THE EQUIVARIANT L-CLASS OF PSEUDOMANIFOLDS

MARKUS BANAGL

ABSTRACT. We construct an equivariant L-class for orientation preserving actions of a com-
pact Lie group on a Whitney stratified compact oriented pseudomanifold that satisfies the Witt
condition, for example on a compact pure-dimensional complex algebraic variety. The class
lies in equivariant rational homology and its restriction to the trivial group is the Goresky-
MacPherson L-class. For a smooth action on a manifold, the class is equivariantly Poincaré
dual to the Hirzebruch L-class of the Borel homotopy quotient of the tangent bundle. We
also provide a product formula under the equivariant Kiinneth isomorphism. If the group acts
freely, then the equivariant L-class identifies with the Goresky-MacPherson L-class of the
orbit space. The construction method rests on establishing Whitney (B)-regularity for finite-
dimensional compact pseudomanifold approximations to the Borel construction, and on the
author’s Verdier-Riemann-Roch type formulae for the Goresky-MacPherson L-class.
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1. INTRODUCTION

In [19]], Goresky and MacPherson used intersection homology to construct an L-class
L,(X) € H.(X;Q) for compact, oriented Whitney stratified pseudomanifolds X in an am-
bient smooth manifold M. This was initially done for spaces without odd-codimensional
strata (such as complex algebraic varieties), but then extended by Siegel to Witt spaces ([33])
and by the author to more general spaces whose strata of odd codimension admit Lagrangian
structures in their middle dimensional link cohomology sheaves ([2], [3]], [4]). For a smooth
manifold, this class is the Poincaré dual of Hirzebruch’s cohomological L-class of the tangent
bundle.

Up to now, no construction of an equivariant L-class for singular spaces has been given, as
has been pointed out for example in [14]]. We propose here the construction of a G-equivariant
L-class L¢(X) € HY(X;Q) in equivariant rational homology for compact, oriented Whitney
stratified pseudomanifolds X C M that are invariant under the smooth action of a compact Lie
group G on an ambient smooth manifold M. The pseudomanifold X is assumed to satisfy the
Witt condition.

Our method rests on the Verdier-Riemann-Roch (VRR) type formulae for the Goresky-
MacPherson L-class established in [3)] (immersive case) and [[6] (submersive case). Let X C M
be a Whitney stratified subset of a smooth manifold M and let G be a compact Lie group act-
ing smoothly on M such that X is G-invariant and the induced action of G on X is compatible
with the stratification, i.e. every stratum is G-invariant and the induced action on the stratum
is smooth. If E is a smooth manifold, then £ x X is Whitney (B)-regular in E x M (Lemma
[3.7). We apply this principle to compact smooth Stiefel manifolds EGy, equipped with a
free and smooth G-action, that serve as finite dimensional (k — 1)-connected approximations
to a free contractible G-space EG as k — c. Thus EGy x X C EGy X M is Whitney (B)-
regular. We go on to show that if G acts freely on M, then the embedding X /G C M/G is
Whitney (B)-regular (Theorem , and if X is a pseudomanifold, then X /G is a pseudoman-
ifold (Lemma[4.4). Applying this to the free G-space EGy x X C EGy x M, we conclude that
X (k) = EGy XX is a Whitney stratified subset of the smooth manifold Mg (k) = EGy xcM
(Theorem @) Moreover, if X is a compact pseudomanifold that satisfies the Witt condition,
then Xg (k) inherits these properties. Orientability questions are treated in Section @ The
main result there is that the X (k) are orientable if G is bi-invariantly orientable and its ac-
tion preserves the orientation of X. We will subsequently assume that G is bi-invariantly
orientable. This includes all (compact) connected groups, all finite groups and all (compact)
abelian groups. Thus X (k) possesses a Goresky-MacPherson L-class, which can be used, af-
ter correction by the cohomological L-class of BGy = EGy /G, to define a stage-k equivariant
L-class Lg +(X) (Definition . The VRR-Theorem is then used (Proposition to prove

that these classes {L%, (X)}; constitute an clement of the inverse limit defining equivariant

homology HC. This element is LS (X) (Definition which is central to this paper). Equi-
variant homology is reviewed in Section (/| It is generally nontrivial in negative degrees and
thus not the nonequivariant homology of EG x ¢ X. Oriented compact G-pseudomanifolds of
dimension m have an equivariant fundamental class [X]g € HS (X) (Section|[7.2). If X = M is
smooth, then equivariant Poincaré duality is the isomorphism Hg*"(M ) = HC (M) given by
capping with [M]g (see Section . Here, equivariant cohomology H(;(—) means ordinary
cohomology of the Borel space (—)g = EG Xg (—).

The above construction of L¢ (X) involves choices of models for EGy. We prove, using our
VRR-formula in the submersive case, that L (X) is independent of these choices (Theorem
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The equivariant L-class has the following properties: The top-degree class is the equivari-
ant fundamental class [X]g. If X = M is smooth, then LE (M) is the equivariant Poincaré dual
of the usual equivariant cohomology class L (M) = L*((TM)¢), where (TM)¢ is the homo-
topy quotient vector bundle of the equivariant tangent bundle 7M (Theorem[9.T). Functorial-
ity in the group variable is established in Theorem An inclusion G’ C G of a closed sub-
group induces a restriction map HS (X; Q) — HE (X; Q). We prove that this map sends LS (X)
to LS (X). The class LE(X) contains all of the information of the Goresky-MacPherson class
L.(X), since the restriction map H®(X;Q) — H*{l}(X ;Q) 2 H,.(X;Q) induced by the inclu-
sion of the trivial group {1} into G, sends L¢(X) to L.(X) (Proposition [11.1). Equivari-
ant homology satisfies a Kiinneth theorem, Proposition which asserts that the cross
product induces an isomorphism HS(X;Q) @ HE (X;Q) = HG*C' (X x X’;Q). We show in
Theorem that the equivariant L-class satisfies the product formula L*GXG, X xX')=
LY (X) x LY (X') under this isomorphism. If G acts trivially on X, then the equivariant
Kiinneth theorem shows that H¢(X;Q) = HY(pt; Q) ® H,(X;Q). In this case, the above
product formula implies that L¢ (X) = [pt]g x L.(X), see Proposition For free actions,
there is a canonical identification HS (X;Q) = H,_4imc(X/G; Q) under which LY (X) corre-
sponds to the Goresky-MacPherson class L. (X /G) of the orbit space (Theorem [14.4).

The L-class VRR-formulae of [3]] and [[6] have been provided in a piecewise linear (PL)
context. The technical Appendix [T5] establishes this context for the G-actions considered
in the present paper. The key point is this: the ambient action on M is smooth and one
may consider the smooth principal G-bundle EG; x M — Mg(k). Then one forgets that this
bundle is principal and only considers its underlying smooth fiber bundle. Under piecewise
differentiable (PD) homeomorphisms of base and total space, the bundle is a PL bundle,
whose fiber is the unique PL manifold that underlies the smooth manifold G (forgetting the
group structure). We use the fact that Whitney stratified subsets can be triangulated (Goresky
[18]], Verona [40]).

