A GENERALISATION OF S. ZHANG’S LOCAL
GROSS-ZAGIER FORMULA FOR GLy

KATHRIN MAURISCHAT

ABSTRACT. S. Zhang’s local Gross-Zagier formulae for GL2 can be inter-
preted as a fundamental lemma for some relative trace formulae. From this
point of view we prove the existence of the corresponding local transfer.
Further we construct universally defined geometric operators which realize
the behavior of Hecke operators on the analytic side. We use them to give
a proof of the local Gross-Zagier formula for GLa. We work locally and
throughout computationally.
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1. INTRODUCTION

The Gross-Zagier formula [4] is a relation between a Heegner point of discrimi-
nant D on the moduli space Xo(/N) and the Rankin-Selberg L-function attached
to a newform f of weight 2 and level N and a character y of the class group of
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K = Q(v/D), in case D is squarefree and prime to N:
1 .
L'(f,x,s = 5) = const - h(cy,f) -

Here h is the height function on Jac(X(N)) and Cy,f is a component of the
Heegner class depending on y and f. S. Zhang [I3], [14] switches the point
of view to a local one. CM-points are studied on the corresponding Shimura
curve, modular forms are automorphic representations. The height pairing
of CM-cycles is replaced by a geometric pairing of Schwartz functions ¢, €

S, G(Ar,f)),
(1) eV >= my <Y >y
Y

Here G is an inner form of PG Ly, and T is the maximal subtorus given by the
quadratic extension K/F of the totally real field F. The sum is over double
cosets v of T\G/T'. The multiplicities m, carry heavy arithmetic input. They
are global data determined by intersection numbers. The coefficients < ¢, >,
are adelic integrals, given by their local components. Here a first parallel with

a (relative) trace formula,
Z t’Y O'Y (¢>7
S

becomes visible. The sum is over double cosets v again. The tamagawa numbers
t, are global data, and the orbital integrals O~(¢) are computed by their local
factors. The local components of the coefficients above are (for nondegenerate

) given by
_ —1 7.
@) <G>y = /T . /T ot yty) di Dly) dy

These expressions are close to orbital integrals on G relative to 7' (as in
Jacquet’s work on relative trace formula [6]). They can even be read as or-
bital integrals for (v,id) on G x G relative to T' x G, the action given by
(7,0) - (t,9) = (t74t,8g) (for t € T, g,7,0 € G), of the function (v,8)
d(70)(9). As this is of no further use here, we call them local linking numbers
according to their origin [13].

S. Zhang [13] invents a kernel function for the L-function which satisfies a
functional equation similar to that for L. The local Fourier coefficients of the
kernel are given by products of Whittaker newforms for the theta series II(x)
and the Eisenstein series IIg occuring in the Rankin convolution. They do not
depend on the cusp form anymore. (See Section [2| for concrete definitions.)
We generalize these products to get invariant linear forms on the isobaric sum
II(x) B IIg defined by evaluating functions in the Kirillov models,

Wy, Wg) = Wy (n)Wk(E),

for(,n=1-& € F\{0,1}, W, € K(II(x)), Wg € K(Ilg). Let W be the space
of distributions on II(x) B Ilg defined by these evaluations at &.
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Let ¢ € S(x,G) be essentially the characteristic function of the maximal com-
pact subgroup. Then the local Gross-Zagier formula for GLg ([13] Lemma 4.3.1,
resp. Theorem below) essentially states that for the newforms Wy new,
WE new We have an equality

Ty (WX,HGW(n)WE,neW(f)) = |b|71|§77|5 < 'i'b¢,¢ >y=y(8) -

Here T is a Hecke operator indexed by b € F*, and 'i‘bQS is a special transform
of ¢. S. Zhang et al prove local Gross-Zagier formulae with no level constraints
[11] on more general Shimura curves [12].

In the language of trace formula, this is a fundamental lemma for the com-
parison of relative trace formulae. W. Zhang [I5], [16] gives a general relative
trace formula approach to the Gross-Zagier problem on unitary Shimura va-
rieties. He formulates an arithmetic fundamental lemma in terms of unitary
Rapoport-Zink spaces, proving it for small degrees. Gross-Zagier fits in the
case of degree 2.

We discuss some local aspects in comparing relative trace formulae in the GLo
case. In trace formula theory, it is a non-trivial problem to find enough local
test vectors on each side at almost all places which can be compared. In the
first part of the paper, we solve this problem in the case above, i.e. establish
a transfer. We choose a parametrisation of the double cosets v = (&) by
the projective line, ¢ € P'(F), and characterize the expansion of the local
linking numbers with respect to this variable (Propositions . This
is very close to Jacquet’s characterization of orbital integrals [6]. The space of
distributions built by evaluating local linking numbers at £ multiplied with the
factor |§77]% will be denoted by £. On the other hand, the expansion in £ of
the space W of distributions on II(x) H IIg can be described by the theory of
automorphic forms (Propositions . The transfer result is:

Theorem m. The spaces L and W have identical &-expansion.

The second part of the paper is concerned with more quantitative aspects. We
construct operators on the geometric side which realize the behavior of Hecke
operators on the analytic side. The existence of such operators is not surprising
but to have an explicit shape of them is appealing for several aspects. It pro-
vides a tool to produce more identities like the fundamental lemma out of given
ones, i.e. is a first step towards a general matching of orbital integrals. More-
over it makes the behavior around degenerate elements more visible. (Which
in general forces a stabilization process.) Lastly we use these general geometric
Hecke operators to rephrase S. Zhang’s local Gross-Zagier formula for GLo and
give a shorter proof.

On the analytic side, the Hecke operators T are essentially given by transla-
tions by b € F*. In case of a split torus T they produce logarithmic and, in
case of a quadratic character y, even double logarithmic singularities as b — 0,

Ty (Wa ()We(€)) = (b~ |&n]2 X1 (bn) (e1v(bn) + e2)(esv(b€) + ca),
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if x? = 1 (Proposition [5.1)). The geometric Hecke operators are constructed
in a simple manner to realize this pole behavior. The first natural guess is to
translate the local linking numbers as well,

<o(p 3) v -

These translations are studied in Section 4] It turns out (Theorems
that they do not suffice, as they do not produce the double logarithmic term
v(b)2. In Section [5| we construct an operator S, which essentially is a weighted
sum of translations by elements of valuations at most v(b). This operator has

good properties (Propositions , and we get:

Theorem H. The local linking numbers ]b\*llﬁnlésb < ¢, >,¢) and the
Whittaker products Ty (W, (n)WE(§)) have the same asymptotics in b.

Accordingly, we formulate and prove the local Gross-Zagier formula in terms
of Sy (Theorem [6.5).

Concerning concrete calculations, the case of a compact torus 7' is much eas-
ier than that of a noncompact one. This is due to the inner integral of the
local linking numbers having compact support in the first case. In view of the
noncompact torus we have to reduce ourselves to an arbitrary but fixed £ to
describe the asymptotics in the translation variable b. Anyway the calculations
for the translation (Theorem take about one hundred pages of g-adic in-
tegration in [9]. We sketch the outline of the proof in Section 4] Due to this
difficulty, the results on Hecke operators are of asymptotic nature.

Acknowledgements. We thank Rainer Weissauer for challenging and su-
pervising, as well as Uwe Weselmann for many useful comments, and Lynne
Walling for mentoring.

2. TERMINOLOGY AND PREPARATION

2.1. Geometry. The geometric setting is that of S. Zhang [13]

2.1.1. Global data. Let F be a totally real algebraic number field and let K be
a imaginary quadratic extension of F. Further, let D be a division quaternion
algebra over F which contains K and splits at the archimedean places. Let G
denote the inner form of the projective group PGLo over F which is given by
the multiplicative group D*,

G(F) = FX\D*.

Let T be the maximal torus of G given by K*, i.e. T(F) = F*\K*. Let Ap
(resp. Ak ) be the adeles of F (resp. K) and let Ap ¢ be the subset of finite adeles.
On T(F)\G(Ar,f) there is an action of T(Ap ¢) from the left and an action of
G(Ay f) from the right. The factor space T(IF)\G(Ap ) can be viewed as the
set of CM-points of the Shimura variety defined by the inverse system of

ShK = G(F)+\/H? X G(AFJ)/K,
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where K runs though sufficiently small compact open subgroups of G(Ag ),
‘H1 is the upper halfplane, and n is the number of the infinite places of F. The
CM-points are embedded in Shx by mapping the coset of g € G(Ar ¢) to the
coset of (z,g), where z € HY is fixed by T.

