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Abstract

We introduce the notion of corestricted free products of a family of profinite groups indexed
over an arbitrary profinite space. Using arithmetic results of the second author, this enables us
to prove an analogue of Riemann’s existence theorem for the decomposition groups of certain
infinite sets of primes of a number field.

In 1971, Neukirch [4] introduced the concept of free products of families of
pro-c-groups indexed over a discrete set. Since in number theory projective limits
of free pro-c-products arise in a natural way, it became necessary to generalize this
concept to families varying continuously over a profinite index space. This has
been worked out by several authors by introducing the notion of compact bundles
G of pro-c-groups over a profinite space T, see [1], [2], [3] and [5]. These bundles
are group objects in the category of profinite spaces over T" such that every fibre
is a pro-c-group. The generalized free products obtained in this way turned out to
be the key tool to prove number theoretical analogues of the Riemann existence
theorem over large number fields, i.e. inertia groups, indexed by a projective limit
of possibly infinite sets of primes of a tower of number fields, form a free product.
Furthermore, analogous results hold for the decomposition groups lying over a
finite set of primes of a number field, see [5] chap.10 §5.

From the arithmetic point of view, it is interesting whether infinitely many
decomposition groups also form a free product. However the notion of compact
bundles turns out to be too restrictive. Inspired by the abelian case in number
theory, i.e. the idele group of a number field which is a restricted product and
topological not compact, Neukirch introduced the concept of corestricted free pro-
ducts of pro-c-groups over discrete sets. Generalizing this concept to a more
general profinite space T leads to possibly non-compact bundles, which are group
objects in the category of totally disconnected Hausdorff spaces over T'.

Of special interest are so-called corestricted bundles G over a profinite space
T which are corestricted by a compact subbundle I/ of G, i.e. G has the final
topology with respect to the inclusions 4 — G and G, — G, t € T, where G,
denotes the fibre of G at t. Alexander Schmidt pointed out that a good way
to think of this object is as a “hedgehog” having a compact body U which is
surrounded by “spines” corresponding to the sets G\U;, t € T.



In the first section we introduce the notion of (not necessarily compact) bun-
dles and their free products. We investigate bundles endowed with an additional
action by a pro-c-group G and their corresponding free products, which are pro-
¢-G operator groups. In the second section, we define corestricted bundles and
corestricted free products. One main goal of this paper is to study the properties
of the functor

F : Bundles — Pro-c-groups
which associates to a bundle G over a profinite space T' the free pro-c-product
*)7G. This functor commutes with projective limits on the subcategory of com-
pact bundles. We prove that this remains true for certain corestricted G-operator
bundles. Furthermore, this also holds for projective limits of corestricted bundles
over the one-point compactifications of discrete sets.

In the third section, we show that corestricted bundles naturally arise from
families of closed subgroups of a pro-c-group. Finally we consider the cohomology
of a corestricted free product over the one-point compactification of a discrete
set. This yields the number theoretic application we have in mind: Under some
conditions there exists a Galois group of a large number field which is a free pro-
p-product of infinity many decomposition groups corestricted by inertia groups.

1 Bundles and free products

Let ¢ be a class of finite groups closed under taking subgroups, homomorphic
images and finite direct products. A pro-c-group is a projective limit of groups in
¢. In [5], chap. IV §3, the notion of a bundle of pro-c-groups is introduced. Here
we use the notion bundle in a more general context, but we will follow partly the
presentation of [5]; see also [3].

Definition 1.1 Let T be a profinite space, i.e. a topological projective limit of
finite discrete spaces. A bundle of pro-c-groups

G=(G,pr,T)

over T is a group object in the category of totally disconnected Hausdorff spaces
over T such that the fibre over every point of T is a pro-c-group, i.e. there are
continuous maps

pr:G — T (the structure map),

m: G Xr G — G (the multiplication),
e : T — G a section to pr (the unit),
t G — G (the inversion),

such that the fibre G, = pr‘l(t) together with the induced maps m; : Gy X Gy — Gy,
e : Ge — Gy and the unit element e, = e(t) is a pro-c-group for every pointt € T



Here G X7 G = {(x,y) € G x G|pr(x) = pr(y)} denotes the fibre product of G and
G over T, which is a totally disconnected Hausdorff space and has a structure map
pr: G Xp G—T. Furthermore, the maps m and ¢ commute with the structure
maps.

Of special interest are bundles which are compact, i.e. G is a profinite space.
These are the bundles which were considered in [5], and which we now call com-
pact bundles.

If G is a pro-c-group and 7' is a profinite space, then we have the (compact)
constant bundle (G x T, pr,T), where pr is the projection G x T' — T.

A morphism of bundles
¢ : (gaprgvT) — (Hapr'Ha S)

is a pair ¢g : G — H, ¢r : T — S of continuous maps such that the diagram

G-

|

T——S

éT

commutes and for every ¢t € T the associated map ¢; : G, — Hg, ) is a group
homomorphism. We say that (G, prg,T) is a subbundle of (H,pry, S) if T =5,
¢r = id and ¢, is injective for all t € T. We say that ¢ is fibrewise surjective
if ¢ is surjective and ¢, is surjective for all t € T'.

A morphism from a bundle (G, pr,T) to a pro-c-group G is a continuous map
¢ : G — G such that the induced maps ¢; : G; — G are group homomorphisms
for every t € T.

1.1 Free pro-c-products

Let (G, pr,T) be a bundle of pro-c-groups.
Definition 1.2 The free pro-c-product of (G,pr,T) of is a pro-c-group
G=%¢g
T
together with a morphism w : G — G, which has the following universal property:

for every morphism f : G — H from G to a pro-c-group H there exists a unique
homomorphism of pro-c-groups ¢ : G — H with f = ¢pow.

As in [5](4.3.6) we have the

Proposition 1.3 The free pro-c-product %k G exists and is unique up to unique
T

1somorphism.



Proof: Let D = %/.,G, be the abstract free product of the family of groups
(Gi)ier and let X : G — D be the map which is given on every G, as the natural
inclusion of G; into D. Then define the free product G = kG as the completion
of D with respect to the topology which is given by the family of normal subgroups
N C D of finite index for which

(a) D/N €,

(b) the composition of A with the natural projection D — D/N is continuous.
It is easily verified that G has the required universal property. The uniqueness

assertion is clear by the universal property. O

For the free pro-c-product of the bundle (G, pr, T') we often write
T

teT
Observe that there are different “free pro-c-products” of a family of pro-c-groups
{G;}ter depending on the topology on G = ) ,cp Gi-
Ifo:(G,prg, T) — (H,pry, S) is a morphism of bundles, then by the universal
property of the free product the map G % H = %k gH induces a homomorphism

Or kG — XH,
T S

i.e. there is a functor
B — Pro-c-groups, G +— kG,
T

between the category B of bundles of pro-c-groups and the category of pro-c-
groups.

Proposition 1.4 Let (G,pr,T) be a bundle of pro-c-groups and assume that
T=T\U ---U Ty is a finite disjoint decomposition of T into non-empty open
subsets. Then the following assertions hold.