The above construction method for LY is consistent with constructions of equivariant char-
acteristic classes in complex algebraic geometry. The equivariant version of Chern-Schwartz-
MacPherson classes was developed by Ohmoto in [28] for algebraic actions of a complex
reductive linear algebraic group G on a possibly singular complex algebraic variety X. Equi-
variant Todd classes for such actions were introduced by Brylinski and Zhang in [13]]. Equi-
variant intersection theory in equivariant Chow groups for actions of linear algebraic groups
on algebraic spaces has been developed by Edidin and Graham in [17]. The work of Bras-
selet, Schiirmann and Yokura ([10]]) explains how Hirzebruch’s generalized Todd class Ty*
can be homologically extended to singular varieties. In [41]], Weber developed an equivariant
version of that class for algebraic actions on possibly singular complex algebraic varieties,
with a focus on actions of the torus G = (C*)”. In all of the above complex algebraic situa-
tions, the construction rests on an algebraic approximation of the classifying space EG used
by Totaro in [35].

For the trivial group, the Goresky-MacPherson class L, (X) is the Pontrjagin character of a
K-theoretic orientation class A(X) € KO, (X) ® Z[1], [7], [33]. K-theoretic questions such as
the relation of LY(X) to G-signatures, to equivariant orientation classes AY in KOY[1], and to
analytic K-homology classes defined by the signature operator (Albin, Leichtnam, Mazzeo,
Piazza, [1]]) will be explored elsewhere. For a finite group G acting on a Witt space X (satis-
fying weak regularity properties on the fixed point sets), Cappell, Shaneson and Weinberger
indicated the construction of a G-equivariant class A®(X) and a corresponding G-signature
theorem in [15]]. Free group actions on Witt spaces were considered by Curran in [16]. While
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we do not use equivariant Thom-Mather control data in the present paper, the basic equivari-
ant setup of Whitney (B)-regular stratified spaces used by Pflaum and Wilkin in [30] served
as a valuable inspiration.

2. STRATIFICATIONS

The main results of the present paper are established for Whitney stratified subsets of
smooth manifolds. This concept involves both purely topological assumptions on the strat-
ified space, and regularity requirements on how the space is embedded. In this section, we
recall the former assumptions, while a review of the latter requirements are the subject of
Section [3| Any closed subspace of a smooth manifold is automatically separable, locally
compact and Hausdorff. Hence, with a view towards Whitney stratified subsets of manifolds,
we may focus on spaces with these properties. Thus let X be a separable locally compact
Hausdorff space and let P be a poset with order relation <. Given i, j € P, we will write i < j
ifi < jori=j. A stratification 8 of X over P is a partition § = {S; | i € P} of X into locally
closed subspaces S; C X (called the strata) such that

(S1) 8 is locally finite,

(S2) S; is a smooth manifold for every i € P, and

(S3) 8 satisfies the condition of frontier: S; intersects the closure S ; of S nontrivially if and
only if S; C S;. This is to be the case if and only if i < j.

The pair (X,8) will then be called a strarified space. If X is compact, then (S1) implies that
8 contains only finitely many strata: Every point has an open neighborhood that intersects
only finitely many strata, and X is covered by a finite number of such neighborhoods. If § is
a stratification of X and N a nonempty smooth manifold, then 8§ x N will denote the partition
{Si X N | i € P} of X X N. The proof of the following lemma is a straightforward verification
of the stratification axioms (S1) — (S3).

Lemma 2.1. The partition 8 X N is a stratification of X X N.

The stratification 8 X N is called the product stratification on X x N.

3. WHITNEY STRATIFIED SPACES

In order to recall Whitney’s condition of (B)-regularity, we begin by setting up notation
concerning the parallel translation of planes in Euclidean space. If a,b € R are points in
Euclidean space, we shall write [a,b] for the line segment consisting of the points ta+ (1 —
t)b,t € 10, 1]. If a # b, then the parallel translate of the affine line {ra+ (1 —#)b |t € R} to the
origin 0 € R* will be denoted by G[a, b]. We may then regard G[a, b] as a linear subspace of
IR*, or as a point of projective space RP*~!. If we wish to emphasize the ambient dimension,
we shall also write Gy[a,b] for G[a,b]. As a one-dimensional linear subspace of R, G[a, b]
is spanned by the nonzero vector b —a. The following simple observation will assist us in
proving Lemma 3.7 on the product of a Whitney stratified subset with a manifold factor.

Lemma 3.1. Let m: RF x R/ — R* be the projection onto the first factor. Let a,b € Rt/ =
R* x R/ be points such that b— a & ker t. Then

wla,b] = [r(a),n(b)] and Gi[r(a),n(b)] = (G jla,b]).
More generally, a d-dimensional affine plane in Euclidean space R* is a subset P C R*

which can be written in the form P = p + By, where p € R and Py C R¥ is a linear subspace
of dimension d. The linear subspace Py is uniquely determined by P, the point p is not.
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The Gauss map Gy, defined on the set of d-dimensional affine planes in R¥, is given by
Gi(P) := Py. We may regard the translate G;(P) as a linear subspace of R¥ or as a point of
the Grassmannian G(d, k) of d-planes through the origin in R¥. If P happens to be a linear
subspace of R, then G (P) = P. In particular, G;(R¥) = R¥. The behavior of Gauss maps
under splittings, described in the following lemma, will be useful in establishing both Lemma
and Theorem [4.3]on orbit spaces of free actions.

Lemma 3.2. IfP; C R/ and B, C R" are affine planes, then P = P; X B, is an affine plane in
RF =R/ x R" and Gj4,(P) = Gj(P}) X Gu(Py).

Example 3.3. Let £ C R/ x R” be an affine line of the form £ = {Og;} x £,, where £, is an
affine line in R”. Then by Lemma 3.2}

Gjn(l) = Gj({Ogs}) X Gn(ln) = {Ogs} X Gu(Ln).

Example 3.4. Let T C R/ x R" be an affine plane of the form 7 = R/ x T;,, where T} is an
affine plane in R”. Then by Lemma|3.2}

Gin(T) = Gj(RI) X Gy(T,) = R x G, (T).

The tangent space to a smooth manifold M at a point p € M will be denoted by T,M.

Suppose that (X,8) is a stratified space whose underlying topological space X is a closed
subset X C M of a smooth manifold M of dimension » such that the strata of § are smooth
submanifolds of M. Let R, S be two different strata in 8§ such that R C S and let x be a point
in R. Recall that the pair (R, S) is said to be Whitney (B) regular at x, if there exists a smooth
chart ¥ : U — R" of M around x such that the following condition holds: Whenever

e (x;) is a sequence of points in RNU and
e (y;) is a sequence of points in SNU,

such that

(R1) xp — xand yy — x as k — oo,
(R2) G[x(x), x(yx)] converges in RP"~! to a point ¢, and
(R3) G(Ty(y,)x(SNU)) converges in the Grassmannian G(d,n), d = dimS, to a point 7,

then
{Cr,

where both ¢ and 7 are regarded as linear subspaces of R”. (Note that in the above context,
X # yi for every k since R and S are disjoint.) If (R,S) is Whitney (B)-regular at x with
respect to some chart y, then it is Whitney (B)-regular with respect to any other smooth chart
(Pflaum [29, Lemma 1.4.4]) around x. This is an important principle that we will rely on in
the proof of Theorem We say that & is Whitney (B)-regular with respect to X C M, if
(R,S) is Whitney (B)-regular at every point x € R for every pair (R, S) of different strata in 8
such that R C S. In this case, the pair (X,8) is also called a Whitney stratified subset of M.

Since every stratum of a Whitney stratified subset of M is a smooth submanifold of M, the
set of dimensions of strata is bounded by the dimension of M. We say that a Whitney stratified
subset (X,8), X C M, has dimension n, if dimS = n for some S € 8 and dim S < n for every
S € 8. For a general stratified space (X,8), there is no useful link between the condition
of frontier and the dimensions of strata. Simple examples, arising for instance from the
topologist’s sine curve, show that there may be strata R, S with R C § — S, yet dimR = dim S
or possibly even dimR > dim S ([29} p. 18, 1.1.12]). Mather noticed that this phenomenon
cannot occur in the presence of (B)-regularity:
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Lemma 3.5. (Mather [25] p. 6, Prop. 2.5; p. 14]) Let (X, 8) be a Whitney stratified subset of
M. IfR,S € 8 are strata with R C S — S, then dimR < dim S.