Let S(T(F)\G(Ar,¢)) be the Schwartz space, i.e. the space of complex valued
functions on T(IF)\G(Ap, s) which are locally constant and of compact support.
A character of T is a character x of T(F)\T(Ar ), that is a character of
Aﬁ,f/KX trivial on AI?’f/IFX. Especially, x = [] xv is the product of its local
unitary components. We have

S(TFNG(Ax,f)) = &S0, T(F\G(Ax f)),

where S(x, T(F)\G(Ar,¢)) is the subspace of those functions ¢ transforming
under T(Ar ¢) by x, i.e. for t € T(Ap ) and g € G(Ar ¢): ¢(tg) = x(t)o(9).
Any such summand is the product of its local components,

SO TENG(Ar,f)) = @uS(xv, G(Ar,))-

A pairing on S(x, T(F)\G(AF, ¢)) can be defined as follows. For functions ¢,
in S(x, T(F)\G(Ar ¢)) and a double coset [y] € T(F)\G(F)/T(F) define the

linking number

(3) < Pp >y = / d(vy)(y) dy,

T (F)\G(Ar,y)

where T, = ~!Ty N T. For v normalizing T we have T, = T. Otherwise
T, is trivial. We call v nondegenerate, if it belongs to the latter case. Here
dy denotes the quotient measure of nontrivial Haar measures on G and T.
Further, let

m : T(F)\G(F)/T(F) — C

be a multiplicity function. Then

<o >i=> m(h]) < b9 >,
[]

defines a sesquilinear pairing on S(x, T(F)\G(AF,f)). Determining the multi-
plicity function is an essential global problem, which was solved by S. Zhang
for (local) Gross-Zagier in terms of intersection numbers. Concering the par-
allels with trace formula, they take over the role of Tamagawa numbers. The
coefficients < ¢, >, are the data linking global height pairings on curves and
local approaches.

2.1.2. Local data. In studying the local components of the linking numbers ,
we restrict to the nondegenerate case. First notice that

S

T(Ar, )\G(AF,f)

/ Bt~ yty) dt Dly) dy.
T(Aﬂq"f)
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Assume ¢ =[], ¢, and 9 =[], ¢, are products of local components. Then

/ p(t Iyty) dt = H / bty toys) diy
T(Ar,f) v Y T(F)

as well as < ¢, ¢ >,=[[, < ¢,% >, where

(5) < Qba ¢ Sy = / / va(t;l%}tvyv) dt, &v(yv) dyv'
T(Fu)\G(Fv) /T (Fo)

Observe that < ¢, >, , depends on the choice v while < ¢, >, does not.
An apropriate local definition is given below (Definition .
As all the following is local, we simplify notation: Let F' denote a localization of
I at a finite place not dividing 2. Let K be the quadratic extension of F' given
by localising K. K is either a field, K = F(v/A), or a split algebra K = F@ F.
For t € K, let £ denote the Galois conjugate of ¢ (resp. (z,y) = (y, ) in the
split case). The local ring of F' (resp. K) is op (resp. ox). It contains the
maximal ideal pp (resp. i, where in the split case px = pr @ pr). Let 7p
be a uniformizer for op. If it can’t be mixed up, we write p (resp. 7) for pp
(resp. mr). The residue class field of F' has characteristic p and ¢ elements.
Further, let w be the quadratic character of F* given by the extension K/F
that is, w(z) = —1 if z is not in the image of the the norm of K/F. Let
D :=D(F), T :=T(F) and G := G(F). There exists e € D* such that for all
t € K we have et = te and

D =K +€K.
Let ¢ :== €2 € F*. Let N denote the reduced norm on D. Restricted to K it
equals the norm of K/F. For 71,72 € K we have

N(71 +ey2) = N(71) — ¢N(72) .

D splits exactly in case ¢ € N(K*). We parametrize the double cosets [y] €
T\G/T by the projective line:

Definition 2.1. Let P : T\G/T — P!(F) be given by

cN(2)
N(m1)

P+ ) =

for 1 + ey € D* as above.

This is well-defined: P(t(y1 + ey2)t') = P(y1 + eye) for all ¢,# € K*. The
non-empty fibres of P not belonging to 0 or co are exactly the nondegenerate
double cosets. In case that K/F' is a field extension, P is injective with range
cN(K*) U {0,00}. In case K/F split, the range of P is F*\{1} U {0, 00}
and the fibres of F*\{1} are single double cosets ([6]). This is one possible
parametrization, another is § := 5—.

Lemma 2.2. ([I3] Chapter 4) Let v € D*. In the double coset TT of G there
exists one and only one T-conjugacy class of trace zero.

Now the local components < ¢,% >, of the linking numbers can be declared
precisely:
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Definition 2.3. Let ¢,9 € S(x,G). For x € F* define the local linking
number

<G > =< 9,9 >~(z)
if there is a trace zero preimage v(z) € D* of x under P. If there is no
preimage, let < ¢, 1 >,:= 0. Thus, for x € ¢N := ¢ N(K*)

= -1 x /s .
<) S = /T . /T ot~ 1y (@)ty) dt B(y) dy

By unimodularity of the Haar measure on T, this definition is independent of
the choice of the element y(z) of trace zero. In all the following we make a
general natural assumption on the character y:

Hypothesis 2.4. The conductors of x and w are coprime.

The conductor f(x) < ox of x may be viewed as an ideal of op: If K = F® F,
then y = (Xl,Xfl) for a character x1 of F* and f(x) = f(x1). If K/F is a
ramified field extension, then y is unramified, thus f(x) Nor = op. If K/F is
an unramified field extension, then f(x) = 7oy, where 7 is an uniformizing
element for K as well as F. That is, f(x) Nop = 7°0op. There are some
simple properties of x following from the Hypothesis

Lemma 2.5. Assume[2.4 The following are equivalent:
(a) x is quadratic.
(b) x factorizes via the norm.

Corollary 2.6. Assume . If K/F is a ramified field extension, then x
is a quadratic character. If K/F is an unramified field extension and x is
unramified, then x = 1.

We use compatible Haar measures: Let da be a nontrivial additive Haar mea-
sure on F'. Then the measure d*a of the multiplicative group F* is normalized
by

vol*(05) = (1 — ¢~ 1) vol(oF) ,
where vol (resp. vol*) is the volume associated to da (resp. d*a). The measure
on T\G is the quotient measure induced of those on G and T.

2.2. Automorphic forms. The central object on the analytic side is the
Rankin-Selberg convolution of two automorphic representations. Gross-Zagier
formulae describe the central order of its L-function.

Let II; be a cuspidal representation of GLo(Ap) with trivial central character
(i.e. an irreducible component of the discrete spectrum of the right translation
on L?(GLa(F)\ GL2(Ar)),1)) and conductor N. Further, let II(x) be the irre-
ducible component belonging to x of the Weil representation of GLo(Ap) for
the norm form of K/F (e.g. [2] §7). It has conductor f(x)?f(w) and central
character w. The Rankin-Selberg convolution of IIy and II(y) produces ([5])
the Mellin transform

(s, W1, W, @) = Wi(g)Wa(eg) fo(s,w,g) dg

/Z(F)N(F)\GLz(F)
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for Whittaker functions Wi of II; (resp. Wa of II(x)) for an arbitrary nontrivial

character of F'. Here e := <_01 (1)> For a function ® € S(F?) let

alsi.g) = ldetgl* [ @ ((0.0)0) Wwl) a*t.

fa& belongs to the principal series H(H‘S_% , wH%_S). There is an adelic analogue.
Analytical continuation of ¥ leads to the L-function, the greatest common
divisor of all W. It is defined by newforms ¢ for II; and 6, of II(x) as well as

a special form E of IIg := H(\-IS_%,w\-]%_S);

L(s, Iy x I(x)) = 9)0x(9)E(s, g) dg

/ o
Z(Ar) GL2(F)\ GL2(Ar)

/ We(9)Wa, (9) fu(s,w, g) dg,
Z(Ar) GL2(F)\ GL2(Ar)

where Wy etc. denotes the associated Whittaker function. For places where
c(x)%c(w) < v(N), the form E (resp. Wg) is the newform of the Eisenstein
series. As II; and II() are selfdual, the functional equation is

L(s, 111 x II(x)) = €(s, I x II(x))L(1 — 5,111 x II(x)) .