(i) There is a canonical isomorphism

X Gix---xkGL = kG,
T Ty T

where G; denotes the bundle pr—'(T;) over T; fori=1,... k.
(ii) The canonical homomorphism ¢.: ¥7.G; — *1G, which is induced by the
bundle morphism ¢: G; — G, has a splitting; in particular, ¢, is injective.

Proof: The first assertion follows from the universal property. For the second
consider the map ¢g: G — G; which maps G;, j # 4, to the unit element of G,
for some fixed ty € T; and which is the identity on G;, and the map or: T — T;
which maps Tj, j # i, to ¢, and which is the identity on 7;. Then (¢g, ¢r) is a
morphism of bundles which induces a splitting of ¢, 0



Corollary 1.5 Let (G,pr,T) be a bundle, where T' = Ty {x} is the one-point
compactification of the discrete set Ty and G, = {x}. If ty € T, then the canonical

map
We,, - gto ’ tsz G

has a splitting. In particular, it is injective.

We do not know whether the map wg,  is injective for bundles over arbitrary
profinite spaces (but see remark 5 in section 3).

1.2 Compact bundles

First we prove a criterion for subsets of a compact bundle for being open.

Lemma 1.6 Let G be a compact bundle of pro-c-groups over a profinite space T .
For every t € T let an open subset W, of G; be given. Then the following is
equivalent.

(i) For every closed subsetY of G the set {t € T|Y; C W;} is open in T.
(il) W = U W, is open in G.

teT

Proof: Assume that (i) holds. Let
W=0\W=_JW, W =g6\W.

teT
Let g € W, € W. Since W, is closed in G;, (and so in G), there are open subsets
R,Q of G such that W,, CQ, g € Rand RNQ = @. Since Q = G\Q is closed
in G, the set
S:={teT|W,CQ}={teT|Q C W}
is open in 7' by assumption and t, € S. Thus V = pr&l(S) N R is an open
neighborhood of g. Furthermore, if t € S, then V; C R, C Q; C W,. Thus V is
contained in W. It follows that W is open.
Now assume that (ii) holds. Then

{teT|)Y, CW:} =T\pr(Y nW).

Since (Y NW) is closed in G, hence compact, pr(Y N W) is a compact subset of
T, and so T\pr(Y N W) is open. O

Let G be a pro-c-group and let (Gy)ier be a family of closed subgroups of G
indexed by the points of a profinite space T'. We say that (G}).er is a continuous
family, if and only if for every open neighborhood V' of the identity of G the set
T(WV)={teT|G,CV}isopeninT.



The following proposition shows that the concepts of compact bundles and
continuous families coincide.

Proposition 1.7

(i) The set
G={(g) e GxT|geGi}

equipped with the induced topology of the constant bundle (G x T, pr,T) is a
compact bundle over T.

(ii) If H is a compact bundle, then H is the bundle associated to the family
(Hy)ier of pro-c-groups given by the fibres of H, where each fibre is considered
as closed subgroup of XpH.

Proof: For the first assertion see [5] (4.3.3). In order to prove the second, we
first remark that a fibre H; is a closed subgroup of the free pro-c-product kH,
see [5] (4.3.12)(i), thus

’H:{(h,t)e??{xﬂhe%t}.

Now it is easy to see that the family (H;);er is continuous: Let W be an open
neighborhood of the unit of *krH. Then, using lemma (1.6), the set T(W) =

1.3 Bundles with operators

Definition 1.8 Let G be a pro-c-group. A bundle (G,pr,T) of pro-c-groups is
called G-bundle if G acts continuously on G, i.e. there is a commutative diagram

G x gG——=G (0,2) — o,
N
G x T—=T (0,t) — ot,

of continuous maps such that
(i) for all o € G the map G— G, x +— ox, is a morphism of bundles,
(ii)) (o7)(x) = o(7(z)) and ex =z for all o,7 € G and all x € G.

Definition 1.9 Let (G,pr,T) and (H,pr,S) be G-bundles of pro-c-groups and
let ¢: G—H be a morphism of bundles. Then ¢ is called G-invariant, if the
diagrams



G x G——=G G x T——=T

IR SR L

G x H—H G x §S——=S8

commute. The morphism ¢ is called G-transitive, if ¢ is G-invariant and for
t,t' € ¢3'(s), s € S, there evists 0 € G such that ot =t

Let (G,pr,T) be a G-bundle and let 0 € G. Then
0Gi=G, forteT.
Furthermore, the homeomorphism o: G = G induces an automorphism
o:XG = XG
T T

of pro-c-groups, i.e. *k7G is a pro-¢-G operator group, see [5] (4.3.8). Thus %G
possesses a system of neighborhoods of the identity consisting of open G-invariant
normal subgroups, see [6] theorem 17:

If U is an open subgroup of %G, then U := Nyec oU is a G-invariant sub-
group of *;G. We will show that U is open. Since oe = e € U, there exist open
neighborhoods V,, and W, of e € U and o € G, respectively, such that W,V, C U.
Since |J, W, = G and G is compact, we find a finite covering {W,,,..., W, } of
G. Let V. =", Vs, then oV C U for every o € G and consequently for every
xEUwehaveVa:QU.

Since the map A: G — *dTg is G-invariant, where the action of G on *dTg is
defined in the obvious way, it follows that
% G = lim (*“G)/N,
T o 7

where N runs tlerllgll all G-invariant normal subgroups of *dg such that
T
( l dTQ)/N € ¢ and the map g — *dTg - (*Td Q)/N is continuous.

1.4 Projective limits of bundles

Let I be a directed set and let {G;, T}, ¢;; }1 be a projective system of bundles of
pro-c-groups with transition morphisms
®ij 1 Gi = Gj, 1> 7.

A bundle (G, pr, T) of pro-c-groups together with morphisms of bundles ¢;: G —
G; compatible with ¢;; is called projective limit of {G;, T}, ¢;; }1, if it satisfies
the usual universal property. The projective limit exists and is unique up to
isomorphism and we write

(gvprv T) = 1&1’1 (gbpri’ ﬂ)
el

7



Indeed, the uniqueness follows from the universal property and for the existence
we consider the Cartesian product G := Hie ; G; which, being endowed with the
product topology, is a bundle over 7' = lim T;. Then the subbundle

(;

G:={(9:) € G | di5(95) = 9;}
satisfies the universal property of the projective limit and its fibres are given by

gt = lim gi,ti
—

iel
for t = (t;)ier € lim T;. Clearly, the transition morphisms ¢;; give rise to ho-
+—

momorphisms X G, — % G;, i > j. It is a natural question whether the induced
i Tj

homomorphism i

kG —1lim kG,

T — T

iel

is an isomorphism, i.e. whether free products commute with projective limits.
This holds if the bundles G; and hence G are compact, see [5](4.3.6). Unfortu-
nately, the argument cannot be carried over to arbitrary bundles. However, under
additional conditions for the maps G — G;, we can prove the following criterion:

Proposition 1.10 Let G be a pro-c-group and let {G;,T;, ¢ij}1 be a projective
system of G-bundles of pro-c-groups with G-invariant transition maps ¢;j. Then
the bundle
G =lim G,

«—

iel
is a G-bundle over T'=1mT;. Assume further that the following holds:

H

(i) For alli € I, the canonical map ¢;: G — G; is surjective.