Let (X,8) be a Whitney stratified subset of M. For d € N, we define its d-skeleton to be
Xs:=J{S e8| dimS<d}.
Mather’s lemma implies the closedness of skeleta:

Lemma 3.6. Suppose (X,8) is a Whimey stratified subspace of M. Then the d-skeleta X; are
closed subsets of X.

For Whitney stratified spaces (X,8) of dimension n, the complement of the (n — 1)-
skeleton, X" := X — X, _;, of X will be called the regular set of (X,8). Lemma shows
that the regular set is open.

It is well-known that Whitney stratified subsets are stable under taking products (Trotman
[36L p. 7]). For the sake of completeness and for the reader’s convenience, we provide a
detailed proof in the case where one of the factors is a manifold.

Lemma 3.7. Let (X,8), X C M, be a Whitney stratified subset of a smooth manifold M and
let E be any smooth manifold. Then (X X E,8 X E), X Xx E C M X E, is a Whitney stratified
subset of the smooth manifold M x E.

Proof. By Lemma|2.1] the partition 8 x E is a stratification of the separable, locally compact
Hausdorff space X x E. It remains to verify that the product strata fit together in a Whitney
(B)-regular manner. Let R x E, S x E be two different strata in & x E such that R X E C
SxE =S8 xE and let (x,e) be a point in R x E. Since R C S, we may use (B)-regularity of
(R,S) at x to obtain a smooth chart x : U — R" of M around x such that whenever (x;) is a
sequence of points in RNU and (y;) a sequence of points in SNU such that (R1) — (R3) hold,
we have ¢ C 7.

Let £ : V — R? be a smooth chart in E about e, d = dimE. A smooth chart ¥ : U — Rntd
in M x E around (x,e) is given by U := U x V, § = x x €. We shall verify (B)-regularity in
this chart. Let

e (x, ;) be a sequence of points in (R x E)NU and
e (v, by) a sequence of points in (S x E)NU

such that

(R1) (xg,ax) — (x,e) and (yg,by) — (x,€) as k — oo,

(R2) G[¥ (xk, ax), X (&, bx)] converges in RP"*~! to a point /, and

(R3) G(Ty, 5y X((SXE) N U)) converges in the Grassmannian G(s +d,n+d), s = dimS,
to a point 7.

We must show that £ C 7. Let 7 : R" x R? — R" denote the projection onto the first factor.
Let £ C G(s+d,n+d) be the Schubert cycle X := {P | P D kerz}. We claim that the kernel
{0,} x R? of 7 is contained in 7, i.e. that T € X. Indeed, writing
Tf()%bk)i((s XE)NU) = Tf(Yk,bk)%((Sm U)xV)

= T () () (X (SNU) x £(V))
= Tyt (X (SOU)) x T RY,
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we may apply Lemma 3.2]to obtain

G (T 5 X (S X E)NU)) = Gia(Ty () (X (SNU)) X T RY)
= Gu(Ty () (X(SNU))) x R,

which contains {0,} x R? for every k. In other words, Grvd(Ty(y 5 X ((S X E) N U)ex
for all k. Therefore, the limit 7 contains {0,} x R? = kerx as well because X is closed in
G(s+d,n+d). This establishes the claim.

In the case where ¢ C ker m, the claim implies that ‘ C T, as was to be shown. Let us then
assume that £ ¢ ker z. In this case, the image

L:=m(L)

under the linear map 7 is a one-dimensional linear subspace of R”. By (R1) above, the se-
quences (x;) C RNU and (y;) C SNU both converge to x € R (by continuity of the first factor
projection). This establishes (R1) for (x;), (vx). We will verify that condition (R2) holds for
(xx), (y) with respect to the line ¢, that is, we will show that G,,[x (xx), x (yx)] converges in
RP"~! to £. Indeed, by definition of the chart ¥, mx (xi,ax) = x(xx) and ¥ (yk, bx) = x (k).

Since kerw = {0, } x R is closed in R" x RY, the condition ¢ ¢ kerr is an open condition,

i.e. £ has an open neighborhood in RPP"+~! such that every line in that neighborhood is not
contained in ker 7. Thus there is a ko such that

X (ks bie) = X (e ax) & ker
for all k > ko. So for these k, we may apply Lemma[3.1]to obtain
[ (), x (i) = (702 (s an ), X (Vi b)) = 72 (ks an ), X (0, b))

and

Gulx (%), X (Vk)] = GalmX (xi,ax), TX (Vi: i )] = T (Grgea[X (i, ax) s X (V&> bi)]) -

By continuity of the projection 7, the right hand side converges to m(¢) = £ as k — oo. Hence
the left hand side converges to ¢, which proves (R2) for (x;), (yx) and £.
We move on to verifying (R3) for (yi). The projection 7 : R” x RY — R” induces a map

my : X — G(s,n), P— n(P).

For if P € ¥, then we may choose a direct sum decomposition P = (ker ) ® P,.. The dimen-
sion of Py is s and the restriction of 7 to P is injective. Therefore, 7(P; ) is an s-dimensional
linear subspace of R". Furthermore, (P} ) = m(P). Hence 7y exists as claimed. Since 7y is
continuous, the sequence of image points

75 (Gura(Ty(y, ) Z(S X E)NT)))
converges to 7 (7) in G(s,n) as k — oo. Now, we showed above that

M Girsa (T, 5 Z((S X E)10)) = Go Ty (X(SOU)) x Y.
Applying 7, we get

7 Gva (T, ) X (S X E)NU)) = e(Ga(Ty () (X (SNU))) x RY)

= Gn(Tx(yk) (x(SNU))).
We conclude that G, (T, (x(SNU))) converges to
7:=7x(7)

in G(s,n) as k — oo. So the data (x), (yx), ¢ and 7 satisfy (R1) — (R3).
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From (B)-regularity of (R,S) at x we deduce that ¢ C 7, i.e. 71'(2) C 7(7). Identity
implies that

Gura(Ty(y b Z((S X E)NU)) = T (Gu(Ty 0 ((SNV))))
=1 (WGsa(Ty(, ) (S X E)NT)))
This shows that in the limit T = 7~ ! (7(7)). Consequently,
fcn ' (x(d) c n '\ (2() =7,

as was to be shown. O

4. FREE ACTIONS ON WHITNEY STRATIFIED SPACES

The main purpose of the present section is to explain that if a compact Lie group G acts
smoothly and freely on a manifold which contains a G-invariant Whitney stratified subspace
X, then the orbit space X /G is a Whitney stratified subspace of the smooth manifold M/G
(Theorem [4.3)).

Let G be a compact Lie group and let (X, 8) be a stratified space. We say that an action of
G on X is compatible with the stratification 8, or stratum preserving, if every stratum S € §
is a G-invariant subspace and the induced action G x S — S of G on § is smooth. In this case
we will also say that 8 is a G-stratification and that (X, 8) is a G-stratified space.

