X�
are certain noncommutative polynomials

- Zformal leads to colored ribbon graphs

ḡ1TrN pABBBABq Ø ḡ1

ḡ2 Tr
b2
N pAABABA b AAq Ø g2

Ribbon graphs can be useful!

Enumeration of maps [Brezin, Itzykson, Parisi, Zuber, CMP ‘78].
The ones we get are ‘face-worded’

A
A

A

A

A A

BB

B
BBB

BB

B BB

Intersection numbers of ψ-classes [Kontsevich, CMP, ‘92]

ÿ

a1`...`an“dimC Mg,n

ψa1
1 ¨ ψa2

2 ¨ ¨ ¨ψan
n

nź

j“1

p2aj ´ 1q!!
s
2aj`1

j

“
ÿ

G trivalent of type pg,nq

22g´2`n

#AutpGq
ź

ePG

1

sLpeq ` sRpeq
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IV. Yang-Mills-Higgs matrix theory
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IV. Yang-Mills-Higgs matrix theory

ZAC
?“

ż

Dirac ops.
e´ 1

� Tr f pDqdD

(hard for AC-manifolds)
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IV. Yang-Mills-Higgs matrix theory

ZAC
?“

ż

Dirac ops.
e´ 1

� Tr f pDqdD

(hard for AC-manifolds)

Definition [CP 2105.01025] We define a gauge matrix spectral triple G𝒻 ˆ F as the spectral triple product
of a fuzzy geometry G𝒻 with a finite geometry F “ pAF ,HF ,DF , JF , γF q, dimAF ă 8.

20



Definition [CP 2105.01025] Consider a gauge matrix
spectral triple G𝒻 ˆ F with

F “ pMnpCq,MnpCq,DF , JF “ c.c. , γF “ 1q
and G𝒻 Riemannian (d “ 4) fuzzy geometry on the
algebra MNpCq

Dω “
DHiggshkkikkj
γ b Φ `

ÿ

µ

Dgaugehkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj
γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq ,

The field strength is given by

Fµν :“ r𝓁µ ` 𝒶µlooomooon
𝒹µ

,𝓁ν ` 𝒶νs “: rFµν , ¨ s
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Definition [CP 2105.01025] Consider a gauge matrix
spectral triple G𝒻 ˆ F with

F “ pMnpCq,MnpCq,DF , JF “ c.c. , γF “ 1q
and G𝒻 Riemannian (d “ 4) fuzzy geometry on the
algebra MNpCq

Dω “
DHiggshkkikkj
γ b Φ `

ÿ

µ

Dgaugehkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj
γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq ,

The field strength is given by

Fµν :“ r𝓁µ ` 𝒶µlooomooon
𝒹µ

,𝓁ν ` 𝒶νs “: rFµν , ¨ s

Lemma The gauge group GpAq – PUpNq ˆPUpnq
acts as follows

Fµν ÞÑ Fu
µν “ uFµνu

˚
for all u P GpAq

Theorem. For a Yang-Mills–Higgs matrix spectral
triple on a 4-dimensional flat (𝓍 “ 0 “ 𝓈) Rieman-
nian (p “ 0) fuzzy base, the Spectral Action for a
real polynomial f pxq “ 1

2

ř4
i“1 aix

i reads

1

4
TrH f pDq “ S𝒻

ym ` S𝒻
h ` S𝒻

g-H ` S𝒻
ϑ ,

where each sector is defined as follows:

S𝒻
ymp𝓁,𝒶q :“ ´a4

4
TrMC

Nbn
pFµνFµνq ,

S𝒻
g-Hp𝓁,𝒶,Φq :“ ´a4 TrMC

Nbn

`
𝒹µΦ𝒹

µΦ
˘
,

S𝒻
h pΦq :“ TrMC

Nbn
fepΦq ,

S𝒻
ϑp𝓁,𝒶q :“ TrMC

Nbn
fe

`
ϑ1{2˘

.

Moreover, one obtains positivity for each of the fol-
lowing functionals, independently:

S𝒻
ϑ , S

𝒻
ym, S

𝒻
h ě 0 , if a4 ě 0 .

21



Meaning Random matrix case Smooth operator
(Riemannian signature)

Derivation 𝓁µ Bi

Gauge potential 𝒶µ Ai

Higgs field Φ h

Covariant Derivative 𝒹µ “ 𝓁µ ` 𝒶µ Di “ Bi ` Ai

Field strength r𝒹µ,𝒹νs “
”{ 0hkkkikkkj

r𝓁µ,𝓁νs ` rDi ,Dj s “
” 0hkkikkj

rBi , Bj s `
r𝓁µ,𝒶νs ´ r𝓁ν ,𝒶µs ` r𝒶µ,𝒶νs BiAj ´ BjAi ` rAi ,Aj s

Higgs lagrangian Trpf2Φ2 ` f4Φ
4q ş

M

`
f2|h|2 ` f4|h|4˘

vol

Gauge-Higgs coupling TrpϑΦ2q ´ ş
M

|Dih|2vol
Yang-Mills action ´ 1

4
TrpFµνFµνq ´ 1

4

ş
M
TrsupnqpFijFijqvol
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Handwaving Functional Renormalization for k-matrix models (w/multi-trace-measures)

Quantum theories ‘flow’ with energy, here in RG-time t “ logN. E.g. for k “ 2 and with bare action

SrA,Bs “ NTrN
!1

2
A2 ` 1

2
B2 ` gA4

1

4
A4 ` gB4

1

4
B4 ` 1

2
gABABABAB

)

radiative corrections ‘generate’ the effective vertices. For instance generates NTrN pABBAq.

