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Exercise 1.

(a) Let f : R? — R3 be an immersion, and let g be the pull-back of the standard Euclidean
metric of R? by the map f: g(p)(v,w) = (df,(v), df,(w)). Compute the fundamental matrix
gij in function of f.

(b) The catenoid is the image of the immersion f; : R? > (s,t) — (cosh scost, cosh ssint,s) €
R3. The helicoid is the image of the immersion fs : R? 3 (s,t) — (scost,ssint, t) € R3.
Let g; be the pull-back of the standard Euclidean metric of R? by the map f;. Compute
explicitely the metrics g; and g».

Exercise 2. Let g, h be Riemannian metrics on the manifolds M, N respectively. Let f: M —
N be a local diffeomorphism. Prove that f is a local isometry if and only if for every chart
(x,U) of M and (y,V) of N such that f(U) C V, the application F' : z(U) — y(V') given by
F =yo fox ! satisfies:
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where g;;, hi; are the expressions for the metrics in the choosen charts.

Exercise 3. Recall that if X,Y are two vector fields in R", we denote by Z = dY - X the
directional derivative of Y in the direction X. In coordinates, if X = (Xq,...,X,),Y =
Y1,....Yo),Z=(Z1,...,Zy,) we have Z; = Z] la:p

Let B : R" x R™ — R"™ be a bi-linear application. Con51der the function V : V(R") x V(R") —
V(R") defined by

VxY =dY - X + B(X,Y).
(a) Prove that V is a connection on R".

(b) Compute the torsion T(X,Y) and the curvature R(X,Y)Z of V.

Exercise 4. Let M be a manifold, {U,|a € A} an open covering of M and V a finite dimensional
real vector space. For every pair (o, ) € A x A such that U, N Uz # 0, is given a smooth
application gag : Uy N Ug — GL(V), with the following properties: for every o € A and for
every p € Ua, gaa(p) = Idv, and that for all O‘aﬁv’)/ € A7 (gaﬁ : gﬁ’v)|UaﬂUgﬂUﬂ, = ga'y|UaﬂU5|’1U7-
For a € A, let Yy = Uy x V. On the disjoint union | |, 4 Yo, we put the following equivalence
relation ~: (p,v) € Y, is equivalent to (¢,w) € Y3 if and only if p = ¢ and w = gg,(p) - v.

(a) Prove that the quotient space E = | | .4 Ya has a structure of smooth manifold such that
the application 7 : E — M defined by 7([(p,v)]) = p is a smooth map.

(b) For every p € M the inverse image 7~ !(p) can be identified with V using any open set U,
with p € U,. Prove that the structure of vector space on 7~ !(p) does not depend on the
choice of U,,.

(c) A space E that can be obtained with an open covering {U,|o € A} and applications g,s
as above is called a vector bundle. For every manifold M, construct a structure of vector
bundle on the tangent and on the cotangent bundles.