(ii) Let W be a closed resp. open subset of G which is invariant under an open
subgroup M of G. Then ¢;(W) is closed resp. open in G; for alli € 1.
Then

%G =Ilim *G;
T — Ti
i€l

Proof: The fact that G is a G-bundle over T is obvious. Let D = *L,.G,; be
the abstract free product of the family of groups G; and D; = *tchTig’i7ti fori e I.
Using (i), we see that the canonical maps

()OZ‘ID—»D“ iG],

are surjective. Furthermore the action of G on G induces a G-action on D; and
D, and ¢; is G-invariant. For a fixed ¢ € I, the correspondence N +— N; := ¢;(N)

8



induces a bijection between the set of G-invariant normal subgroups N of D such
that N D kerp; and D/N € ¢, and the set of normal subgroups N; of D; such
that D;/N; € ¢. For all such N and N;, we have the isomorphism

D/N = D;/N;
and the commutative diagram

G; == D; —L'= Di/N;

I,

G-—2-D-1oD/N.

Obviously, if f;\; is continuous, then f\ is continuous. Conversely, assume that
fA is continuous and let @ € D;/N;. Then W = (f\)~!(a) is open and closed
in G and invariant under any open subgroup of GG acting trivially on the finite
group D/N. Furthermore, since ¢; is surjective, ¢;(W) = (fi\;)"'(a). Using (ii),
¢;(W) is closed resp. open in G; . This shows that f;\; is continuous.

Now by the general theory of pro-c-G operator groups presented in the pre-

vious section, we have >l< G =lim D/N where N runs through the G-invariant
— N

normal subgroups of D such that D/N € ¢ and f\ is continuous. Analogously,
>|< G; =lim D;/N; where N; runs through the G-invariant normal subgroups of

— N
D such that D;/N; € ¢ and f;); is continuous. Noting that any normal subgroup
N of D of finite index contains ker ; for some ¢ € I, the above considerations

imply
%G =1lim D/N =lim ( lim D/N)=Ilim (lim D;/N;) =lim * g,
T — — — — N — T
N i€l NDker(p;) i€l N il

O

Remark: In section 2 we will work with projective limits which are formed in the
subcategory of corestricted bundles. As a set, the projective limit G = lim G; is
<;

given as above by G := {(¢;) € [1Gi | ¢4j(9:) = g;}, however it has to be endowed
with a topology which is finer than the product topology. It is important to
remark that (1.10) remains valid as long as the projections G — G; are continuous
and condition (ii) holds with respect to this finer topology.

2 Corestricted bundles and their free products

Now we introduce the notion of a corestricted bundle of pro-c-groups with
respect to a compact bundle I of pro-c-groups.

9



Definition 2.1 Let (G,prg,T) be a bundle of pro-c-groups. We say that G is
corestricted with respect to a compact bundle (U, pry, T) over T if there exists
an injective morphism of bundles ¢: U — G over T, i.e. the diagram

Uu—"-g

DN

commutes, and G is equipped with the final topology with respect to the family of
inclusions {¢p: U — G, G, — G,t € T}. We denote the bundle G by (G,U) if it
18 corestricted with respect to U.

The corestricted free pro-c-product of the corestricted bundle (G,U) is
the free pro-c-product Xr(G,U), and we write

(gbut) (g7u>

teT

Remarks: 1. The topology on G; induced by the topology of (G,U) is the pro-c
topology of G;: if Vi is an open subgroup of the pro-c-group Gi,, then G \Vj
is closed in G;, and so in G since every fiber of G is closed. It follows that
V= Ut#OQtU Vo is open in G, and V N G, = V.

2. If T is the one-point compactification of a discrete set Ty, then the definition
of the corestricted free pro-c-product of the corestricted bundle (G,U) over the
profinite space T' coincides with that given in [4] §2. If T is finite, then (G,U) is
a compact bundle independent of U.

3. We have two extreme cases. If Uy = G, for all t € T, then (G,U) is the equal
to the compact bundle U. If U, = {1} for all t € T, i.e. U is the trivial bundle 7,

then the topology of (G, 1) is given by the sets V' C G such that V, = V NG, is
an open subgroup of G; for all t € T and S = {t € T|1 € V;} is open in T. The
corestricted free pro-c-product

*(G,1)
T
of the corestricted bundle (G, 1) is sometimes called the unrestricted free pro-c-

product of G.

Definition 2.2 Let T,S be profinite spaces and (G,U), (H,V) be corestricted
bundles of pro-c-groups over T and S, respectively. A morphism of bundles

¢: (G, U)—(H,V)

is called morphism of corestricted bundles if ¢(U) C V. Furthermore, we
say that ¢ is strict if o~1(V) =U.

10



As a special case of morphisms of corestricted bundle, we consider morphisms
(G,U") — (G,U) where U' C U are compact subbundles. In this situation, we
have the following

Proposition 2.3 Let (G,U) and (G,U") be corestricted bundles of pro-c-groups
with respect to compact subbundles U and U', respectively, with continuous inclu-
sion U C U. Then the morphism of corestricted bundles id : (G, U") — (G,U)
induces a canonical surjection

*(G,U") — *(G,U)
T T

and there is an isomorphism

lim (% (G.U")/N = *(G.U).

Here N runs through the open normal subgroups of (G, U") such that for every
a € k7 (G,U") the preimage of aN under the map

(G.U) =5 (G.U') = *(G.U)

is open in (G,U), i.e.
(i) w™(aN)NU is open in U,
(i) w™H(aN)NG; is open in Gy for allt € T.

Proof: This follows directly from the universal property of the free prod-
uct. In fact, *(G,U) satisfies the property of the completion of *k,(G,U")
with respect to the family of open normal subgroups N satisfying (i) and (ii).
Hence the homomorphism k7 (G,U') — *p(G,U) induces the isomorphism
(kr(G,U"))/N == k(G,U). O

lim
— N

In particular, it follows that any corestricted free product can be recovered
from the unrestricted free product *7(G, 1).

2.1 Quotients of corestricted bundles

Let (G,U) be a corestricted bundle of pro-c-groups and let V be a closed
subbundle of G such that 1} is a normal subgroup of G; for all ¢ € T. Set
V:=VNU and let U := ) ;o Us/V; be endowed with the quotient topology with

respect to the canonical surjection Y — U. Then U is a compact bundle over T

11



and we define the quotient bundle (G,U) := (G/V,U/V) of (G,U) with respect
to V as the set o
G,U) =) G/V:
teT
endowed with the final topology with respect to the inclusions G;/V; — — (G, U),
teT,and U — (G,U). Thus (G,U) is a corestricted bundle of pro-c-groups and
there is a canonical surjective morphism of corestricted bundles

¢: (G, U) — (G,U)

which induces a surjection

%(G.U) — *(G.0).