ΓN rA,Bs “ TrN

!
operators from the bare action (but with ‘running couplings’)hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

ZA

2
A2 ` ZB

2
B2 ` ḡA4

1

4
A4 ` ḡB4

1

4
B4 ` 1

2
ḡABABABAB `

radiative correctionshkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkj
1

2
ḡABBAABBA ` 1

2
ḡA|ATrN pAq ˆ A ` . . .

)
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Handwaving Functional Renormalization for k-matrix models (w/multi-trace-measures)

Quantum theories ‘flow’ with energy, here in RG-time t “ logN. E.g. for k “ 2 and with bare action

SrA,Bs “ NTrN
!1

2
A2 ` 1

2
B2 ` gA4

1

4
A4 ` gB4

1

4
B4 ` 1

2
gABABABAB

)

radiative corrections ‘generate’ the effective vertices. For instance generates NTrN pABBAq.

ΓN rA,Bs “ TrN

!
operators from the bare action (but with ‘running couplings’)hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

ZA

2
A2 ` ZB

2
B2 ` ḡA4

1

4
A4 ` ḡB4

1

4
B4 ` 1

2
ḡABABABAB `

radiative correctionshkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkj
1

2
ḡABBAABBA ` 1

2
ḡA|ATrN pAq ˆ A ` . . .

)

We are interested in one-loop graphs (graphs G whose
1-dim skeleton G˝ has b1pG˝q “ 1). The effective ver-
tex Oeff

G of such Feynman graph is formed by reading off
each word wi traveling around all ribbon edges (propa-
gators) by both sides:

Oeff
G “

from vertices contracted with propagators

TrN pw1q ˆ TrN pw2q ˆ ¨ ¨ ¨ ˆ TrN pwsq
ˆ TrN pU1q ˆ TrN pU2q . . . ˆ TrN pUr q

from vertices uncontracted with propagators

ḡ1

ḡ2

ḡ3
ḡ4

ḡ5

· · ·
···

···

· · · ḡ2

ḡ1

ḡ3

ḡk

· · ·
�

→

→
→

→looooooomooooooon
gral. situation (yet, without multi-traces)

ÞÑ w2�w1 �

looooomooooon
inner word w1 b outer word w2
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nc-derivative BA : C�k� Ñ Cb2
�k� sums over

‘replacements of A by b’[Rota-Sagan-Stein+Voiculescu]:

BApPAARq “ P b AR ` PA b R , but

BApALGEBRAq “ 1 b LGEBRA ` ALGEBR b 1

for W P C�k�, HessTrN W P MkpC�k� b C�k�q
is the nc-Hessian [CP 2007.10914], whose entries are
Hessb,a TrW “ pBXb ˝ BXaqTrN W . These are
computed by ‘cuts’: e.g. W “ ABAABABB

BBBA

ˆ
B

B A

A

B

B

A

A ˙

“ 1N b
ˆ

B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

�

˙

`
ˆ

B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

�

˙
b 1N ` . . .

in ellipsis
ÿ

cuts

B

B A

A

B

B

A

A

�

� Ñ BAA b ABB
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nc-derivative BA : C�k� Ñ Cb2
�k� sums over

‘replacements of A by b’[Rota-Sagan-Stein+Voiculescu]:

BApPAARq “ P b AR ` PA b R , but

BApALGEBRAq “ 1 b LGEBRA ` ALGEBR b 1

for W P C�k�, HessTrN W P MkpC�k� b C�k�q
is the nc-Hessian [CP 2007.10914], whose entries are
Hessb,a TrW “ pBXb ˝ BXaqTrN W . These are
computed by ‘cuts’: e.g. W “ ABAABABB

BBBA

ˆ
B

B A

A

B

B

A

A ˙

“ 1N b
ˆ

B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

�

˙

`
ˆ

B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

� `
B

B A

A

B

B

A

A

�

˙
b 1N ` . . .

in ellipsis
ÿ

cuts

B

B A

A

B

B

A

A

�

� Ñ BAA b ABB

products of traces ñ extend by b,
Ak “ pC�k� b C�k�q b pC�k� b C�k�q

Tr
(X

2
c
)

O [TrXc]
2 O

Hessa,bpTrP ¨ TrQq “ TrP ¨ Hessa,brTrQs
` BXa TrP b BXb TrQ ` pP Ø Qq

Wetterich Eq. governs the functional RG
t “ logN

BtΓN rXs “ 1

2
STr

! BtRN

Hess ΓN rXs ` RN

)