In [13] (Chap. 1.4) an integral kernel Z(s, g) is constructed which has a func-
tional equation analogous to that of L and for which

Lis. I x 1) = [ H(9)E(5.9) do.
Z(Ag) GLa(F)\ GLa(Ag)
We do not report the construction of this kernel, but we remark that the kernel
depends on the newform of the theta series II(x) as well as the Eisenstein series
IIgz, but not on the choice of II;. Its local nonconstant Fourier coefficients are
defined by

® ws.cng) =Wl (3 9) ot (§ 7)o

Here 1 := 1 —£. These Fourier coefficients are exactly those analytic functions
which are compared to special local linking numbers in the local Gross-Zagier
formula ([I3] Lemma 4.3.1). We get ride of the restriction to newforms in ([6)
by reading it in the Kirillov models of the representations: Starting from the
Whittaker model W(II, ¢) of an irreducible admissible representation II for an
additive character ¢, the Kirillov space IC(II) is given by

WAL y)  — K1),

a 0
W - k:(an—>W<0 1)).
Proposition 2.7. ([3], 1.536) Let II be an infinite dimensional irreducible ad-
missible representation of GLy(F'). The Kirillov space KC(I1) is generated by the
Schwartz space S(F*) along with the following stalks around zero:
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(a) If 11 is supercuspidal, this stalk is zero.
(b) If I = TI(p1, pu2) is a principle series representation, then it is given by
representatives of the form

o (lalieipm(a) + lalicapa(a) ) Lgn(a), i i1 # iz,

1
o |alzpi(a) (c1 + c2v(x)) Lgn(a), if p1 =
Here ¢q,c9 € C.
(c) If 1T = I1(p1, o) is special, it is given by representatives
1 . _
o lalt (@)1 (0), if iz’ = |1,
e lal2pa(a)lgn(a), if pupy' = [|71
Definition 2.8. Let II() be the theta series and IIg be the Eisenstein series
at the central place s = % The products

W(E,n) = We(n)Wg(E)

of Kirillov functions Wy € K(II(x)) and Wg € K(II(1,w)) are called Whit-
taker products. As n =1 — &, they define linear forms on the isobaric sum
II(x) BIIg. We denote the corresponding space of distributions by W.

Being a component of a Weil representation, the theta series I1(x) is completely
described ([7] §1, [2] §7). Adelically, it is a Hilbert modular form of conductor
f(x)*f(w) and of weight (1,...,1) at the infinite places. If K = F @ F is split,
then x = (x1, Xfl) and II(x) = H(Xl,wxfl) = I(x1, Xfl) is a principle series
representation. If K/F is a field extension and x does not factorize via the
norm, then II() is supercuspidal. While if x = x; o N, it is the principle series
representation H(Xl,xl_lw) = II(x1, x1w), as x3 = 1 by Lemma Thus, by
Proposition 2.7}
Proposition 2.9. Let II(x) be the theta series and let K(I1(x)) be its Kirillov
space. It is a function space in one variable n generated by S(F*) along with
the following stalks around zero:

e The zero function, if K/F is a field extension and x # 1.

. \77|%X1(77) (a1 + asw(n)), if K/F is a field extension and x* = 1.

° \77|% (ale(n) + agxl_l(n)), if K/F is split and X3 # 1,

o |77|éX1(77) (a1 + agv(n)), if K/F is split and x? = 1.

We collect some properties of principal series. For an automorphic form f €

I |-|*~ ,,u2| \2 $) there is ® € S(F?) such that
M) feg) = midetg)idetg” [ ®((0.09) (s O "t

Conversely, any ® € S(F?) defines a form fg € H(|-|3_%,w|-|%_s) in that way
(1] Chap. 3.7). The Whittaker function belonging to f (in a Whittaker model
with unramified character 1) is given by the first Fourier coefficient

o) = [ (Y ) (6 7)ot
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Read off in the Kirillov model, the form for s = % is given by evaluation at

g= (g (D thus
Wia) = Wit (5 1) 00

For unramified p; the newform is obtalned by choosing

P(z,y) = 1oy (x)]‘OF (y)

in . Thus,
Waen(@) = @)lalt [ [ Toplat) Loy (et Ol ¢*t i(z) da
F JFX
. 0
— 1(0)]af* Lo (@) vol(or) vol* (0) 3 juusiz
j=-v(a)
L plam)—palam) g, s
(8) = |a|21,,(a) vol(oF) vol™ (o}) p(m)—pa(m) 7 7
in(a)(v(@) + 1), i =

By Proposition [2.7] we have:

Proposition 2.10. At s = % the Eisenstein series Ilg s the principle series
representation II(1,w). Its Kirillov space as a function space in the variable &
is generated by S(F*) along with the following stalks around zero:

. |§|% (a1 + aaw(§)), if K/F is a field extension,

o €12 (a1 + agu(€)), if K/F is split.
For a finite set S of places of F, let 65 := [Togsor, and Ag :=[],csFo - 05
We recall a property of Hecke operators.
Proposition 2.11. ([I3] Chapter 2.4) Let u be a character of A*/F*. Let
¢ € L?(GLa(F)\ GL2(A), n), and let Wy, be the Whittaker function of ¢ in some
Whittaker model. Let S be the finite set of infinite places and of those finite

places v for which ¢, is not invariant under the mazximal compact subgroup
GLz(op,). For b€ og NA* define

H(b):={g€ M(63) | det(g)of = bog }.
Then the following Hecke operator Ty, is well defined for g € GLa(Ag):
TbW¢ / W¢ gh) dh.

Ify € 6§ and (b,yf) =1, then
0 _ b 0
Tavato (5 V)= bt (% 9))

That is, the action of the Hecke operator T} on some Whittaker product is
essentially translation by b:

(9) Ty W (&, n) = [b]~>W (b€, bn).
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3. EXPANSION OF LOCAL LINKING NUMBERS

Let £ denote the space of distributions defined by the local linking numbers
< ¢, >, for ¢, € S(x,G). We desribe the expansion in x € F* of L. The
characterizing properties are close to those satisfied by the orbital integrals of
[6], and Propositions and are influenced by the methods there. We
distinguish whether the torus 7T is compact or not.

Proposition 3.1. Let K = F(\/A) be a field extension and let w be the as-
sociated quadratic character. Let ¢,v € S(x,G). The local linking number
< ¢, >4 is a function of x € F* with the following properties:

(a) It is zero on the complement of cN.

(b) It is zero on a neighborhood of 1 € F*.

(c) There is a locally constant function Ay on a neighborhood U of 0 depending
on ¢ such that for all0 # x € U: < ¢, ¢ >= A1(x)(1 + w(cx)).

(d) There is an open set V containing zero such that for all 2= € V NcN

A _
<o, >a = 00 = (D) d(ey)v(y) d
T\G
Here the character x1 of F* is given by x = x1 0 N if x> = 1. Especially, the
local linking number vanishes in a neighborhood of infinity if x> # 1.

Proposition 3.2. Let K = F® F be a split algebra. Let x = (Xl,xfl) and let
0,0 € S(x,G). The local linking number < ¢,v >, is a function of v € F*
with the following properties:

(a) It is zero on a neighborhood of 1 € F*.

(b) It is locally constant on F*.

(¢c) There is an open set U > 0 and locally constant functions Ay, Ay on U
depending on ¢ and ¢ such that for0 # x € U: < ¢, >,= Aj(z)+ Az(z)v(z).
(d) There is an open set V' containing zero and locally constant functions By, By
on V depending on ¢ and ¢ such that for z=' € V:

<o (OB Bl o), =1
T Wa@)Bia) 4 xg (@) Be(a ), ifxi # 1L
For x? = 1, the function By is nonzero only if id € supp ¢(supp )~

We need two lemmas.

Lemma 3.3. Let ¢ € S(x, G).
(a) For each y € G there is an open set V >y such that for all g € supp(¢)y~
and ally €'V

1

(99) = o(gy).

(b) Let C C G be compact. For each g € G there is an open set U 3 g such
that for all g € U and ally € TC

(10) /dﬂf gty) d /<Z>t gty) d
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Proof of Lemma[3.3 (a) It is enough to prove the statement for y = id. As ¢
is locally constant, for every g € G there is an open set U, 3 id with ¢(gU,) =
#(g). Let C C G be compact such that supp ¢ = T'C. We cover C by finitely
many gU, and choose U to be the intersection of those U,y. Then ¢(gU) = ¢(g)
forall g € TC.

