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Exercise 1. Which ones of the following topological subspaces of Rn are topological manifolds?

(a) {(x, y) ∈ R2 | x3 + x2 − y2 = 0}.

(b) {(x, y) ∈ R2 | x3 − y2 = 0}.

(c) {(x, y, z) ∈ R3 | x2 + y2 − z2 = 0}.

(d) {(x, y, z) ∈ R3 | x2 + y2 − z2 = 0 and z ≥ 0}.

(e) {(x, y, z) ∈ R3 | z = 0 or y = 0}.

(f) {(x, y, z) ∈ R3 | max(|x|, |y|, |z|) = 1}.

Exercise 2.

(a) Find a C∞-atlas, for the real line R, that gives a different smooth structure than the usual
atlas A = {(Id,R)}.

(b) Find a C∞-atlas for the torus{
(x, y, z) ∈ R3 |

(√
x2 + y2 − 2

)2
+ z2 = 1

}
Exercise 3.

(a) The sphere of radius r is the set Sn
r =

{
(x0, . . . , xn) ∈ Rn+1 |

∑n
i=0 x

2
i = r2

}
. Denote N =

(1, 0, . . . , 0), S = (−1, 0, . . . , 0). Consider the atlas {(pN ,UN ), (pS ,US)}, where UN = Sn
r \N ,

US = Sn
r \ S, the function pN : UN → Rn is defined by

pN (x0, . . . , xn) =
r

r − x0
(x1, . . . , xn),

and the function pS : US → Rn is defined by

pS(x0, . . . , xn) =
r

r + x0
(x1, . . . , xn).

Prove that {(pN ,UN ), (pS ,US)} is a C∞-atlas for Sn
r .

(b) Let K = R or C. Two points x, y ∈ Kn+1 \ {0} are projectively equivalent (x ∼ y) if they
lie in the same 1-dimensional vector subspace. The projective space KPn is the quotient
space

(
Kn+1 \ {0}

)
/ ∼, with the quotient topology. The image of the point (x0, . . . , xn)

will be denoted by [x0, . . . , xn] (homogeneous coordinates). Consider the atlas {(bi,Ui) | i ∈
{0, . . . , n}}, where Ui = {[x0, . . . , xn] ∈ KPn | xi 6= 0}, and the function bi : Ui → Kn is
defined by

bi([x0, . . . , xn]) =
1

xi
(x0, . . . , x̂i, . . . , xn)

Prove that {(bi,Ui)} is a C∞-atlas for KPn.