Suppose that M is a smooth G-manifold and (X,8), X C M, is a Whitney stratified subset
such that X is G-invariant and the induced action of G on X is compatible with the stratifica-
tion 8. Let §/G denote the collection of orbit spaces {S/G | S € 8}. Since every stratum S is
nonempty, the spaces S/G are not empty. If for some R,S € 8, R/G and S/G have a point in
common, then R and S have a point in common and are therefore equal. Thus R/G = S/G.
Furthermore, any point of X /G lies in some S/G since every point of X lies in some stratum
S. Thus 8/G is a set-theoretic partition of X /G.

Lemma 4.1. The closure S in X of a stratum S € 8 is a G-invariant subspace of X and the
closure of S/G € §/G in X /G can be computed by

b) 5/G=5/G.

Proof. We show first that Sis indeed a G-invariant subspace of X: Let s be a point of the clo-
sure S and g € G. For gs to lie in S, it is necessary and sufficient that every open neighborhood
V C X of gs has nonempty intersection with S. The set U := g~ !V is open and

s=g Ygs)eg lVv=U.

Thus U intersects S nontrivially and there exists a point s’ € U NS. The point gs' lies in S,
since S is G-invariant. Moreover, gs’ € g(g~'V) = V. We conclude that V NS is not empty,
as was to be shown. Thus S is G-invariant and S/G is defined. We prove the equality claimed
in . Since G is compact, the orbit projection w : X — X /G is closed ([11} p. 38, Thm.
3.1.(2)]). Consequently, 7(S) is closed in X /G. As S is G-invariant, 7(S) = §/G. Therefore,
S/G is closed and since it contains S/G, it must also contain the closure of S/G,

S/GCS/G.

To establish the converse inclusion, let Gso € S/G be any point, 5o € S. This point is in §/G
precisely when every open neighborhood U C X /G of Gsy intersects S/G nontrivially. The
setV:=x~!(U)isopenin X and sy € Gsy C 7~!(U) = V. Since so € S, its open neighborhood
V must intersect S nontrivially, i.e. there exists a point s; € VN S. Its orbit w(s1) = Gs; is
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a point of U, and a point of S/G (as S is G-invariant). Hence U N (S/G) is not empty. This
places Gsg in S/G and finishes the proof of . ]

Lemma 4.2. If G acts freely (and smoothly) on M, then the partition 8 /G is a stratification
of X/G.

Proof. Since G is compact, the orbit projection 7 : M — M /G is closed. Consequently, 7(X)
is closed in M/G. Since X is G-invariant, 7(X) = X/G. Therefore, the closed equivariant
embedding X C M induces a closed embedding X /G C M /G, with M /G a smooth manifold,
as G is compact and acts freely and smoothly. This implies in particular that X /G is sepa-
rable, locally compact, and Hausdorff, since these properties are inherited from the smooth
manifold M/G.

We prove next that the subspaces S/G, S € 8, are locally closed in X /G. We will use the
following criterion: A subspace is locally closed if and only if it is open in its closure. As S is
locally closed in X by assumption, S is an open subset of S. Since S is G-invariant by Lemma
there is an orbit projection 7 : § — S/G, which is an open map. We conclude that 7(S) is
open in §/G. Now 7(S) = S/G (since S is G-invariant) and §/G = S/G by (2) of the Lemma.
Hence S/G is open in §/G, as was to be verified.

It remains to check the stratification conditions (S1) — (S3). To verify (S1) we must show
that 8/G is locally finite. Let Gx be a point of X/G, x € X. Using (S1) for 8, we find an
open neighborhood U C X of x in X which intersects nontrivially only S;,,...,S;, € 8, that
is, UNS; =@ for all j € J:=P—{i,...,it}. Since GU C X is the union of the open
sets gU, g € G, it is open in X. Since GU is also a union of orbits, we can regard it as a
subset GU C X/G of the orbit space of X. As such, it is also open, since the quotient map
X — X/G is an open map. The point Gx is contained in GU. Thus the latter constitutes an
open neighborhood of Gx in X/G. We claim that GU intersects only finitely many strata in
8/G. Indeed, suppose that (GU) N (S;/G) # @ for some j € J. Then there is some u € U and
s € §j such that Gu = Gs. Thus u = gs for some g € G. This would imply that u € S}, since S
is G-invariant. We thus arrive at a contradiction to U NS; = @. Therefore, (GU)N(S;/G) =@
for all j € J, showing that 8 /G is locally finite.

For (S2), we have to show that S/G is a smooth manifold for every S € 8. By compatibility
of the action with 8, the induced action of G on § is smooth. Since the induced action is also
free and G is compact, S/G is a manifold with a unique smooth structure such that the quotient
map S — S/G is a smooth submersion. In fact, S/G is then a smooth submanifold of M/G.

Lastly, we verify the condition of frontier (S3) using Lemma Suppose then that R/G
intersects the closure of S/G nontrivially, R,S € 8. Then by , (R/G)N(S/G) # @. There
exists thus a point » € R and a point sy € S such that Gr = Gsg € (R/G) N (S/G). Some group
element g € G moves r to s, gr = so. As R is G-invariant, gr € R. Therefore, s) € RNS. By
the condition of frontier for 8, R is contained in S. This implies R/G C §/G = S/G. O

As pointed out earlier, the closed equivariant inclusion X C M induces a closed inclusion
X/G C M/G. If G acts freely (and smoothly), then M/G is a manifold with a unique smooth
structure such that the quotient map 7 : M — M/G is a smooth submersion (Lee [23| p. 218,
Theorem 9.16]). In fact, 7 is a smooth principal G-bundle (Tu [37, p. 22, Theorem 3.3]).

Theorem 4.3. Let G be a compact Lie group which acts smoothly and freely on a smooth
manifold M. Suppose that (X,8), X C M, is a Whitney stratified subset such that X is G-
invariant and the induced action of G on X is compatible with the stratification 8. Then
(X/G,8/G), X/G C M/G, is a Whitney stratified subset.
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Proof. By Lemmaf4.2] 8 /G is a stratification of X /G. Let R, S € 8 be strata, R # S, such that
R/G C S/Gin X /G, and let £ be a point of R/G. We shall prove that (R/G,S/G) is Whitney
(B)-regular at &.

To begin with, we shall construct a suitable chart y : U — R" of M/G around &, where
n = dim(M/G). The regularity is subsequently to be verified in this chart. The smooth
submersion 7w : M — M/G is proper, as G is compact. Hence, by Ehresmann’s fibration
theorem, 7 is smoothly locally trivial, i.e. there exists an open neighborhood U C M /G of &
and a diffeomorphism ¢ : 77! (U) — G x U such that

commutes. The inverse image 7~ !(U) is G-invariant. Making U smaller if necessary, we
may assume that there is a diffeomorphism x : U — R” with x(&§) = 0.
Now let

e (&) be a sequence of points in (R/G)NU and
e (1) a sequence of points in (S/G)NU,

such that (R1) — (R3) hold in the chart J, that is,

RD & —Eandn — & as k — oo,

(R2) Gx (&), x(nw)] converges in RP*~! to a point £, and

(R3) G(Ty(y,)x((S/G)NU)) converges in the Grassmannian G(d,n), d = dimS/G, to a point
T.

We must show that ¢ C 7, where both £ and 7 are regarded as linear subspaces of R”. The
idea will be to lift the points &, &, 1x to points in M in such a way that (B)-regularity for
(X,8), X C M, can be applied. Then we will deduce the desired containment relation from
the corresponding relation obtained upstairs. Let e € G denote the neutral element and set

Xi= ¢7l(evg)7 X 1= (]571(8,51{)7 Vi = ¢7l(3771k)-

Since o ¢! = pr,, the points x, x, y; are indeed lifts with respect to 7 of the corresponding
points &, &, M. Since 77! (R/G) = Rand 77! (S/G) = S, this shows that x, x; € R and y; € S.