Indeed, ¢ is continuous: Let V be open in (G,U), and so VN is open in 4. Then
the equality ¢~ (V) NU = ¢~ {(VNU)NU = gb‘u (V NU) shows that ¢~ (V )ﬂZ/{

is open in Y. With an analogous argument for the fibres it follows that ¢=1(V)
is open in (G, U).

Remark: Let (G,U) be a corestricted bundle of pro-c-groups such that U; is a
normal subgroup of G; for all £ € T. Then the topology of the quotient bundle

(G/U, 1), where I is the compact unit bundle ) ,.,{1¢}, can be described as
follows: A subset V' C (G/U, 1) is open if and only if

(i) VNG /U, is open in G, /U, for all t € T,

(ii)) T(V)={teT |1, € V}is open in T where 1, denotes the unit in G,/U,.
In fact, a subset V of (G/U, 1) is open if and only if 7=*(V') is open in (G,U),
i.e. if and only if 77'(V) N is open in U and 71 (V) N G, is open in G, for any
t € T. The last statement is equivalent to (i), and since

Vnu= ) u

teT(V)

the first statement is equivalent to the assertion that 7'(V') is open in 7.

Of particular interest are quotient bundles which occur when passing to ¢c-
completions, where ¢ is a class of finite groups which is closed under taking
subgroups, homomorphic images and finite direct products and contained in the
class ¢. If G is a pro-c-group, then G(¢) denotes its maximal pro-¢ factor group.

Proposition 2.4 Let (G,U) be a corestricted bundle of pro-c-groups over T'. As-
sume that either

G =U s a compact bundle or

T =Ty U {*} is the one-point compactification of a discrete set T
(and G, = U, = {*}). Then, with the notion as above, we have a surjective
morphism of corestricted bundles

12



¢:(G.U) —~ (G, U).
This morphism induces an isomorphism

(*(G,U))(E) = *(G,U),
T T
where % denotes the free product the category of pro-c-groups.

Proof: Denote by V; the kernel of the homomorphism p;: G; — g}, t €T. Once
we have shown that V := () .,V is a closed subbundle of (G,U), we proceed as
follows:

The bundle 2 NV is closed in (G,U) and therefore (G,U) = (G/V,U/(V NU))
is the quotient bundle of (G,U) with respect to V and the canonical surjection
¢: (G,U) — (G,U) is a morphism of corestricted bundles. Furthermore, ¢ induces
a surjection

@4f@ﬂM®%§@ﬂ)

On the other hand, the morphism ¢: (G,U) = *7(G,U) — (* (g U))(¢) induces
a map o
@: (G, U)— (k7(G,U))(T).
We will show that ¢ is continuous. Let W be open in (7(G,U))(¢) and let
V = ¢ {(W). Then V := ¢~ *(W) is open in (G,U), and so V N U is open in
U. Since U has the quotient topology with respect to the surjection U — U, the
equality
VU =¢ ' (VnU)nu = ¢/ (VNU),

shows that V N is open in U. Using an analogous argument for the intersection
of V with a fibre, it follows that V is open in (G.U).

Thus we get a homomorphism %1 (G,U) — (*7(G,U))(¢) which is inverse to
¢+. Now we will show that under our assumptions V is a closed subbundle.

If G = U is a compact bundle, then G is projective limit of finite bundles
Gy, see [5] (4.3.10). Since G, is obviously a (compact) bundle of pro-¢-groups, it
follows that G = hm G, is a compact bundle of pro-é-groups and V is a closed

subbundle of G.

If T'= Ty U{x} is the one-point compactification of a discrete set Tp, then the
fibres Uy, t € Ty, are open in U. Thus the set ) teTy U\, is open in U, hence
V =) jer Vi is closed. O

If a is the class of finite abelian groups, then the free pro-a-product and the
free pro-(¢ N a)-product of abelian pro-c-groups coincide. Thus we obtain the
following
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Corollary 2.5 Let (G,U) be a corestricted bundle of pro-c-groups over T, where
is the one-point compactification of a discrete set Ty and G, = U, = {*}. Then
there is a canonical isomorphism

(% (G, U))™ = % (G2, Thy),
teT teT

where Uy = UGy, Gi]/[Gr, G| and k denotes the free product in the category of
pro-abelian-groups.

2.2 Projective limits of corestricted bundles

If {(Gi,U;), T, ¢ij}1 is a projective system of corestricted bundles of pro-c-
groups, i.e. the transition morphisms ¢;; are morphisms of corestricted bundles,
then the projective limit of this system as defined in section 1 need not to be a
corestricted bundle. The reason is that the topology on the limit is too coarse.
Nevertheless, the category of corestricted bundles is closed under projective lim-
its: We endow the Cartesian product G = [L:c; Gi with the final topology with

respect to the inclusions [[,.; Gis, — G for any (t;) € [[T; and U — G where
U = [L;c; U is endowed with the product topology. Then G is a corestricted
bundle with respect to the compact subbundle &/. Furthermore,
G:={(9:) € G| ¢i;(9:) = g5}
is a corestricted bundle with respect to the compact subbundle
U= {(w) € G| dy(w) = uy}
satisfies the universal property of the projective limit. We write
%
iel
Theorem 2.6 Let G be a pro-c-group and let {(G;,U;),T;, ¢i;}1 be a projective

system of corestricted G-bundles of pro-c-groups with G-invariant transition maps
¢ij. Then the corestricted bundle

(G.U) = lim (G, Uh)
i€l

over T'=1mT; is a G-bundle. Assume that
%

(i) the action of G on each T; factors through some finite quotient of G,
(i) the transition maps ¢;; are surjective strict morphisms and
(iii) the maps ¢;: (G, U) — (Gi,U;) are G-transitive.
Then
T — T

el
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Using the following lemma, the above result follows from (1.10). Note that
(1.10) holds with respect to the topology on the corestricted projective limit
bundle (G,U), cf. the remark at the end of section 1.

Lemma 2.7 Let G be a pro-c-group acting on the corestricted bundles (G,U) and
(H,V) of pro-c groups over profinite spaces T' and S, respectively. Assume that
the action of G on S factors through a finite factor group G/N. Let

¢: (G, U) — (H,V)

be a G-transitive, surjective, strict morphism. Then the following holds.
(i) Ewvery fibre Hs, s € S, is a finite union of images ¢(G;) of fibres of G.

(ii) Let W be a closed subset of (G,U) which is invariant under an open subgroup

M of G. Then ¢(W) is closed in (H,V).

Proof: For s € S we have H, = ¢(Ut€¢;1(s) Gi) and ¢ (H,) = Ut€¢;l(s) G,
hence
oW)NH, = |J e(Gnw).

tepr' (s)

Ifo € NN M and t € ¢ (s), then
PG NW) =00(G:NW) =¢(0GNoW) = ¢(Goe "W).