(b) It is enough to prove the statement for y € C rather than y € TC, as a
factor s € T just changes the integral by a factor x(s). By (a) there is an open
set V, 3 y such that ¢(t~1gtgy) = ¢p(tgty) for § € V;, and t~'gt € supp(¢)y L.
Take finitely many y € C' such that the Vj, cover C. It is enough to find open
sets Uy > g for these y so that Equation is fulfilled. Then NU, is an open
set such that is satisfied for all y € T'C'. Write ¢ = g1 + €g2 and describe
a neighborhood U, of g by ki,k2 > 0 depending on y and the obstructions
13 — gi| < ki, i = 1,2, for § lying in U,. Write t1gt = g1 + egatt ™' + (31 —
g1) + €(g2 — g2)tt 1. As ¢ is locally constant, we may choose ki, ko depending
on y such that

o(t7'gt) = d((g1 + egatt V)y) = d(t gty).
These constants are independent from t as |(§2 — g2)tt | = |§2 — go|. O
Lemma 3.4. Let e S(F @ F).
(a) There are A1, Ay € S(F') such that

. P(a"ly,a) d*a = Ai(y) + Ax(y)v(y).

(b) Let n be a nontrivial (finite) character of F*. There are B, By € S(F)
and m € Z such that for 0 #y € p™

/FX d(a"'y,a)n(a) d*a = Bi(y) + Ba(y)n(y)-

Proof of Lemmal[3.4 (a) Any ¢ € S(F@®F) is a finite linear combination of the
following elementary functions: 1,n(a)1on (b), 1oyen(a)lpn(b), 1on(a)l,4on (D),
1,4 on(a)l.4on () for suitable n € Z and v(x),v(z) > n. It is enough to prove
the statement for these functions. We get

/ 1,n(a  y)1gn(a) d¥a = 12n (y)v(ym ") vol* (0}).
X
Thus, if 0 € supp ¢ the integral has a pole at y = 0, otherwise it hasn’t:

| 1ot @910 @7 = Lguirea ) vol* (14577,

/ Lon(a 'y Lappn(a) d¥a = 1 e (y) vol* (14 "))
J RS
and

/FX 11‘+pn(a71y)1z+pn(a) d¥a = 1,14 pm)(y) vol* (1 + p™),

where m := n — min{v(z),v(2)}.
(b) Similar computations to those of (a). O
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Proof of Proposition[3.1] (a) is clear by definition.
(b) Assume 1 € ¢N, otherwise this property is trivial. We have to show that
for all v with P(vy) € U, where U is a sufficiently small neighborhood of 1,

/ /aﬁ(tlvty) dt(y) dy = 0.
e JT

We show that the inner integral is zero. Let C' C G be compact such that
supp ¢ C T'C. Then ¢ vanishes outside of TCT. It is enough to show that there
is k > 0 such that |P(y)—1| > k holds for all v € TCT'. Assume there isn’t such
k. Let (7;); be a sequence such that P(~;) tends to 1. Multiplying by elements
of T" and enlarging C' occasionally (this is possible as T" is compact), we assume
vi = 1+ €t; = zic;, where t; € T, ¢; € C, z; € Z. Then P(v;) = ctit; = 1 + a;,
where a; — 0. We have dety; = 1 — ct;t; = —a; as well as dety; = z? detc;. As
C' is compact, (z;); is forced to tend to zero. This implies v; — 0 contradicting
vi = 1+ et;.

(¢) A coset v € F*\D* of trace zero has a representative of the form v =
VA + ey, (by abuse of notation). Thus,

<P > = / / (VA + eyatt y) dt P(y) dy.
™G JT

As ¢ € S(x,G), there exists an ideal p}} of K such that for all y € G and
all [ € p7 one has ¢((VA + el)y) = ¢(VAy). Let x = P(y) be near zero, i.e.

x belongs to an ideal U of F given by the obstruction that % € U implies
l € p. For such x we have

< 6,0 > = volo(T)x(VA) / oD (y) dy.

T\G

So if {-,-) denotes the L2-scalar product, we have

<0 o= 5 volr(TI(VA) (6, 9)(1 + wlea).

(d) Let v = VA + ey, denote a trace zero preimage of = under P. Then

/cb(t_lvty) dt = X(’Y2)/ O((VAv; L+t e)y) dt.
T T

By Lemma there exists k > 0 such that for |y2| > k and for y € supp ¢ we
have ¢((vV Ay, '+t 'te)y) = ¢(t~'tey). Thus, for |z| > [cA k2,

<6, >0 = x(12) /T X1 dt /T ) dy

As x(t~') defines the trivial character of T"if and only if x? = 1, the statement
follows by noticing that in this case x(72) = x1(4Z). O

c
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Proof of Proposition[3.3. There is an isomorphism from D* to GLg(F) given

by embedding K* diagonally and sending € to ((1) (1)> Then P is given by

a b be
P<c d>_ad'

The only value not contained in the image of P is 1. A preimage of x # 1 of

trace zero is
-1 =z

(a) We show that for ¢ € S(, G) there is a constant k& > 0 such that for all
v € supp ¢: |P(vy) — 1| > k. By Bruhat-Tits decomposition, G = PGLy(F) =
TNN'UTNwN, where N is the group of uniponent upper triangular matrices,

(1) _01> Thus, there is ¢ > 0 such that

suppop C T{(é tlt) (i (1)>Hu<c,]'u]<c}
UT{(é ?)w(é 11)>||u|<c,|v|<c}

On the first set P we have P = 7f=. On the second one we have P = —“Z;l

Thus, for all v € supp ¢ we have |P(y) — 1| > min{1, ¢ 2}. Next we show that
there is a constant k& > 0 such that |P(y) — 1| > k for all vy € supp ¢ for all
y € supp®. This implies that < ¢, >,= 0 in the neighborhood |z — 1| < k
of 1. There is such a constant k, for any y € supp®. By Lemma [3.3(a) this
constant is valid for all § in a neighborhood V;. Modulo T' the support of 9
can be covered by finitely many V;. The minimum of the associated k, is the
global constant we claimed.

(b) By Lemma [3.3(b), there is for every z € F*\{1} a neighborhood U, such
that for all y € supp® the inner integral

/ ot~ 1 (B)ty) dt
T

is constant in * € U,. Even more the local linking number is locally constant
on F*\{1}. By (a) it is locally constant in z = 1 as well.

For (c) and (d) we regard the inner integral separately first. For representatives
we have

= (4 D6
_ <(»‘v81) (1)> <é a<£1”_1>> (_1a (1)> € KXNN'

N’ its transpose and w = (
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As supp ¢ is compact modulo T', the intersections supp ¢ N NN’ and supp ¢ N

NwN are compact. We write ¢¥ for the right translation of ¢ by y. Then ¢¥ is a

sum ¢¥ = ¢+ ¢4, ¢! € S(x, G), with supp ¢{ C TNN’ and supp ¢§ C TNwN.

Using the transformation under T' by , we can actually regard gbé’, 1=1,2, as

functions on F @ F identifying N with F. Thus, ¢! € S(F @ F). Then we get
x

(11) /T¢(t17(x)ty) dt = xi(z—1) /FX ¢?(m,—a) d*a
+ ali=a) [ e

,—a~ 1) d*a.

r—1

(c) We have x1(z — 1) = x1(—1) if z € p°X1), where ¢(x1) is the leader of x;.
By lemma the first integral of for small z equals

X xr i
);

) + Aa( Jo(

where A1, As are locally constant functions on a neighborhood of zero depend-
ing on y. Then A;(z) := Ai(3%7) are locally constant functions on a neighbor-
hood Uj of zero as well. The second integral of is constant on a neighbor-
hood Us of z = 0 depending on y, as ¢} is locally constant for (x — )=t — —1.
Thus, the complete inner integral can be expressed on Uy := pC(X1) NUL NUy
as

Aq(

r—1 r—1 r—1

Ay(x) = Ay(2) + Ay (2)v(z) + B.

By lemma (a), there is a neighborhood V), of y where the inner integral is
constant. Take Vj, that small that ¢ is constant there, too, and cover supp ¢
modulo 7" by finitely many such V,, y € I, for some finite set I. The local
linking number for x € U = NyerU, now is computed as

<G> =Y volpa(TV,)h(y)Ay(x).

yel

That is, there are locally constant functions By, By on U such that for x € U
< ¢, ¢ >z = Bi(2) + Ba(z)v().