We shall next construct a smooth chart  : U — R , j =dimG, UcMm open, wherein
we will then verify that (R1) — (R3) hold for x, (x;) and (y;). Let y: U, — R/ be a smooth
chart in G around e € G, ¥(e) = 0. The set U := ¢ ' (U, x U) is open in M and contains x,
(xx) and (yx). The diffeomorphism % is constructed as the composition

T2 U, xU PERI xR = R/,

It maps x to the origin. Let us verify (R1) — (R3) for x, (x;) and (y;) in the chart .

As for (R1), we need to show that the sequences (x;) and (y;) both converge to x. This
follows from the continuity of ¢!, observing that (e,&) — (e,&) and (e, ;) — (e,€) in
U, xU.
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To establish (R2), we shall prove that G[¥(x;), X (yx)] converges in RP"*/~! to a point /.
Indeed,

X (), X)) = (X0~ (e,60)), X (9" (e,m0))] = [(¥x 2)(e,60)), (¥ x ) (e, 1))
= [(v(e), % (&) (v(e), x ()] = {¥(e)} x [x (&) 2 (Mi)]
= {0} x [x(&), 2 (Me)]
and thus

G2 (), X ()] = {Ors } x G (&), 2 (M)
(Parallel translating the secant [x (&), x(n)] in R" to Og» and then regarding it as a line
in R/*" under the linear standard embedding R” = {0g;} x R” C R/ x R", is the same as
parallel translating the secant {Og; } x [¥ (&), x(1%)] in R/ to Ogjn. See Example ) As
Glx(&), 1(ms)] converges to £, {0z, } X Glx (&), 2 (my)] converges to

A3) 0:={0p;} x L.
Therefore, G[¥ (x¢), % (k)] converges to £.
We turn to (R3), where we need to explain that G(Tg,,) X (SN U)) converges in the Grass-

mannian G(d,n+ j), d = dimS$, to a point T. We shall first compute what the manifold SN U
looks like in the coordinate system ). We claim that

@ (SNT) =R x 2((8/6)D).
To prove this claim, let (g, ) be a point in U x ((S/G) NU). Then d) (g &) e o (U,
U)=0U and 1" (g,8) = pry(g,{) = { € S/G. Hence, ¢~ '(g,¢) € n1(S/G)NU, from

which we deduce that

(880)=90(0""(2,¢) € o(z ' (S/G)NV).
Therefore,
U, x ((S/G)NU) C ¢(n~1(S/G)ND).

Conversely, suppose that (g,¢) € ¢(z~'(S/G)NU). Then ¢ (g,{) € 7~ 1(S/G)NU, so
that { = pr,(g,{) = ¢! (g,¢) € S/G. Furthermore, { € U, as im¢ = G x U. Therefore,
£ € (S/G)NU. Since

0 (g, 0)en (S/G)NUCU =9 '(U.xU),

the pair (g,§) is a point of U, x U. In particular, we find that g € U,. We conclude that
(g,8) € U, x ((S/G)NU). We have shown that

x (($/G)NU) = ¢(x~'(S/G)ND).
Using this equation, we compute
A(SNU) = (rx0)9(SNU) = (yx 2)¢(n~'(/G)nT)

= (rx2)(Ue x (($/G)NU)) = ¥(U,) x 2((S/G)NV)

=R/ xx((5/G)nU),
as claimed. This establishes (EI) Using this description of ¥ (SN U ), we compute the tangent
space at X (yx):

Ty X (SNU) = Tyg-1 ey R X 2((S/G) NU)) = Tigge) zme) (R % 2 ((8/G)NU))
= Tox(m0) (R) x 1 ((S/G) NU)) = To(R) x Ty 2 ((S/G) NU).
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Applying the Gauss map G in R/ x R", the planes
G en(Tyu E(SNT)) = Gia(To(RY) X Ty 2((S/G) NU))
=R/ X Gu(Ty () 2((S/G)NU))
(see Example[3.4) converge to the plane
(5) T:=R/xr,

using (R3) for (1) in the chart y. This finishes the verification of (R1) — (R3) for x, (x¢), (vk)
in the coordinate system .

The relation R/G C S/G implies that R C S. By assumption, (R, S) is (B)-regular at x € R.
This means that there exists some chart around x in which, whenever (R1) — (R3) are satisfied,
the limit of secants is contained in the limit of tangent planes associated to x, (x;), (yx). But
then this is true in any chart around x, in particular in the chart . Having already verified
(R1) — (R3) in the coordinate system y, we therefore conclude that ¢ C T. Thus by and
(5), {Ogj} x ¢ C R/ x 7. Applying the standard projection pr, : R/ x R" — R”, we have

pry({Ogi} x £) = £, pry(R/ x 1) = T
and thus
0 =pr,y ({0} x€) Cpry(RI x 1) =1
in R”, as was to be shown. O

A Whitney stratified space (X,8) of dimension n is called a pseudomanifold if X"2 is
dense in X and whenever a stratum in 8 is not contained in X™#, its dimension is at most
n—2.

Lemma 4.4. We adopt the assumptions of Theorem ' in particular G acts freely. If (X,8)
is a pseudomanifold, then (X /G,8/G) is a pseudomanifold.

Proof. Let n denote the dimension of X and j the dimension of G. Thus there is an n-
dimensional stratum S of X. By freeness (and compactness of G), the quotient S/G is a
smooth manifold of dimension n— j. If R/G is any stratum of X /G, then dimR < n, so
dim(R/G) < n— j. This shows that dim(X /G) =n— j.

We prove that the regular part of X /G is dense in X /G: Let y be a point in X /G and let
7 : X — X/G denote the canonical quotient map. Choose a point x € X such that 7(x) = y.
As (X,8) is a pseudomanifold, the regular part X™¢ is dense in X. Thus there is a sequence
(x;) C X™¢ of regular points such that (x;) converges to x as i — . As 7 is continuous,
yi := 7(x;) converges to m(x) =y. We claim that the points y; are contained in (X/G)™¢.
Fix i. As x; lies in X™&, there is a stratum S € § such that dimS = n and x; € S. Then
yi = nt(x;) € n(S) = S/G and dim(S/G) = n — j by freeness. Since dim(X/G) =n — j, this
shows that y; is in (X /G)™&. We have shown that (X /G)"® is dense in X /G.

Let S/G € 8/G be a stratum of X /G which is not contained in (X /G)™®. Then dim(S/G) <
dim(X/G) = n— j. By freeness, dim(S/G) = (dimS) — j. Therefore, (dimS) — j < n— j,
i.e. dimS < n. In particular, S is not contained in X™¢. Since (X,8) is a pseudomanifold, we
have dimS < n — 2 and thus dim(S/G) = (dimS) — j <n— j—2, as was to be shown. [

5. WHITNEY STRATIFIED APPROXIMATIONS TO THE BOREL CONSTRUCTION

Suppose that G is a compact Lie group which acts smoothly on a manifold M and that
(X,8), X C M, is a Whitney stratified subset such that X is G-invariant and the induced
action of G on X is compatible with the stratification 8. Let EG — BG be a universal G-
bundle. Borel’s homotopy quotient Xg = EG X X, giving rise to equivariant cohomology,
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is generally infinite dimensional. Our construction of equivariant L-classes requires approxi-
mations X¢ (k) of Xg, k= 1,2, ..., that are finite dimensional. Beyond finite dimensionality,
the demands on the approximations are the following: If X is compact, then every X¢ (k)
should be compact. The corresponding approximations Mg(k) of Mg = EG X g M should be
finite-dimensional smooth manifolds such that X (k) C M¢(k) is a Whitney stratified subset.
Moreover, if X is a pseudomanifold that satisfies the Witt condition, then X (k) should in-
herit these properties. Such approximations will be constructed in the present section. They
are based on compact smooth Stiefel manifolds EGy, endowed with a free and smooth G-
action, that serve as finite dimensional (k — 1)-connected approximations to the free con-
tractible G-space EG as k — . The desired approximations of X will then have the form
X (k) = EGy xgX. The key point is to show that they are Whitney stratified in the smooth
manifold Mg (k) = EGy xgM (Theorem. We will also prove that X (k) inherits pseudo-
manifold and Witt properties from X.