It follows that

U o@Gnw) =] é(Goty, "W), to € d7'(s),

te(b;l (s) g€R

where R is a (finite) system of representatives of G/(N N M) in G. In particular,

Hs = U ¢(gato)7

oER’/

R’ a system of representatives of G/N in G, hence we proved (i).

Since for any t € ¢ (s) the surjective homomorphism of pro-c-groups G; —»
Hs is closed, we see that ¢(W) N H, is closed in ‘Hg. Furthermore, since ¢ is
strict, we have

oW)NY =oUNW)

and ¢y : U — V is a surjection. Since U and V are compact, ¢y, is closed. It
follows that ¢(1W) NV is closed in V. Thus ¢(W) is a closed subset of (#H, V).
O
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2.3 Corestricted bundles over a one-point compactifica-
tion of a discrete set

Let T'= Ty U {*} be the one-point compactification of a discrete set T. Let
(Gt)ter, be a family of pro-c-groups indexed by the elements of the discrete set

Ty. Consider the set
G:=J G u{s,
tETy
where {x} is the group with one element, equipped with the following topology:
G C G (together with its profinite topology) is open in G for all ¢, and for every
open neighborhood V C T of x € T let

) G {s}

teVv

be an open neighborhood of x € G. Then (G, pr,T), where pr is the continuous
map
pr:G—=T; Gy 2 g —t, x— %

is a compact bundle of pro-c-groups.

Now we consider the topology of a corestricted bundle over T'. Let

G.u) = (| Gu {=}, |J thw {+})

teTy teTy

be a corestricted bundle of pro-c-groups over T with respect to the compact
subbundle ¢. Then a subset V of (G,U) is open if and only if the following holds:

(i) If x € V, then Uy C V for almost all ¢ € Ty,
(ii) V NG, is open in G, for all t € Ty,

Indeed, assume V' is open in (G,U), and so (ii) holds, and W =V N is open in
U. Let S ={t e T|\U; CW}. Then

T\S = {t € T|Uy & W} = prUU\W).

Since U is compact, and so U\W is compact, it follows that T\S is compact,
hence S is open in T. If x € V, then S contains %, thus T\S is finite, i.e. (i)
holds. Conversely, assume that (i) and (ii) holds. If * € V, then T\ S is finite.
It follows that W = U\ J 7 s(Us\W?) is open in U. If ¢ # x, then U, is open in
U, and so every open subset of U, is open in U, thus W =V NU is open in U, if
x ¢ V.

We will prove that under certain conditions a fibrewise surjective strict mor-
phism ¢ : (G,U) —(H,V) of corestricted bundles is open, where (H,V) is a core-
stricted bundle over the one-point compactification of a discrete set. We need
the following
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Lemma 2.8 Let (U,pry,T), (V,pry,S) be compact bundles of pro-c-groups
where T is a profinite space and S = Sy {x} is the one-point compactifica-
tion of the discrete set Sy such that V. = {xy} is the group with one element.
Assume that

(i) ¢ : U=V is a fibrewise surjective morphism,
(ii) ¢r: T — S is an open map and
(ili) #¢ '(xy) =1, i.e. %y has a unique preimage.

Then ¢ is open.

Proof: Let W C U be an open subset, and so W, = W N, is open in U; for all
t € T. Since ¢ is fibrewise surjective, the homomorphisms ¢; : Uy —» Uy,.(1) are
open. Hence it follows that for all s € S the set

sW)e=oWV)NVe= [ (W)
tepr ! (s)

is open in V. In order to prove that ¢(1/) is open in V, by lemma (1.6) it remains
to show that for a closed subset X C V), the set

Sx={se S| Xs; Cop(W)s}
is open in S. Again by lemma (1.6), the set
TX - {t € T ’ Qﬁil(X)t g Wt}

is open in T. Hence, since ¢r is open, it follows that ¢r(Tx) is open in S.
Obviously ¢r(Tx) C Sx. Since S = SyU {x} is the one-point compactification
of a discrete space, it remains to note that x € ¢p(Tx) if * € Sx. In fact, this is
guaranteed by the assumption #¢~!(*y) = 1. O

We are now able to prove the following

Proposition 2.9 Let (G,U) be a corestricted bundle of pro-c-groups over a profi-
nite space T and (H,V) be a corestricted bundle over S where S = Sy {x} is
the one-point compactification of the discrete set Sy such that H, = {xy} is the
group with one element. Let

¢ (G, U)=(H,V)

be a fibrewise surjective strict morphism of corestricted bundles such that
(i) ¢r : T'— S is an open map and

(i) #¢  (xy) =1, i.e. *y has a unique preimage.

Then ¢ s open.
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Proof: Let W C G be an open subset. For all ¢t € T, the set W; C G, is open.
Since ¢ is fibrewise surjective, the homomorphisms ¢; : G; — Hg,. () are open
and hence for all s € S the set

sW)e=oW)NH, = |J o)

tepr' (s)

is open in H,. It remains to show that ¢(W) NV is open in V. Note that since
¢ is strict and surjective, we have

oW NV = (W NU).

By lemma (2.8), the induced map ¢, : Y — V is open which implies the claim.
O

One should remark that the assumption (i) in the above “open mapping re-
sult” is necessary by the following general observation: If ¢: (G, U) — (H,V) is an
open morphism of corestricted bundles over T" and S, respectively, then ¢r: T —
S is open. In fact, let 7" C T be an open subset and let W = ¢(|) ;cv G¢) NV
which is an open subset of V by assumption. Now lemma (1.6) implies that the
set or(T") = {s € S|{l;} C W;}, where 1; denotes the unit element in V;, is
open in S.

The following lemma shows that the canonical projections of projective limits
of profinite spaces are open provided the transition maps are. More precisely, we
have the following

Lemma 2.10 Let {S;, pi;}1 be a projective system of profinite spaces such that
all transition maps p;; = S; — Sj,© > j are surjective. Let S = {iinjd S; and
denote by p; the canonical surjection S — S;, © € I. Then the following holds:
(i) If all transition maps p;; are open, then the maps p; are open, too.
(ii) If S; = So; U {*;} is the one-point compactification of a discrete set Sy; and
pi; ({*;}) = {:} for all i > j, then the maps p;; and p; are open.

Proof: Assertion (ii) follows from (i), since the maps p;; are obviously open.
In order to prove (i), it is sufficient to show that the set p;(V N S) is open in S;,

here
" v=1lviclls
jel jeI
with open and closed subsets V; C S; such that V; = S, for all j ¢ I, where I,

is a finite non-empty subset of I. For any i € I we define a subseteq W; C 5; as
follows: Let k € I such that £k > i and k > j for all j € I and set

Wi = pi( () o (Vi) C Vi C 8.

j€lo
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Since [ is directed, it follows that W; is independent from the choice of k. As-
suming that p;; is open for all 7 > j, W; is an open and closed subset of S;. We
claim that W; = p;(V N S). It is easy to see that p;; maps W; surjectively onto
W foralli > j. Let W = h;njel W, and denote by p; the canonical surjection

W — W;. Since W C VNS, we have
Wi =pi(W) C pi(V N S).