(d) Let 7' € X1, Then yi(z — 1) = x(z). As ¢! is locally constant,
the first integral of equals a locally constant function Aj(z~!) for 21
in a neighborhood U;j of zero depending on y. For the second integral, we
distinguish whether x? = 1 or not. Let 1 := x3 # 1. Applying lemma b),
we get locally constant functions As, A3 on a neighborhood Us of zero depending
on y such that the second integral equals Aa(x™1) + x3(z~1)Az(z~1). Thus,
for fixed y the inner integral for z=! € U,=U;1NnU;N e g

Ay(z) == /Tﬁby(t_lV(C)t) dt = x1(2) (A1(z ™) + Ao(z™h) + Az Hxi H(2)).

Proceeding as in (c), we get the assertion. Let x? = 1. By lemma (a), we
have locally constant functions As, Ag on a neighborhood U, of zero such that
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for 71 € U the second integral of is given by Az(z7!) + Az(z Hu(x).
Thus, for 27! € U, =U1NU2N ©“X1) the inner integral is given by

Ay(z) == x1(z) (Al(x_l) + Ag(z™h) + Ag(x_l)v(az)).

The term Az(z~!)v(z) by lemma (a) is obtainted from functions ¢3(a,b)
having the shape 1,n(a)lgn(b) around zero. Those function can only occur
if y is contained in supp ¢. Again proceeding as in part (c), the local linking
number for ! in a sufficently small neighborhood U of zero is

< ¢, >, = x1(2)(Bi(z™") 4+ Ba(z Ho(2)),
where Bj, Bo are locally constant on U and Bs doesn’t vanish only if id &€
(supp @) (supp /)" O

The above properties of the local linking numbers describe them completely:

Proposition 3.5. The properties (a) to (d) of Proposz'tz'on resp. char-
acterize L: Given a function H on F* satisfying these properties, there are
o, € S(x, G) such that H(x) =< ¢, ¢ >.

We first describe the construction in general before going into detail in the
case of a field extension K/F. The case of a split algebra K = F & F will be
omitted, as it is similar and straightforward after the case of a field extension.
A complete proof can be found in [9], Chapter 2. We choose a describtion of a
function H satisfying the properties (a) to (d),

M

H(z) = Len (@) (Ao(2) 1y, () + A1 (2)1v; (2) + Y H(z)) 1y, (@),
=2

where V; = z;(1 + p}), j = 2,..., M, are open sets in F* on which H is
constant. Similarly,

Vo=pp resp. Vi=F\p ™
are neighborhoods of 0 (resp. oco) where H is characterized by Ag (resp. Aj)
according to property (c) (resp. (d)). We may assume n; >0 for j =0,...,M
and V; NV, = 0 for ¢ # j. Then we construct a function ¢ and functions ¢;,
j=0,...,M,in S(x,G) such that supp ¢; Nsupp ¢; = 0 if i # j and such that

< g >p= H(acj)lvj(a?) resp. < @5, >p= Aj(:c)lvj(x).
There is essentially one possibility to construct such functions in S(x, G): Take
a compact open subset C' of G which is fundamental for y, that is if t € T
and ¢ € C as well as tc € C, then x(t) = 1. Then the function ¢ = x - 1¢ given
by ¢(tg) = x(t)1c(g) is well defined in S(x, G) with support T'C'. The function
1) is then chosen as ¢ = x - 17, where U is a compact open subgroup of G that
small that for j =0,..., M
P(P~YV))U)=V;NeN.

For j > 2 we take C; compact such that C;U is fundamental and P(C;U) =V;
and define ¢; := H(x;)-x-1c;u. The stalks of zero and infinity are constructed
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similarly. As the local linking numbers are linear in the first component and
as the supports of the ¢; are disjoint by construction, we get

M
H(Ji) :<Z¢j7¢] >z

=0
Proof of Proposition[3.8 in the case K a field. Let K = F(v/A). Let the func-
tion H satisfying (a) to (d) of Prop. be given by
M

H(z) = 1en(x) (Ao(2) 1y, (@) + Ar(2) 1y (2) + Z H(zj)1y;(x)),

where

Vo = ™ and Ap(x) = ayp,

. Cifx?2=1

Vi=a;(1+ ") for j=2,..., M,
with ag, a1, H(z;) € C, and n; > 0 for j =0,..., M. We further assume

no — v(%) >0, ni+ v(%) > 0 and both even,
as well as V; N'V; = 0 for ¢ # j. Let

P 3(no —v(%)), if K/F unramified

0 no —v(%), if K/F ramified ’

o

P $(n1 +v(%)), if K/F unramified
- n1 + (%), if K/F ramified ’

as well as for j =2,...,. M

~ | ny, if K/F unramified

i = {znj, if K/F ramified -

Then N(1 + pf;(]) =1+ g7, j > 2. Here pi is the prime ideal of K. Define
U:=1+ o + o,

where k > 0 and m > 0 are chosen such that

k>c(x), m>c(x)
k>nj, m>n;+1, for j=0,..., M,

1
ch(x)+1—§v(x]~), for j=2,..., M,

1
(12) mZ'ﬁj+1+5\v(xj)\, for j=2,..., M.
As k,m >0 and k,m > ¢(x), U is fundamental. Define
Pi=x-1py.
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To realize the stalks for x;, j > 2, let VA + €7, be a preimage of z;,

P(\/Z—Fe’yj) = Cl\i(zj) = z;j.

The preimage of V; is

PV = T(VA+ (L + o)) T = T(VA+ (1 + 9 ) Nk).
Let Cj == VA + ey;(1+ p?g) N The compact open set

CU = VAL +f) + iR + (v (L + ol + o) Nic +VAPR).

is fundamental, due to the choices : We have to check that if ¢t € T, ¢ € C},
and tc € C;U, then x(t) =1 (observe that U is a group). Let

te = t\/zjhefyj(l%-?rﬁchl)l e C;U.

The first component forces t € 1 + ph. + 57 9%, for which x(t) = 1, by .
For the image of C;U we find again by

eN(y) N(+ gl + 93 + g ¥4)
—AN(1 + i + H79%)

P(C;U) = _

So the functions ¢; := x - 1¢,u € S(x, G) are well defined. We compute

<@g, >z = /T\G/T%(tlv(w)ty) dt ¥ (y) dy.

The integrand doesn’t vanish only if there is s € K* such that
st™ly(z)t = sVA+ayp(x)tt! € C;U.

The first component implies s € 1 + p;;g The second one implies y5(z) €

(1 + go?(]) N, which is equivalent to z € V. In this case we take s = 1 and
get

< Pj ) >p = 1Vj(a?)/ / L dt ¥(y) dy = 1y, (x) volr(T') volg(U).
™G JT
Normalizing ¢; := %qﬁj, we get Hly,(z) =< ¢j,9 >4
For the stalk at zero, we find P(Cp) = '} NcN, where Cp := VA + epf;((’.
The preimage P~1(Vy) equals TCoT = TCy. The open and compact set ColU
is easily seen to be fundamental and to satisfy P(CoU) = Vp N eN. Define

@0 := X - 1¢,rv and compute the local linking number < ¢g,7 >,. It doesn’t
vanish only if there is s € K* such that

st hy(@)t = sVA+esy(a)tt ! € CoU.
This forces y2(z) € . Then we take s = 1 and get
< ¢o, Y > = 1VOch(x) VOlT(T) Volg(U).
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That is, H|y,(z) = ap =< m%, 1) >,. It remains to construct the

stalk at infinity in case 2 = 1. Thus, x = x10N. The preimage of V| = F\pp"
is given by
Pl(i) = TWA+e(p))™)T = T(VAQ + eN).

Take C = \/> Apit + e N} x to get a fundamental compact open set

= VAR +ept + (N (1+ ) + VApR™),
By the choices we get P(C1U) = ViNeN. Taking ¢; := x - 1¢,v this time,
we get H‘Vl(x>:W<¢l,T/} > O

We use the parametrization £ = . The properties of the local linking num-
bers (Propositions and (3 | transform accordingly. Let £ be the space of
distributions made up by evaluating the mutiple |§77|% < ¢, > of local
linking numbers at { € F* for ¢,1 € S(x, G). This is the space of test vectors

of the geometric side, while the space W of analytic test vetors is given by
evaluation of Whittaker products. We have the following transfer:

Theorem 3.6. Assume w(—&n) =1 if D is split, resp. w(=&n)=—-1iDisa
division algebra. The spaces of test vectors L and W have identical &-expansion.

Pmof of Theorem[3.6. The space W is characterlzed b Propositions [2.9] and
Comparing it with L (Propositions 3.1 resp. y1elds the claim. For
example by Prop. . 2.9 for K/F split and x% # 1, the Whittaker products for
&€ —1(n—0) are given by

’@7’ (G1X1 n) +axxi (M),
which corresponds to Prop. - . For £ — O (n — 1) we apply Prop.