0.5

1
0.4 0.6 0.8 1

0

5

a/N
b/N

r c
,N
(a
,b
)/
Z

c

assume“
8ÿ

k“0

h̄kpN, η1, . . . , ηnq

ˆ 1

2
p´1qk STr �pHess ΓInt

N rXsq‹k(
looooooooooooooooooomooooooooooooooooooon

regulator-independent part

STr “ Trk bTrAn . Tadpoles imply

TrAn pPbQq “ TrN P¨TrN Q,TrAn pPbQq “ TrN pPQq
24
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Finding ‹

Want:

Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 Ă Hessa,b O1 ‹ Hessb,c O2 ‹ Hessc,d O3 ‹ . . . ‹ Hess˚,a O�
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Finding ‹

Want:

Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 Ă Hessa,b O1 ‹ Hessb,c O2 ‹ Hessc,d O3 ‹ . . . ‹ Hess˚,a O�

Associativity (trivial check):

Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 “
Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3
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ḡ1 ḡ2 ḡ2ḡ1 ḡ1 ḡ2

Case I Case II Case III Case IV

TrAn
rpU b W q ‹ pP b Qqs TrAn

rpU b W q ‹ pP b Qqs TrAn
rpU b W q ‹ pP b Qqs TrAn

rpU b W q ‹ pP b Qqs

pU b W q ‹ pP b Qq{ „

pU b W q ‹ pP b Qq{ „

pU b W q ‹ pP b Qq pU b W q ‹ pP b Qq

pU b W q ‹ pP b Qq pU b W q ‹ pP b Qq
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ḡ1 ḡ2 ḡ2ḡ1 ḡ1 ḡ2

Case I Case II Case III Case IV

TrAn
rpU b W q ‹ pP b Qqs TrAn

rpU b W q ‹ pP b Qqs TrAn
rpU b W q ‹ pP b Qqs TrAn

rpU b W q ‹ pP b Qqs

pU b W q ‹ pP b Qq{ „

ḡ1

ḡ3

ḡ2

pU b W q ‹ pP b Qq{ „

ḡ3

ḡ2

ḡ1 pU b W q ‹ pP b Qq pU b W q ‹ pP b Qq

pU b W q ‹ pP b Qq pU b W q ‹ pP b Qq

ḡ1

ḡ2

ḡ3

ḡ4
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ḡ1 ḡ2 ḡ2ḡ1 ḡ1 ḡ2

Case I Case II Case III Case IV

TrAn
rpU b W q ‹ pP b Qqs TrAn

rpU b W q ‹ pP b Qqs TrAn
rpU b W q ‹ pP b Qqs TrAn

rpU b W q ‹ pP b Qqs

pU b W q ‹ pP b Qq{ „

ḡ1

ḡ3

ḡ2

pU b W q ‹ pP b Qq{ „

ḡ3

ḡ2

ḡ1 pU b W q ‹ pP b Qq pU b W q ‹ pP b Qq

pU b W q ‹ pP b Qq pU b W q ‹ pP b Qq

ḡ1

ḡ2

ḡ3

ḡ4

Thm. [CP 2111.02858] The algebra of Functional Renormalization
is MkpAN,k , ‹q where AN,k “ pCpNq

�k� bCpNq
�k� q‘pCpNq

�k� bCpNq
�k� q

which in homogeneous elements reads:

pU b W q ‹ pP b Qq “ PU b WQ ,

pU b W q ‹ pP b Qq “ U b PWQ ,

pU b W q ‹ pP b Qq “ WPU b Q ,

pU b W q ‹ pP b Qq “ TrpWPqU b Q .
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Conclusion
In this talk the following was sketched:

w1pMq and w2pMq trivial ñ M spin

spin minus commutativity “: spectral triple

spin M ˆ tfinite spectral tripleu “: almost-commutative

(reproduces classical Standard Model, but hard to quantize)

finite spectral triple with C�-action « fuzzy or matrix geometry

(Zfuzzy “ ş
Dirac

e´ 1
� TrH f pDqdD is a multi-matrix model with multi-traces)

G𝒻 ˆ F= fuzzy ˆ finite “ gauge matrix spectra triple

(is PUpnq-Yang-Mills-Higgs-like if F is over MnpCq; partition function is a k-matrix model, k large)

the functional renormalization for the NCG-related multi-matrix models

28



Conclusion
In this talk the following was sketched:

w1pMq and w2pMq trivial ñ M spin

spin minus commutativity “: spectral triple

spin M ˆ tfinite spectral tripleu “: almost-commutative

(reproduces classical Standard Model, but hard to quantize)

finite spectral triple with C�-action « fuzzy or matrix geometry

(Zfuzzy “ ş
Dirac

e´ 1
� TrH f pDqdD is a multi-matrix model with multi-traces)

G𝒻 ˆ F= fuzzy ˆ finite “ gauge matrix spectra triple

(is PUpnq-Yang-Mills-Higgs-like if F is over MnpCq; partition function is a k-matrix model, k large)

the functional renormalization for the NCG-related multi-matrix models

thank you!
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