Conversely, let © = (z;); € VNS and let k € I such that k¥ > 4 and k > j
for all j € Iy. Then pyi(xy) = z; and pgj(zg) = z; € V; for all j € I, ie.
zr € Njer, plzjl(Vj) Therefore p;(z) = x; € W; which finishes the proof. O

Theorem 2.11 Let {(G;,U;),T;, ¢ij}1 be a projective system of corestricted bun-
dles of pro-c-groups, where T; = Ty; U {x;} is the one-point compactification of a
discrete set To; and (Gi)«, = {*g,} for alli € I. Let T =lim T, and
— el
(G,U) = lim (G;, ;)
(_
i€l
as defined in section 2.2. Assume that the following holds.
(i) The morphisms ¢;; are fibrewise surjective and strict.
(ii) For all i > j the transition maps satisfy ;' ({*;}) = {}.
Then
* G = lim *(G;, U;).
T — T

(3

il

Proof: Using (2.9) and (2.10), we see that the canonical maps ¢;: G — (G;,U;)
are open. Now (1.10) (with G = 1) and its following remark give the desired
result. O

In proposition (2.3) we have seen that every corestricted free product
*7(G,U) can be written as the completion of the unrestricted free product
*7(G,1). In the case where T is the one-point compactification of a discrete
set Tp, we will show that %7 (G,U) can also be obtained in a different way as pro-
jective limit involving unrestricted free products of quotient bundles with fibres

Gi /Uy

Assume that U; is a normal subgroup of G; for all t € T'. If S is a finite subset
of Ty, then U* denotes the compact subbundle [ ) 1eT\S U; of U. According to
(2.1), we have a canonical (open) surjection of bundles

(G.U) — (G/U°,U/U%) = (G/U®, 1),
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where as sets

g/us = U G U Gi/U,.

tes teT\S

It follows that we obtain an isomorphism of bundles

(G.U) = lim (G/U°. 1),
S

where S runs trough the finite subsets of 7. Thus we get the following proposi-
tion, see also [4] Satz (2.2):

Proposition 2.12 Let T = Ty U {*} be the one-point compactification of a dis-
crete set Ty and let (G,U) be a corestricted bundle of pro-c-groups over T'. Let U,
be normal in G, for allt € T'. Then

*(gt,ut)zljin(*gt* X (gt/utal))-
S

teT tesS teT\S

Proof: If S; C S; are finite subsets of Ty, then the morphism of bundles
ngz,Sl : (g/uSzy 1) - (g/u51’ 1)

is fibrewise surjective and ¢g: (G,U) — (G/U”, 1) is open. Using (1.10) (with
G = 1), we obtain the desired result. O

3 Corestricted free products of families

Let G be a pro-c-group and let (Gi)ier and (Up)ier be families of closed
subgroups of G indexed by the points of a profinite space T', where U, is a closed
subgroup of Gy for every t € T. Assume that (U;);er is a continuous family, i.e.

U={(g:1) e GxT|geUy}
is a compact bundle over T’ see (1.7)(i). Let
G={(g) e GxT|geCi}

and let prg be the restriction to G of the projection G x T" — T. Let G be
equipped with the following topology: a set V' C G is open if and only if

(i) V.NU is open in U,
(ii) V NG, is an open subset of G, for all t € T'.
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(We identify the fiber G, = (Gy,t) with G;.) Observe that this topology on
G is finer than the topology which is induced by the topology of the constant
(compact) bundle (G x T, pr,T). We define the maps m, ¢, e by restricting the
corresponding maps from the constant bundle to G.

Lemma 3.1 With the notation and assumptions as above let x € G and let V
be an open neighborhood of x. Then there exists an open neighborhood Vi of x of
the following form.:
(i) if x € Uy, then Vo = (N x S) NG, where N is an open normal subgroup of
G and S open in'T, and Vo NU CV NU,
(ii) if z € Gy\Uy, then Vo = xN;, where N; is an open normal subgroup of Gy,
and Vo C V.

Proof: If x € Uy, then x € W = VNU. Since W is open in the compact bundle
U (which equipped with the induced topology of the compact constant bundle
G x T), there exists an open normal subgroup N of G and an open subset S of T
such that (zN x S)NU C W. Then Vj = (xN x S)NG is an open neighborhood
ofreGand VoNU CVNU.

Assume that x € G;\U; and let IV, be an open normal subgroup of G, such
that xN; C V;, = VN G;. We may assume that N; is small enough such that
xN; NUy = @. It follows that the set Vy = 2N, C G; C G is open in G. Indeed,
for t' # t the set Vo NGy = @ is open in Gy, the set Vo NGy = x N, is open in Gy
and Vo NU = @ is open in U. 0

Lemma 3.2 Let G be a pro-c-group, Uy C U are closed subgroups of G and g an
element of G. Let V' be an open subset of G containing gUy such that

gUp =V N gU.

Then there exists an open subgroup H of G such that gUy C gH C V and
Uy=HnNU.

Proof: Since Uy = (),¢; Hi, where H; is an open subgroup of G for every i € I,

we have G\V C |J,;(G\gH;). Since G\V is closed in G, hence compact, and

the sets G\gH, are open (H, is open and closed), we get G\V C |J._,(G\gH;),

and so n

gUs C mgHi cV.
i=1

Thus H = (;_, H; has the desired properties. O
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Theorem 3.3 With the notation as above, the space G = (G,U) is a corestricted
bundle of pro-c-groups over T" with respect to U, and we have continuous inclu-
510NS

U (G, U) 2~ G X T.

Proof: Since the injective map (G,U) & @ x T is continuous and G x T'is a
totally disconnected Hausdorff space, the same is true for the space (G,U).

Obviously, the map prg: G — T is continuous: if S C T'is open, then prg 1SN
G, is empty or equal to Gy for all t € T and prgl(S) NU = pr;;*(S) is open in U.
In particular, it follows that a fiber G is closed in (G,U) and that the topology
on G induced by the topology of G is the pro-¢ topology of G;.

Now we prove that the multiplication m: G X7 G — G is continuous. Let
(a,b) € G x7 G and let ¢y € T such that a,b € Gy,. Let V =) ,.p Vi € G be an
open neighborhood of m(a, b) = ab. We consider the following two cases.

1. Let a ¢ Uy, or b ¢ Uy,. Assume that a ¢ Uy, and let Ny, be an open normal
subgroup of Gy, such that ablV;, C V;,. We may assume that IV, is small enough
such that aN,, N Uy, = @. It follows that the set V, := aN,, C Gy, C G is an
open neighborhood of a in G, see lemma (3.1).

Let Vi = |z, G+ U (bNy,). Then V4 is open in (G,U), since Vy NU =
U 1ty Ut U (bNy, NUy,) is open in U and V, N G, is open in G, for all t € T.
Furthermore, m(V,, V,) = abNy, C V;, C V.