The Whittaker products have the shape \fn\ (a1 + agv(€)). This is prop-
erty (c) of Prop. . Away from £ — 1 and £ — 0, the Whittaker products
are locally constant with compact support. This is equivalent to (a) and (b) of

Prop. B2
4. TRANSLATED LINKING NUMBERS

In the remaining, the quaternion algebra D is assumed to be split, that is
G = F*\D* is isomorphic to the projective group PGLga(F'). The aim is to
give an operator on the local linking numbers realizing the Hecke operator
on the analytic side. As the analytic Hecke operator essentially is given by
translation by b € F* (Proposition , the first candidate for this study is
the translation by b,

<. V)voe= [ Lo mmaio(g V)
Let

(13) T(y) = /T ot (a)ty) dt
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be its inner integral. Here the difference between the case of a compact torus
and that of a noncompact one becomes crucial. Fixing x and viewing the trans-
lated linking number as a function of b alone, we describe the behavior in the
compact case in a few lines. In the noncompact case our computational ap-
proach makes up one hundred pages. Refering to [9], this case is only sketched.

4.1. The compact case. Let K = F(v/A) be a field extension of F. So T
is compact. As functions ¢ € S(x,G) have compact support modulo 7', the
set Ty(x)T - supp ¢ is compact. Left translation by ¢ € T yields I(t'y) =
X(t")I4(y). Thus, the inner integral I, itself is an element of S(x, G). Choose
the following isomorphism of D* = (K + eK)* with GLg(F):

Lo (0 A
€ 1 0 )
K*>t=a+b/A — <Z bf).

Let M = { <y01 3/12> |y1 € F*,ys € F} be the mirabolic subgroup of the stan-

dard Borel group. It carries the right invariant Haar measure d*y; dys. As the
map K* x M — GLy(F), (t,m) — t-m, is a homeomorphism ([8] Section 2.2),
we may normalize the quotient measure dy on T\G such that dy = d*y; dys.
We identify ¢ € S(x, G) with a function in S(F™* x F),

o(y1,y2) == ¢ (‘%1 yf) :

¢ being locally constant with compact support, there are finitely many points
(21,22) € F* x F and m > 0 such that

¢(y1a y2) = Z d)(zh 22)121(1+pm)(y1)122+pm (92)'
(21,22)
Applying this for I, and 1,
Io(yry2) = > Is(z1,22)1sy (14 pm) (1) Lap o (2),

(21,22)

by y2) = Y P(wi, wa) Ly, (1hgm) (¥1) Lunrem (42),
(w1,w2)

we compute the translated local linking number

<o.g P)uee = [ pwin (g V)

= Z I¢(zl,22)1/71(11)1,w2)122+pm(w2)1%(1+pm)(b)

(#1,22),(w1,w2)
-vol™ (1 + ™) vol(p™).
We have proved:
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Theorem 4.1. Let T be compact. For fized z, the translated local linking
<b 0
number < ¢,

0 1) ¥ >, 18 a locally constant function of b € F* with compact
support.

We give an explicit example used later on.

Example 4.2. ([9], Bsp. 4.8) Let K/F be an unramified field extension and
let x =1. Then ¢ = x - 1gL,y (o) i well defined in S(x,G) and

< ¢, (8 (1)> ¢ >y -vol ! =

In\ (1) () Lo (0) + Tap () (Lo (B) + L1 (0)) a7,
where vol := volr(T) vol* (o) vol(oF).

4.2. The noncompact case. Let K = F@®F be a split algebra. The character
x is of the form y = (Xth_l) for a character y; of F'*. As in the proof of
Proposition G =TNN'UTNwN. Both of these open subsets are invariant

under right translation by (8 (1)> Choose coset representatives for T\T NN’

=) ()

as well as coset representatives for T\T NwN of the form

_1y1 1 0
Y=o 1)%\y 1)

Any function ¥ € S(x,G) can be split into a sum ¥ = 11 + 9, ¥; € S(x, G),
with suppyy C TNN' (resp. suppyes C TNwN). The function vy can be
viewed as an element of S(F?) in the variable (ys,%3). Choose the quotient
measure dy on T\TNN’ such that dy = dy, dys for fixed Haar measure dy;
on F'. Proceed analogously for 1. For fixed x the inner integral Iy is a
locally constant function in y. Its support is not compact anymore, but Iy is
the locally constant limit of Schwartz functions. This is the reason for this case
being that more elaborate than the case of a compact torus. The shape of the
translated linking numbers is given by the following theorem.

of the form

Theorem 4.3. Let T be a noncompact torus. For fized x, the translated local

8 (1)> WY >, 18 a function in b € F* of the form

linking number < ¢, (
A7) (Lo (1B (@, 10(0) + a.2) + AB) + Lo (57 b7 (@ 10(b) +a-2))
1) (L (B) bl(e10(8) + e.2) + C(B) + Ln (b7 bl (e 1v(B) + c—2) ).

with suitable constants a+;,c+; € C, integral n > 0 and functions A,C €
S(FX).
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Sketch of proof of Theorem [{.3. This is done by brute force computations in
[9] Chapter 8. We will outline the reduction to gp-adic integration here. We
choose the functions ¢, locally as simple as possible: z € supp ¢ belongs to
TNN' or TNwN. We restrict to z € TNN’, the other case is done similarly.

There is a representative
14 2023 29
z3 1

of z modulo T and an open set

(14 2023 2o o™
such that ¢|y, = ¢(z). Choosing m that large that U, is fundamental, ¢ locally
has the shape ¢, := x -1y, up to some multiplicative constant. For the exterior

function 1 proceed similarly. It is enough to determine the behavior of the
translated local linking numbers for functions of this type, i.e.

/T\G/T@(tw(x)ty) dt ¥z (y <8 ?)) dy.

According to whether 2y or z3 is zero or not, and suppvy C TN N’ or supp ) C
TNwN, there are 2% = 8 types of integrals to be done ([9] Chapters 5.2 and
8). For later use we include an explicit example.

Example 4.4. ([9], Bsp. 5.2) Let T be noncompact. Let x = (x1,x1), where x1
is unramified and quadratic. Then ¢ = X - 1gr,(0p) 18 well-defined in S(x, G).

The translated local linking number < ¢, <8 (1)) ¢ >, is given by

x1(1 —z)x1(b) vol* (o) vol(op)? -

llFX\(ler) () (10;(b)(lv(w)\ +1)(L+q71) + 1,(0)[b] (4v(b) + 2[v()])
+1(b7 )67 (—4u(b) + 2\v(:v)l)>
+  Liyp(z) (1pu(1z)+1(b)|b| (4v(b) — 4v(1 — z))
11 apox (D] + 11 _gox (6767

+1 00241 (b_l)\b_1|(—4v(b) —4o(1 — x)))] .
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5. A GEOMETRIC HECKE OPERATOR

We construct operators on the local linking numbers that realize the asymp-
totics (b — 0) of the Hecke operators on Whittaker products. The asymptotics
of the second is as follows.

Proposition 5.1. The Whittaker products W (b€, bn) have the following behav-

ior for b— 0 and fived { = =5, n=1-¢.

(a) In case of a compact Torus T and x not factorizing via the norm,
W(bg,bn) = 0.

In case of a compact Torus T and x = x1 o N,

W(bg,bn) = |b|\§ﬁ|%><1(b77) (c1 + cow(b€)) (C3lpmﬁ(1—r)N(b) + C41pmﬂ(1—z)zN(b)) )

where z € F*\ N.
(b) In case of a noncompact Torus T,

0,y — {PIEI1E (ecalom)  eox 2 0m) er069) ). if 3 #1
0[1&n12 x1(bn) (crv(bn) + c2) (c3v(bE) +ca),  if x{ =1
Here, c; € C,i=1,...,4.

Proof of Proposition|5.1. For b — 0 both arguments b¢ and bn tend to zero.
The stated behaviors are collected from Propositions [2.9) and [2.10} O

Notice that the translation by b of the local linking numbers underlies this
asymptotics (Theorems and , but it does not realize the leading terms
in case x is quadratic. In case of a noncompact torus 7', the leading term is
v(b)?, while translation only produces v(b). In case of a compact torus, the
translated linking numbers have compact support, while the Hecke operator
on Whittaker products has not. In the following, we make the additional
“completely unramified” assumption which is satisfied at almost all places.

Hypothesis 5.2. D is a split algebra. K/F is an unramified extension (split
or nonsplit) contained in D. The character x is unramified.