We start with some general preliminaries. Let G be a Lie group and K C H C G closed
subgroups. The multiplication G x G — G restricts to a free right action G x H — G. The
notation G/K will mean the set of left cosets gK of K in G. Suppose that H is compact and K
is normal in H. Then H /K is a Lie group, the free right action G x H — G descends to a free
right action (G/K) x (H/K) — G/K, and the projection G/K — G/H is a smooth (locally
trivial) principal (H/K)-bundle. Note that G/H is diffeomorphic to (G/K)/(H/K).

Let G be a compact Lie group of dimension d. There exists an n such that G can be
embedded in the orthogonal group O(n) as a closed subgroup G C O(n). We choose and fix
such an embedding. We use the convention O(0) = {1}, the trivial group. This allows us
to take n = 0 when G is the trivial group. The sequence Oy := O(n+k), k =1,2,3,..., of
orthogonal groups is a nested sequence

0, CO,CcO3C -
of closed subgroups by mapping A € Oy to

A 0
<0 1> E()k+1'

Using the standard closed embedding O(n) x O(k) C O(n+k) given by

(A,B) — (g g) —.A®B,

the diagram of closed subgroup inclusions

O(n+k)——=0(n+k+1)

J

0(1) % O(k)—> O(n) x O(k + 1)

J

GXxOk)——GxO0(k+1)
commutes. Let K} be the closed subgroup of O, given by K := 1, X O(k) C Oy and set
EGk = Ok /Kk.

Homogeneous spaces obtained as quotients of a Lie group by a closed subgroup are smooth
manifolds such that the quotient map is smooth and the action of the Lie group on the quotient
is smooth. Thus EGy, is a smooth Og-manifold. It is compact, as Oy is compact. In fact,
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EG;, = V,(R™*) is the Stiefel manifold of orthonormal n-frames in R"** and its dimension
is

dimEGy = nk+ tn(n—1).
For example, when n = 1, EG; = V;(R'"*) = §* and when n = 2, EG; = V5(R*"*) =
S(TS*1) is the unit sphere bundle of the tangent bundle of the (k + 1)-sphere, diim EGy, =
2k+ 1. Let H;, C Oy, be the closed subgroup given by

Hy := G x O(k) C O(n) x O(k) C O(n+k) = O.

The subgroup H; contains K as a normal subgroup. Applying the above preliminary con-
siderations to the closed subgroups K <1 H; < O, we deduce that Hy /K is a Lie group, the
free action Oy xHy — Oy descends to a free action (O /K;) X (Hi/Ki) — Oy /Ki, and the
projection

pr  EGy = Ok/Kk — Ok/Hk
is a smooth locally trivial principal (Hy /K )-bundle. We note that O, /Hj, is diffeomorphic to
(Ok /Ki)/(Hy/Kk). The structure group Hy /K is

Hy/Ki = (G x O(K))/(1, x O(k)) = G.

In particular, EGy, is a free G-space. The notation EGy indicates that EGy consists of an
underlying space together with a particular G-action. If two groups G, G’ are both embedded
in O(n), then the underlying spaces of EGy and EG), are equal, but the notation reminds
us that EGy is to be considered as a free G-space, while E G;{ is to be considered as a free
G’-space. The base space

BGk = Ok / Hk
is a compact smooth manifold. Thus we obtain a smooth, locally trivial principal G-bundle

Pk - EGk — BG/(7

whose total and base space are both compact smooth manifolds. This principal bundle struc-
ture also shows that

dimBGy = dimEGy —dim G = nk+ %n(n —1)—d, d =dimG.
We shall henceforth briefly write
a:=in(n—1)—d.

Remark 5.1. The canonical embedding SO(n + k) C O(n + k) induces for k > 1 a smooth
identification
SO(n+k) _ O(n+k)
1, xSO(k) 1, xO(k)
If G is a closed subgroup of SO(n), then this identification is G-equivariant, and one obtains
a smooth identification

= EG,.

SO(n+k) _ O(n+k)

G xSO(k) ~ G xO(k)
Since O(n) can be embedded into SO(n+ 1) (via A — A @ (detA)), we could therefore also
work with embeddings of G into special orthogonal groups.

= BG,.

The connectivity of Stiefel manifolds is well-known (see e.g. Husemoller [21, Ch. 8.11,
p. 103]):

Lemma 5.2. The manifold EGy is (k— 1)-connected.
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Since the relation Ky = O NKj1 holds in Oy (Mimura, Toda [27, p. 88]), there is an
induced submanifold inclusion

EGy = Oy /Ky = Oy /(O NKy41) C Opy1 /Kiy1 = EGyyy,
which is G-equivariant, since

(An+k : (gn@ lk)) el = (A11+k @ 11) : (gn@ 1k+1)

for any A, € O(n+k), g, € G C O(n). The codimension of this inclusion is independent
of k, in fact
dimEGk+1 —dimEGk =n.
Similarly, as the relation Hy, = Oy NHj; holds in O, there is an induced submanifold
inclusion
Bi : BGy = Ok /Hi = Oy /(Ox NHy11) C Opy1 /Hip1 = BGry
such that there is a commutative diagram

(6) EG“— EGy4,

Pkl \LPHI

BG " BGy.,,

Since the horizontal inclusion of total spaces is G-equivariant, this constitutes a morphism of
principal G-bundles and the diagram is cartesian. The codimension of the inclusion BGy C
BGy11 equals the codimension of EGy in EGyyp,

dimBGk_H - dimBGk =n.

As k — o, Lemma @] shows that the bundles p; may serve as a finite-dimensional smooth
approximation to the universal principal G-bundle EG — BG by taking

EG:=|J EGy, BG := | | BG.
k=1 k=1

If E and X are left G-spaces, then the diagonal action of G on the product E x X is the left
action given by g- (e,x) = (ge,gx), g € G, e € E,x € X. If E is a right G-space and X a left
G-space, then E becomes a left G-space by ge := eg~! so that the above formula applies, in
which case we have g (e,x) = (ge,gx) = (eg™!,gx). The twisted product of E and X is the
orbit space E XX := (E x X)/G under the diagonal action. If G acts freely on E, then the
diagonal action on E x X is free as well.

Let G be a compact Lie group which acts smoothly from the left on a manifold M. As G
acts freely and smoothly on EGy, its diagonal action on the product manifold M’ := EGy x M
is also free and smooth. Hence, as G is compact, the orbit space

MG(k) =EG; XGMZM//G

is a smooth manifold. Suppose that (X,8), X C M, is a Whitney stratified subset such that X
is G-invariant and the induced action of G on X is compatible with the stratification 8. The
diagonal action of G on M’ leaves the subspace X’ := EG; x X C M invariant. The restriction
of this action to X' is the diagonal action of G on X’. Set

Xg(k) :=EGy xcX =X'/G.