2. Let a,b € Uy,. Using lemma (3.1), we replace V by (abN x S)NV, where N
is an open normal subgroup of G and S an open subset of T', i.e. we may assume
that

W =VNU=(abN x S)nU =J(@NNU,).
tes

Thus V; NU; = abN NU, for every t € S. Let

Wo=J@Nnt) and W,=[JONNU,).

tesS tes

Then W, and W, are open neighborhoods of a and b in U, respectively, and
mu(Wa,Wb) Q W. Let

Se:={te€ SlaNNU; # @} and S, :={t € S|bNNU; # o}.

For every t € S, resp. t € 5, there are elements n, € N resp. m; € N such that
an; € Uy and b, € U, and

aN NU; = any(N NU;) resp. bBN NU; = amy(N N Uy).
Let t € S, N Sp. Using lemma (3.2) and

antbmt(N N Ut) =abN N Ut = V; N Ut = cmtbtht N ‘/;5,
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there exists an open subgroup H; of G; such that
antbmt(N N Ut) g antbtht g ‘/t

and NﬂUt = Htht. Let

V, = U angy(H)"™ U U aN,

teS.NSy tESa\Sb
Vi = |J btmH wo ) 0N,
teSaNSy teSp\Sa

where (Hy)"™ = (bm;)H;(bm;)~t. Then m(V,,V;) € V. We show that the sets
V, and V}, are open in (G,U). Obviously we have condition (ii). Furthermore,

VonU =) (aNnty) =W,, and VinU = JONNU) =W,

teSy teSy

since
ant(Ht)bmt N Ut == ant(Ht N Ut>bmt == ant(N N Ut>bmt == ant(N N Ut) =alNnN Ut.

In order to prove that the inversion map ¢: G — G is continuous, let a=* € G
and V C G an open neighborhood of a='. Then the set V= = {z € G|z~! € V}
contains a, (V') = V and V! is open in G, since V' NU = ,'"(V NU) is
open in U as 1y is continuous, and V"N G, = (VN G,)~! is an open subset of G;
forallt e T.

Finally, since the unit e is equal to the composition T'—%{ < G, the map e
is continuous. 0

The continuous map ¢ induces a homomorphism

Ou: %(G.U) — C.

Definition 3.4 Let (Gy)ier and (Uy)ier be families of closed subgroups of a pro-
c-group G indexed by the points of a profinite space T. Assume that (Uy)er 1S a
continuous family and Uy, is a closed subgroup of Gy for everyt € T. Let (G,U)
be the corestricted bundle which is associated to these families.

We say that the pro-c-group G is the corestricted free pro-c-product of the
family (Gy)ier with respect to the continuous family (Uy)er of closed subgroups
of G if ¢, is an isomorphism. We write

G = * (G, Uy).

teT
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Remarks: We consider the situation given in definition (3.4).

1. If (G,U) is a corestricted bundle of pro-c-groups over the one-point compact-
ification T is of a discrete set Ty. Then it can be considered as a corestricted
bundle associated to the families (G;)ier and (U;)er of closed subgroups of the
pro-c-group G = *k7(G,U), see corollary (1.5); indeed, since the bundle U is
compact, the family (U;):er is continuous, see (1.7)(ii).

2. Forallt € T, let Ul C U; be a closed subgroup such that (U/)ier is a
continuous family. If U’ denotes the compact bundle associated to the family
(U])ter, then we have a canonical surjection *,(G,U') — *k7(G,U) and an
isomorphism lglN(*T(Q,U’))/N = X (G,U), see proposition (2.3).

3. If to € T, then the canonical map wg, : Gy — X (G, Up) is an injec-
teT

tive group homomorphism. This follows from the fact that the composition
Gy, — e (G, Up) — G is injective.

3.1 Abelianization of corestricted free products

L
et 1A, B) = {(at)teTO € [[ At | a; € B; for almost all ¢ € TO}

teTy teTy
be the restricted product over a discrete set Tj of abelian locally compact groups
Ay with respect to closed subgroups B;. The topology is given by the subgroups
V such that
(i) VN A; is open in A, for all ¢t € T,
(ii) V O B for almost all t € Tj,.
Then we call

[1°(A, By) :=lim ([T (As, By))/V,

teTh ‘7 teTy

the compactification of [[ier, (A¢, By), where V runs through all open subgroups of
finite index in [Jyer, (A, Br). The canonical map [[ier, (Ae, By) = [fer, (Ae, Be)
has dense image.

We define the discretization of |[ier, (A, By) by
Hd(An By) = hﬂw
W

teTo

where W runs through the finite subgroups of [[ier, (As, By). If the subgroups
By of A;, t € Tp, are open and compact, then [[er, (As, Bt) is locally compact.
Using the equality (JJier, (As, Br))Y = [{ien, (AY, (Ay/B;)Y), we obtain

Hd(At»Bt) = (((IT (A, Bt))v)c)v and [1°(As, By) = ((( T (As, Bt))v)d)va

teTy teTy teTy teTy

where v denotes the Pontryagin-dual.
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Proposition 3.5 Let T' the one-point compactification of the discrete set T.

(i) Let Ay, t € Ty, be discrete abelian torsion groups such that their exponents
have a common finite bound. Then we have the equality of abstract groups

[1°(A. Bi) = I (4w, By).

teTy teTy

However, [1¢r,(As, By) is endowed with the discrete topology in contrast to
[Deer, (A, By).

(ii) Let each Ay, t € Ty, be a profinite abelian group. Then the canonical map
[ier, (As, Br) — e, (Ae, By) is injective. Setting A, = B, = {0}, then

(By)ier is a continuous familiy of closed subgroups of [[°(As, By) and
teTo

% (A, By) = [1°(As, By)

teT teTy

where Ker(Ay, By) is the corresponding corestricted free pro-abelian product.

(i) Let *kier(Gy, Uy) be the corestricted free pro-c-product of the family {Gi}ier
with respect to the continuous family {U; hier where G, = U, = {*}. Then

( (G U))™ = (G, U,) = lim ([ (G, T) /N,

teT teT N T

where Gi* = G./|Gy, Gy] and Uy = Uy[Gy, G] /|Gy, Gy and N runs through
the subgroups of [Tier(G{®, Uy) of finite index such that N N G is open in
G for allt € T and N D U, for almost allt € T.

Proof: Under the assumption of (i) every element of [[;er, (As, By) generates a
finite subgroup. Thus (i) is obvious.