For a noncompact torus T the translated local linking numbers (Theorem [4.3))
split into sums of the form

<¢,(§ ?)w>z=<¢,<§ ‘f)w>$+<¢,<§ ‘f)w>;,
where
O (I !

(Lon181(cx.10(8) + cx2) + C(8) + 1o (BB (dv(B) + d2) )

are the summands belonging to Xlﬂ respectively. In here, the constants c4 ;,d+ ;,
and Cy € S(F™) as well as n > 0 depend on ¢, ¢ and x. If x; is a quadratic
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character, these two summands coincide. To give an operator fitting all cases,
define in case of a compact torus

<¢,<5 0>w> —<¢,(5 0)w>z.

For v(b) > 0 define the operator Sy to be
1 _
(15) Spi=7(Sy +54)

where

S xi” U w(b(1 - @)

’Trv(b)—i‘

(~D*®-) g

This “Hecke operator” is not unique. For example, the summand for s = 0
has the same properties as Sy itself. The crucial point is that an averaging
sum occurs. The operator S; is chosen such that this sum includes negative
exponents —v(b) + i as well. This kind of symmetry will make the results on
the local Gross-Zagier formula look smoothly (Section .

Sif < ¢, ) >, =

s=0,1 i=

Proposition 5.3. Let T be a compact torus. Then the operator Sy reduces to

b(1 — z))i+s (-D)*(®)—i)
Sy < ¢ ¥ > = - ZZ W = <¢,<” 0 1>w>x.

s=0,1 =0
Let x € ¢N be fized. For ¢,v € S(x,G) there are constants ci,co € C and
n € N such that for v(b) > n
Sp < ¢, > = Cllpnﬂ(l—:v)N(b) + Cle"ﬂ(1—$)zN(b)'

Proposition 5.4. Let T be a noncompact torus. The operators Sbi reduce to

(-1)* (~1*(w®)—i)
+ ™ =
Sy < >.= ) § \W”b) i <¢,< 0 1>w>m

s=0,1 i=0

Let © € F* be fized. For ¢,v € S(x,G) there are constants cy,...,c3 € C and
n € N such that for v(b) > n

X1 () (e30(b) + 2) + x1(b) (crv(b) + o), if 13 #1
x1(0) (c2v(b)? + c1v(b) + co), ifx2=1

Theorem 5.5. For fized x, the local linking numbers |b\_1|§77|%Sb < Q) >y
and the Whittaker products TyW (&, m) have the same asymptotics in b.

Proof of Theorem[5.9. Recall that T,W (£,n) = |b|72W (b, bn). In case T com-
pact, combine Proposition and Proposition (a) for x = 1. In case T
noncompact, combine Proposition and Proposition (b). [l

Sy <, >4 = {
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Proof of Proposition[5.3. For T compact Assumtion induces Y = 1 by
Corollary By Theorem the translated linking number can be writ-
ten as

<<¢,<ﬁ 0>1p>@—-§jd a8, (o (B),

for finitely many a; € F*, d,, € C, and some m > 0, where the sets a;(1 + ™)
are pairwise disjoint. We may assume that in this sum all 7!, — max;|v(a;)| <
I < max;|v(a;)|, occur. Let n := max;|v(a;)| + 1. Then, for v(b) > n,

1 & Ll w(b)—i

Sy <o >e =53 (wb(l-a) “o e (1)
=0 I——nt1 T
n—1 ;
; dwl 7Tl sign(l) i
+wbd—z)" Y W!)_Z.‘hl(wm)(ﬂ (b))
l=—n+1

1 n—1 1 0

- _ ’U(b)+l - oo(b)

=3 z; dri + 5 Z;Hw(b(l z)) d

= Cllp"ﬁ(l—x)N(b) + Cle”ﬁ(l—cc)zN(b)v

where ¢ = 13777 Y(dp + dy—1) and ¢y = 3 o (=1 (d — dy—1). Notice,
that for b(1 — z) € 2N one has w(b(1 — z))*® = (=1)"®) = —,(1 — z). O

Proof of Proposition[5.4 T is noncompact, so w = 1. First we prove this
asymptotics for the part T,  of S, belonging to S, and s = 0,

v(b)—i 0
— T —

Let n > 0 be the integer of . Let v(b) > n. In the formula for T, , we
distinguish the summands whether v(b) —i < n or not. If v(b) — i < n, then

v(b)— 0 - — v(b)—1 v(b)—1
<o (Mo D) we = e o,

The function C_ defined by
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belongs to S(£'*). The part of T;” made up by summands satisfying v(b)—i < n
is now simplified to

v(b)

x1(m) <7r”(b)—i 0) _
— < ¢, Y >
iv(%—:n—&—l |7TU(b)*l‘ 0 1
U(b) ~ ' n—1 _
= > xa®C (=07 = x1(0) > C ().
i=v(b)—n+1 =0

In here, the last sum is independent of b. Thus, this part of T, satisfies the
claim. In the remaining part

. v(b)—n Xl(w)i =i -
T(i <v(b) —n) = ) v (®)—i] <ol o 1)V

=0

all the translated local linking numbers occuring can be written as

v(b)—i 0 _ _ o(B)—irt (b —i .
< ¢7 (ﬂ O 1> w >x = Xl 1(71' (b) )’7‘(‘ (b) ‘ (C—7I(U(b) — Z) + 0_12) .

So
v(b)—n

T(i < v(b) —n) = x7"'(b) Z x1(m)* (c- 1 (v(b) =) +c_2).

1=

In case x7 = 1, we have

T < 00) =) = xa®)0) ~n+ 1) (e gea(o0)+m).

which owns the claimed asymptotics. If x? # 1, enlarge n such that x} = 1.
The remaining part of T, then is

xa(bm) — x; (br)
xi(m) = x7 ' (m)
xibm) () —n+1) xi(br?) — 1
xi(m) = x7H(m) T Gam) = xg )2
Thus, the claim is satisfied in case x7 # 1. The other parts of S, satisfy the
claimed asymptotics as well: If T;’ denotes the part of Sy belonging to S: and
s = 0, then the statement for T; follows from the proof for T,  replacing there

Xl_l by x1, C— by C, and c_; by cy ;, where the constants are given by .
For s = 1 notice that

X () C T (D CO=0) = 3 (b)xo () 72

So the claim follows from the proof for s = 0 if there we substitute x;1 by Xl_l
as well as c4+; by d+; of . O

T(i <v(b) —n) = (c_1v(b) +c_2)

)
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6. LocAL GROSS-ZAGIER FORMULA

We report on Zhang’s local Gross-Zagier formulae for GLg [13] using our no-
tations in order to compare them directly with the results given by the opera-
tor Sp. We include short proofs of S. Zhang’s results.

6.1. S. Zhang’s local Gross-Zagier formula. The local Gross-Zagier for-
mula compares the Whittaker products of local newforms with a local linking
number belonging to a very special function ¢ ([13] Chapter 4.1),

¢ = X 1px,

where R* is the unit group of a carefully chosen order R in D. Almost every-
where, especially under Hypothesis R* = GLg(op) and the function ¢ is
well-defined. The specially chosen local linking number then is

< ’i‘bd)v ¢ >z,

where the geometric Hecke operator Ty, is defined as follows ([13] 4.1.22 et sqq.).
Let

H(b) := {g € Ma(oF) | v(det g) = v(b)}.
Then

Tuote) = | o) dn

This operator is well-defined on ¢ = x - 1gp,,(0,), but not generally on S(x, G).

In our construction of the universal operator S; we followed the idea that 'i‘b
reflects summation over translates by coset representatives, as

H(b) = (‘%1 y03> (é yf) GLz(0or),

where the union is over representatives (y1,y3) € op X op with v(y1y3) = v(b)
and yo € W)\ op.

Lemma 6.1. ([13] Lemma 4.2.2) Let K/F be a field extension and assume
Hypothesis[5.3 Let ¢ = X - LgLy(op)- Then

< Ty, ¢ > = vol(GLa(or))* volr(T)IN(2) 1 1=2 (g, ) (D)1 (1-2) (o) (D)-

Lemma 6.2. ([I3] Lemma 4.2.3) Let K/F be split, let x = (Xl,xfl) be an
unramified character, and let ¢ = x - 1gL,y(0p)- In case X2 #1,

x1(b(1 —z)~tm) — X' (b(1 — z) ')
xi1(m) = xi ' (7)

' 117710170(1—90)017 (b)1px (@) (U(b) - v(l f x) i 1> .