Let g : Xg(k) — BG be the factorization of the composition EGy x X — EGy 2% BG, by
the quotient map EGy x X — Xg (k). Then (Xg(k),qx, BGi, X, G) is the fiber bundle with fiber
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X associated to the principal bundle (EGy, px, BGy, G). In particular, the projection map gy is
locally trivial.

The equivariant closed inclusion X C M induces an equivariant closed inclusion X’ C M’
and a map EGy XX — EGy Xg M, which is a closed inclusion

X (k) € Mg (k).

The space X¢ (k) is endowed with a stratification as follows: Let 8’ := EG) x 8 be the product
stratification of X’ (Lemma [2.1). According to Lemma[3.7} (X’,8'), X’ C M, is a Whitney
stratified subset of M’. We note that the diagonal action on X’ is compatible with the stratifi-
cation §', since every stratum EGy, x S, S € 8, is G-invariant due to the G-invariance of S, and
the induced action G x (EGy x S§) — EGy, X S is smooth due to the smoothness of G X § — S
(and the smoothness of G x EGy; — EGy). As G acts freely and smoothly on M’, Lemma
shows that
Sg(k):=8'/G

is a stratification of X' /G = X (k).

Let /n and 7 denote lower and upper middle perversity functions in the sense of inter-
section homology theory. These are dual to each other and if (X,8) is an oriented Whitney
stratified pseudomanifold of dimension n, then the shifted Verdier dual DICY [n] of the ratio-
nal intersection chain complex IC§ of sheaves is isomorphic to ICy in the derived category
of constructible complexes of sheaves on X. A Whitney stratified pseudomanifold (X,8) is
said to satisfy the Witt condition if the intersection homology groups IH,Z'_1 (L**;Q) of all even
dimensional links L** of (connected components of) strata vanishes. This holds if and only if
the canonical morphism IC{! — IC} is a quasi-isomorphism, in which case ICY is self-dual
when X is oriented (Siegel [33]], Goresky and MacPherson [20, 5.6.1]). If (X, 8) satisfies the
Witt condition, we will call it a Witt space. For example, if 8§ contains only strata of even
codimension, then (X,8) is evidently a Witt space. Pure-dimensional complex algebraic va-
rieties X can be Whitney stratified in this way and thus are Witt spaces, since they are also
pseudomanifolds. If (X,8) is a Witt space and N a smooth manifold without boundary, then
(X x N,8 x N) is a Witt space, since both stratifications have the same links L.

Theorem 5.3. Let G be a compact Lie group which acts smoothly on a smooth manifold M.
Suppose that (X,8), X C M, is a Whitney stratified subset such that X is G-invariant and the
induced action of G on X is compatible with the stratification 8. Then (Xg(k),8g(k)) is a
Whitney stratified subspace of the smooth manifold M (k). If X is a pseudomanifold, then
so is Xg(k). If X is compact, then so is Xg(k). If X satisfies the Witt condition, then so does
X (k).

Proof. The compact Lie group G acts smoothly and freely on the smooth manifold M’. We
have already explained above that the pair (X’,8'), X’ C M’, is a Whitney stratified subset
such that X’ is G-invariant and the induced action of G on X’ is compatible with the strat-
ification 8'. By Theorem 4.3| on free actions, (X'/G,8'/G), X'/G C M'/G, is a Whitney
stratified subset. This subset is nothing but (EGy x X,8'/G), EGy xgX C EGy xGgM, i.e.
(XG(k),86(k)), Xg(k) C Mg(k).

The product of a pseudomanifold with a smooth manifold, equipped with the product
stratification as in Lemma is a pseudomanifold. Thus if (X,8) is a pseudomanifold, then
(X’,8') is a pseudomanifold, and (X’/G,8'/G) is a pseudomanifold according to Lemmaf4.4}
as G acts freely on M’. If X is compact, then X;(K) is compact, since it is a quotient of the
product space X' = EG; x X, both of whose factors are compact.

Suppose (X, 8) satisfies the Witt condition. We use the fiber bundle ¢y : X (k) — BGy with
fiber X. As BGy, is a manifold, it can be covered by open sets U, which are homeomorphic
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to R"™*+4. Since ¢ is locally trivial, there are homeomorphisms q,:l (Ug) 2 Uy xX. As
(X,8) satisfies the Witt condition, (R4 x X R"™*+% x 8) satisfies the Witt condition. Since
intersection homology is topologically invariant, Uy x X and thus q,jl (Uy) satisfy the Witt
condition. So Xg(k) is covered by open sets ¢; ' (Uq), each of which are Witt. This implies
that X¢ (k) is Witt. O

The equivariant inclusion EGy; — E Gy induces inclusions
Mg(k) =EGy XgM — EGyi1 XgM = Mg(k+1)
and
& 1 Xg(k) = EGr xgX < EGryy XgX = Xg(k+1),
which fit into a commutative square

Mg (k)— Mg(k+1)

Xg (k) — Xg(k+1).

Thus a model of the Borel homotopy quotient X is given by

X6 =EGx¢X = (| JEGY) xcX = | J(EGy x¢X) = | Xc (k)
k=1 k=1 k=1

and similarly Mg = U, Mg (k).
6. ORIENTABILITY

Let X be a compact pseudomanifold, Whitney stratified in some ambient manifold. The
Goresky-MacPherson L-class L, (X) is defined only when the pseudomanifold X is orientable.
Thus in order for L,(Xg(k)) to be available, we must ensure that the approximating Borel
pseudomanifolds X (k) can be oriented. When X is a point, X (k) = BGy, so BGy, should be
an orientable manifold, at least an infinite subsequence thereof.

Example 6.1. We consider the group G = Z/,. Choosing n = 1 and the orthogonal embed-
ding Z/» = {£1} = O(1), we have
O(1+k)

BZ = —
(BZ/2)x o(1) %0k
which is orientable for k£ odd, but not orientable for k£ even. As we will see, this is not due to

an unsuitability of the group Z/», but rather to a choice of unsuitable embedding of it in an
orthogonal group.

= RP*,

Any compact Lie group G can be embedded in some orthogonal group O(n) in such a way
that G acts orientation preservingly on the corresponding E Gy, k > 2. (See Proposition[6.3])
We will show (Proposition that if G is bi-invariantly orientable, then the corresponding
BGy, is orientable and the fiber bundle p; : EG; — BGy is orientable. Note that the underlying
fiber bundle of a principal G-bundle is not generally oriented, even though the fiber G is
orientable and, after having chosen a right-invariant orientation of G (which always exists),
the action of the structure group G on the fiber G by right translation is orientation preserving.
The problem is that while G acts from the right on the total space, the transition functions
of the bundle act by left translation. (See Formula [7]below.) This explains the need for bi-
invariant orientability of G; not every group is bi-invariantly orientable. Let HEM(—) denote
Borel-Moore homology.
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Lemma 6.2. Let N be an oriented manifold without boundary and H a topological group
acting continuously on N. If H is path connected, then H acts in an orientation preserving
manner.

Proof. The oriented manifold N has a fundamental class [N] € HEM(N;Z), n = dimN. An
element 2 € H induces an automorphism &, : HSM(N;Z) — HEM(N;Z). As H is path con-
nected, there exists a path y: I = [0,1] — H from the identity ¥(0) = e to ¥(1) = h. The map
H:NxI— N givenby H(p,t) = y(t)- p is an isotopy from Hy = idy to H; = h. Since Borel-

Moore homology is isotopy invariant, we conclude that &, = id. In particular, h.[N] = [N],
which implies that & preserves the orientation. g

Proposition 6.3. For any compact Lie group G, there exists an embedding G C O(n) such
that G acts orientation preservingly on EGy, k > 2.