In order to prove (ii), we fix tg € Ty. If Vi, is an open subgroup of A,
then ‘7150 = Viy X [Tezto (As, By) is an open subgroup of [[:er, (At, By) of finite
index. If V;, runs through a basis of neighborhoods of the unit of A;,, then the
to-component of the intersection of the open subgroups f/to is {0}. Varying t,,
it follows that the intersection (| V of all open subgroups V' of finite index in
[Tier, (As, By) is zero. This proves the first assertion of (ii). The second assertion
of (ii) follows immediately from the definitions. Finally, (iii) follows from (ii) and
(2.5). In fact, noting that {s} C T is open and closed in T for all s € Ty, by (1.4)
(ii) there exists a continuous splitting of G5 — t*T(Gt’ Uy). d

€
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4 Cohomology of corestricted free products

Now we consider the cohomology of a corestricted free pro-c-product

G - * (Gt, Ut>
teT
of a family (G).er with respect to a continuous family (Uy)ser of closed subgroups
of a pro-c-group G in the case where T' = Ty U {*} is the one-point compactifi-
cation of a discrete set Ty. By U; we denote the normal closure of U, in G;.

Lemma 4.1 With the above notation (Uy)er is a continuous family. Further-
more, if G = J jeq, GeU {*}, U = J jeq, U U {*} and U = | jep, Ur U {x},
then the (continuous) morphism of bundles id : (G,U) — (G,U) induces an iso-
morphism of pro-c-groups

X (Gy, Uy) == % (G, Uy).

teT teT

Proof: Let V' be an open neighborhood of the identity in G. Then V contains
a normal subgroup N of G. Since {U, }4er is a continuous family, the set

T(N)={teT|U,CN}y={teT|U, C N}

is an open subset of 7' containing {*}. Since T is the one-point compactification
of the discrete set Ty, it follows that also the set

T(V)={teT |U,CV}

containing T'(N) is open in T. Hence, the family (U;),er is also continuous and
we have the continuous (not necessarily open) morphism of bundles id : (G,U) —
(G U ). In order to show that the corresponding corestricted free products co-
incide, it remains to show that any morphism (G,U) — H, where H is a finite
c-group, is continuous with respect to the topology of (G ,Z;{) However, this is a
direct consequence of remark 2 following definition (3.4). O

Let A be a discrete *cp(Gy, Uy)-module. Let HE (Gy, A) be defined as the
image of the inflation map H*(G,/U,, A%)—H(G,, A). It is easy to see that the
map

resy : H'(G, A) — H H'(Gy, A)

teT

has image in [[{H" (G, A), H. (G, A)), see [4] §4.
T
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Theorem 4.2 With the notation and assumptions as above let A be a finite
Xier(Gy, Up)-module. Then there is an exact sequence

0 A/AC STTYAJAS AT JAGY) - HY(G, A) > [[{H(Gy, A), H (G, A))— 0
T T

and an isomorphism
HX(G, A) = [[Y(H*(Gy, A), H2,(Gy, A)).
T

If the cohomological dimension of Gt/Ut is equal or less than 1 for allt € T, then
H(G, A) @Hth, . i>3.

Proof: By lemma (4.1), we may assume without loss of generality that U, =
U, i.e. U, is a normal subgroup of G, for any t € T. If i < 2, the assertion
follows along the same lines as in [4] Satz (4.1); but one has to be careful with
the topology and has to replace the restricted product by its discretization, see
(3.5)(@).

If i > 3, we use dimension shifting: Let A’ be defined by the exact sequence
0— A— CoindgA— A’ — 0, where CoindgA denotes the coinduced G-module
consisting of all continuous functions from G to A. By assumption we have
H! (G;,A) =0 for all t € T and ¢ > 2. Thus the assertion follows since we get
compatible isomorphisms ¢: H™YG, A") = H'(G,A) and ¢,: H (G, A) =
Hi(Gy, A), see also [4] Satz (4.2). O

Now we consider in the following case which has an application in number
theory. Let I be a directed set and let

G = lim G)\,
H
Ael
be a pro-c-group given as projective limit of pro-c-groups G. Let T'=1lim  T),

— Xel
where T\ = TpaU {*,} is the one-point compactification of a discrete set Tpy.

Let {G,U} = {(Gx,U))}r be a projective system of corestricted bundles (Gy, U, )
over Ty with transition maps ¢,,, where G, = [ iyt Ota U {x,} and U, =
U em, Un U {*a} and Uy, € Gy, € G are closed subgroups, i.e. the diagrams

U, Gy, G,

L

U, © G, © G

A A

commute for p > X and ¢, (t,) = ti. Let U = hm L{,\ and G = hm QA be
the projective limits and let G; = hm Gtx, Ui = llm UtA Assume that the
following holds:
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(i) the morphisms ¢, are fibrewise surjective and strict,
(ii) for all g > X the transition maps satisfy ¢;§({*,\}) = {*,}.
By theorem (2.11) we have

ZIf(g,Z/{) == * (Gt7Ut) -~ lim * (Gt)\vUtA)

teT ‘7 tAETN

and we have a canonical homomorphism

(Yol * (Gt, Ut) —>G
teT

Remark: In the number theoretical situation we have in mind, one can also

argue with theorem (2.6) in order to establish the isomorphism above.

Proposition 4.3 With the notation and assumptions as above let p be a prime
number and let ¢ be the class of finite p-groups. Then the following are equivalent.

(1) % (G, U) = G is an isomorphism.
teT

(ii) The induced maps

P - H1<G7 Z/pZ) = @Hd(Hl(Gtm Z/pZ)7 Hrlzr(GtMZ/pZ))
ATy

P - H2(G7 Z/pZ) - hﬂ Hd(H2<Gt>\7 Z/pZ>7 Hzr(Gtw Z/pZ))
AT
are bijective resp. injective.

Proof: Using (4.2), we have

teT t/\ET)\

HZ(*(GUUt)?Z/pZ) = @HZ( * (Gt)JUt)\)?Z/pZ)
A
= @Hd(H%GtMZ/pZ),H:W(Gth/pZ))
AT

for i = 1,2. Now the usual argument, see [5] (1.6.15), gives the result. U

We have the following application in number theory. Let p be a prime number
and let £ be number field and T" a set of primes of k. We use the following notation.

k(p) is the maximal p-extension of k,

kT is the maximal p-extension of k which is completely decomposed
at every prime of T,

G(k(p)|kT) is the Galois group of the extension k(p)|k”,

Gyp(k) is the decomposition group of G(k(p)|k) with respect to B,

Ip(k) is and inertia group of G(k(p)|k) with respect to B,

where B is an extension of a prime p of &k to k(p).
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Theorem 4.4 Let p be an odd prime number and let k be a number field of CM-
type containing the group p, of all p-th roots of unity, with mazximal totally real
subfield k*, i.e. k = k™t (u,) is totally imaginary and [k : k] = 2. Let

T ={p|pNk* isinert in k|k*} U {p|p}.

Then the Galois group G(k(p)|kT) is the corestricted free pro-p-product of the
family (Gyg(k))per with respect to the continuous family (Ig(k))per, i.e. the
canonical map

K (Gp(k). Ip(K)) = G(k() k)

is an isomorphism. Here T = lim Ty is the projective limit of the one-point
— K

compactifications Ty of the discrete sets Tk of all prolongations of T to K and
K runs through all finite Galois extensions inside k™ |k.

This follows from (4.3) and the results of [7]: (2.4), (2.5), (2.2).
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