< Typ, ¢ >4 = vol(GLy(oF))? vol™ (o)
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In case x? =1,
< Tb¢> ¢ >z =x1(b(1 — 1)) VO](GLQ(OF))2 vol” (O;’)l%OFQ(l—JE)OF (b)

A (@) (0(b) — v(1 — 2) + 1) (v(b) +v(1f$) +1).

For the proofs of Lemma and we follow a hint by Uwe Weselmann.
Write

(;5(.%‘) = Z X(T)lTGLz(oF)(x)'

TET(F)/T(oF)
For the Hecke operator we find
Ty, GLa(op) (7) = vOl(GL2(0p)) 1,515 (),

as b 1H(b) = {h € GLo(F) | hte H(b)}. As the Hecke operator is invariant
under right translations, Ty¢(xy) = Tpp(x) for y € GLa(op), we get

(16) < Tb(Z) ¢ >, = vol GL2 OF ZX / b= LH(b) (t_l’)/(m)t) dt.

This formula is evaluated in the different cases for K/F.

Proof of Lemma[6.1. Let K = F(v/A), where v(A) = 0. Choose a trace zero

v(z) = VA + e(y1 + y2VA), where N(y1 + 72v/A) = z. The conditions for the
integrands of not to vanish are

WA € oK
7t (41 + 12V A) € ok
det(t *y(z)t) = A(z — 1) € b ' N(7)o}
They are equivalent to [N(7)| = |b(1 — z)| and [b| < min{|1=%[,|1 — z|}. There

is at most one coset 7 € T'(F')/T(or) satisfying this, and this coset exists only
if b € (1 —x)N. Thus,

<Tpp,¢p >0 = vol(GLz(oF))? volp(T)
’ (lN\(1+p) (x)loFﬁN(b) + 11+p($)1(1_$)(0Fr“|N)(b)) ,
which equals the claimed result. O

Proof of Lemma[6.3. Choose ~v(z) = (:1 ‘f) of trace zero, and set 7 =

(11,72) € K* /o) as well as t = (a,1) € T. The conditions for an integrand of

not to vanish are
(=7 ', ') € o,
(=7 ta Yox, 75 tab) € o,
det(t "y (z)t) = 2 — 1 € N(7)b" Lo
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So only if v(12) = —v(m1) + v(b) + v(1 — x) satisfies v(1 — x) < v(r2) < v(b),
the integral does not vanish. Then the scope of integration is given by —uv(b) +
v(12) < w(a) <wv(m2) +v(z) —v(l — z) and the integral equals

vol* (03) (v(b) + v(z) —v(l — z) + 1)10Fﬁpu(1fz)fu(z) (D).

Evaluating x(7) we get x(7) = x1(b(1 — z))x; %(12), as x is unramified. Sum-
ming up the terms of yields the lemma. ([

The other constituents of the local Gross-Zagier formulae are the Whittaker
products of newforms for both the Theta series II(x) and the Eisenstein series
II(1,w) at s = 3. By Hypothesis the Theta series equals TI(x1,x; ") if
K/F splits, and it equals II(1,w) if K/F is a field extension. Thus, all occuring
representations are principal series and the newforms read in the Kirillov model
are given by . In case of a field extension we get

1
Wonew(a) = Wgpew(a) = vol(op)vol*(of) - |alz1le,nn(a) .

In case K/F splits we get

xi(am)—xi'(am) .o oo
Wo,new(a) = vol(op) vol™ (o) - ]a\%loF(a) { xi(m)—x; '(m) ?f X; 71 ,
x1(a)(v(a) +1), if x7 =1

Wgnew(a) = vol(op) vol* (03) - |a|2 1o, (a) (v(a) + 1) .
Summing up, we get the following Lemma. Recall { = %7 and n =1 —¢&.

Lemma 6.3. ([13] Lemma 3.4.1) Assume Hypothesis[5.9. Then the Whittaker
products for the newforms of Theta series and Fisenstein series have the fol-
lowing form up to the factor vol(op)?vol*(ox)2. If K/F is a field extension,
then

Wo new (O Wenew(b€) = [€n]2[b[10, (b€) Loy (b)
= ’gn‘%‘b‘ll—Tz(oFmN)(b)l(lf:v)(OFON)(b)'
If K/F splits and x 1is quadratic, then
WG,new<bn)WE,new(b£)
= €017 b| Lo (b€) Lo, (b)x1 (b) (0(bE) + 1) (v(bry) + 1)
= 16012 b1 12 0, 14y (B)X2 ((1 = 2)) (0(B) + o
(v(b) —v(1 — ) +1).

——)+1)-
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If K/F splits and x is not quadratic, then

WG,new(bn)WE,new(bE)
€3 1bl Lo (56) Lo (br) (0(5€) + 1) 2007 =1 (o)
xi(m) = x; ' (m)
= [€n]3 b1 12,110y (B) (0(B) + 0(-——) + 1) -
)

(b~ 2) 1) — X (01— ) )
xi(m) = xi ()
Comparing Lemma [6.1]resp. [6.2] with Lemmal[6.3] we get S. Zhang’s local Gross-
Zagier formula:

Theorem 6.4. ([13] Lemma 4.3.1) Assume Hypothesis . Let W pew resp.
WE new be the newform for the Theta series resp. Eisenstein series. Let ¢ =
X - laLy(op)- Then up to a factor of volumes,

1 ~
WH,new(bn)WE,new(bé) = |£77| 2 |b| < Tb¢7 ¢ >x:é71

6.2. Reformulation of local Gross-Zagier. We re-prove S. Zhang’s local
Gross-Zagier formula in terms of Sy:

Theorem 6.5. Assume Hypothesis and assume x3 = 1 in case K/F splits.
Let Wy new 1€8p. WE pew be the newform for the Theta series resp. Eisenstein
series. Lel ¢ = X - 1qL,(op)- Then up to a factor of volumes,

Wonew MW new () = 1€0]2[bSp < 6,6 >, + O(v(b)) ,

where in case K/F a field extension the term of O(v(b)) is actually zero, while
in case K/ F split the term of O(v(b)) can be given precisely by collecting terms
in the proof of Example [{.4).

Proof of Theorem [6.5, Compare the Whittaker products for newforms given in
Lemma [6.3] with the action of the operator S, on the local linking number
belonging to ¢, given by Lemma [6.6] resp. [6.7] below. O

Lemma 6.6. Let K/F be a field extension. Assume Hypothesis . Let ¢ =
X - 1aLy(op)- Then up the factor volp(T) vol* (o) vol(or),
Sp < 6,0 >z = IN(#)1 iz (5,.n) () L(1-2) (0 M) (D)

Proof of Lemma[6.6. The translated local linking number is that of Exam-
ple We compute the action of Sy given by Proposition Ifxr e N\(1+p),
then up to the factor voly(T') vol* (o}.) vol(or),

Sy < b6 >y = % (b1 = 2)"® + (b1 —2)" ) = 1x(0).

If x € 1 + p, then again up to the factor of volumes
1
Sp < 9,0 >y = §1pv(171)(b)w(b(1 — 2))?®O=v(1=2) (] 4 y(b(1 — 2)))

= 10-0n(1-2)N(D)- 0
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In case K/F we restrict ourselves to the case x7 = 1.

Lemma 6.7. Let K/F be split and assume Hypothesis as well as x3 = 1.
Let ¢ = X - 1GLy(0p)- Then up the factor vol* (o) vol(or)?,

Sp < ¢, ¢ > = x1(b(1 —x))-
(L1 @) (20002 + 2(J0) |+ 1o (b) + (1 + ) (Jo()] + 1))
F L1 ()1 oo () (2(1}(6) —o(1 =) +1) (v(b) — v(1 — 7)) + 1)} .

Proof of Lemmal[6.7. The operator Sy is given by Proposition The trans-
lated local linking number is given by Example [£.4 As x; is quadratic,
Sy = %S;. For z € 1 4 p we compute

Sy < Gy >4
v(b)—v(1—z)—1

=xib(l—a)lpa-n®) [1+ Y 4wb) —i-v(l-2))
=0

= X1 (b(1 = @)1 guro (0) (2(0(6) = v(1 = @) + 1)(0(b) = v(1 = 2)) + 1),

while for z € F*\(1 + p),

Sy < ¢,0 >4
v(b)—1
= x1(b(1 = 2)) |(Jo@)| + DA +g") + Y (4w(b) i) +2Jv(2)])
1=0
= xa(b(1 = 2)) (20(0)* + (1 + Jo(@))(20(6) +1+¢71)). 0
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