Proof. Let G be a compact Lie group. Choose an embedding G C O(n — 1) for some n > 1.
Composing with the embedding O(rn — 1) C SO(n) given by

A 0
A (0 detA) :
we obtain an embedding G C SO(n). Consider the manifold N := SO(n+k)/(1, x SO(k)).
The group H := SO(n), and hence G, acts freely on the connected manifold N. For k > 2,
the Stiefel manifold N is simply connected, so orientable. Choose an orientation of N. The
group H is path connected. Thus, by Lemma[6.2] it acts in an orientation preserving manner

on N. In particular, its subgroup G acts orientation preservingly on N. By Remark N is
G-equivariantly homeomorphic to EGy, = O(n+k)/(1, x O(k)). O

Recall that any Lie group has precisely two right-invariant orientations. We emphasize
that the group G appearing in the following lemma need not be connected. The case of
noncompact M will be relevant for the ensuing application of the lemma.

Lemma 6.4. Let M be a connected orientable smooth manifold without boundary and let G
be a compact Lie group. Let g be one of the two right-invariant orientations of G. Given
any orientation Wy« of M X G, the following statements are equivalent:

(1) The smooth right action of G on M x G given by (p,h)-g = (p,hg) preserves the
orientation Wy« G-

(2) There exists a unique orientation Wy of M such that the product orientation Wy X Og
agrees with Wy« .

The proof is straightforward and may for example be cast in terms of fundamental classes
in Borel-Moore homology. It is useful to write these classes as sums over connected com-
ponents. If Gy is the identity component of G, then one can use the Kiinneth theorem for
Borel-Moore homology (Bredon [12, p. 366, Thm. V.14.4]) to obtain a cross product iso-
morphism

HM(M;Z) © Hy(Go; Z) = HEM/(M x Go; Z) = Z,
n=dimM, d = dim G, which can be used to construct wy,.

Definition 6.5. A Lie group is called bi-invariantly orientable if it has an orientation which
is simultaneously left- and right-invariant.

Example 6.6. Discrete groups are bi-invariantly orientable by assigning to each point the
orientation +1.
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Example 6.7. Abelian Lie groups are bi-invariantly orientable, since every Lie group has
a left-invariant orientation and in the abelian case, left and right translation by an element
coincide.

Example 6.8. The orthogonal group O(2) is not bi-invariantly orientable. The conjugation
action (g,h) — ghg~! of O(2) on itself restricts to an action of O(2) on the identity compo-
nent SO(2) C O(2), which does not preserve any orientation of SO(2), since conjugation by

the element
0 1
(1 o)com

The property of bi-invariant orientability can be rephrased as a property of the adjoint
representation:

is a reflection on SO(2) = S'.

Proposition 6.9. A Lie group is bi-invariantly orientable if and only if its adjoint represen-
tation is orientation preserving.

Proof. Let G be a Lie group with Lie algebra g. Choose and fix a left-invariant orientation of
G. In particular, this fixes an orientation of g. On an element g € G, the adjoint representation
Ad: G — GL(g) is a linear automorphism Ad(g) = @g. . : g — g given by the differential at
e € G of the conjugation diffeomorphism ¢, : G — G, ¢,(h) = ghg™'. With L;,R, : G — G
denoting left and right translation by g, the conjugation can be written as ¢, = Lg o R,-1. Its
differential at e is thus Q. e =Ly, -1 0R,1, .

Now suppose that a left-invariant orientation of G can be chosen in addition to be right-
invariant. Then both L,, -1 and R, are orientation preserving. Thus their composition
Ad(g) = @« is orientation preserving. Conversely, if @, . is orientation preserving, then,
for a choice of left-invariant orientation of G, Ry-1, , = L,-1, , © @gx . preserves the orientation
for every g. Thus the left-invariant orientation is also right-invariant. |

—lye

Proposition 6.10. Connected Lie groups are bi-invariantly orientable.

Proof. Let G be a connected Lie group. An element g € G defines the conjugation ¢, :
G — G, ¢,(h) = ghg™'. As G is connected, there exists a smooth path y: I — G from
y(0) = e to y(1) = g. An isotopy ® : G x I — G from ®y = idg to ®; = ¢, is given by
®(h,t) = y(t)hy(t)~!. Note that P(e,t) = e for all t € I. Thus the differential I'(¢) := (®;)..
of @, at e € G defines a path I' : I — GL(g) from I'(0) = (Pp)+,. = (idg)+ =idg to I'(1) =
(®1)se = (@g)+,c = Ad(g). Therefore, Ad(g) lies in the identity component of GL(g). Thus
Ad(g) has positive determinant, which shows that the adjoint representation preserves the
orientation. By Proposition[6.9] G is bi-invariantly orientable. ]

In light of the above examples and results, the next proposition applies in particular to
finite groups, abelian groups, and connected groups.

Lemma 6.11. Let H be a bi-invariantly orientable compact Lie group, let NN be smooth
manifolds without boundary, and let p : N — N be a smooth principal H-bundle. If the
manifold N is oriented and H acts in an orientation preserving manner on N, then p, together
with a bi-invariant orientation of H, induces an orientation on N.

Proof. Our convention is that H acts on the right on N. We fix a bi-invariant orientation wy
of H. Let {Ugy } be a good open cover of N by charts U, =2 R” so that the principal H-bundle
trivializes over Uy. (Recall that an open cover is good if all nonempty finite intersections of
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l\l

sets in the cover are diffeomorphic to R”; such a cover always exists.) Let ¢ : p~ ! (Uy)
Uy x H be an H-equivariant diffeomorphism such that

YUy) % UyxH

\/

commutes. Here H acts on the product Uy x H by (x,h)-g = (x,hg), x € Uy, g,h € H (as in
Lemma. The preimage p~! (Uy) receives an orientation as an open subset of the oriented
manifold N. Let Wy, xH be the unique orientation on Uy X H that renders ¢, orientation
preserving. Since p~!(Uy) is H-invariant, it is an H-space and, by assumption, H acts on
it in an orientation preserving way. Since ¢, is H-equivariant and orientation preserving, it
follows that H acts on Uy, x H orientation preservingly and statement (1) of Lemmal6.4]holds.
By this Lemma, there exists a unique orientation @y, of Uy such that @y, X 0y = Oy, xH-
(This uses only the right-invariance of @y.)

Suppose that V := Uq NUp is not empty (and thus V = R"). We claim that @y, agrees
with wyg on V. Once this is known, the various @y, glue to yield a global orientation of N.
Let us then prove the claim. The H-equivariant diffeomorphism

Vi=0p0y :VxH—VxH
is of the form y(x, k) = (x, T(x,h)) with smooth transition function 7:V x H — H. Since y
is H-equivariant, the transition function satisfies 7(x, hg) = 7(x, k) - g. In particular, for h = e,
T(x,g) = t(x,e) - g. Let 0 : V — H be the function ¢ (x) := 7(x,e). Then 7 has the form
(7) T(x,h) = o(x)-h

forall x € V, h € H. In the commutative diagram

(V XHwaale)

%

(P~ (V), axl) Y

T

(VXHaa)UﬁXHD7

the two slanted arrows are orientation preserving. Hence the vertical arrow is orientation
preserving. If we knew that y: (V X H, @y, xu|) = (V X H, 0y, xH|) were also orientation
preserving, then it would follow that

Wy X O = OUgxH| = Oug x| = Oug X O,
which implies Wy, = Oy, on V by the uniqueness in statement (2) of Lemma@ Thus it
remains to prove that y: (V x H, @y, xz|) = (V X H, 0y, «xg|) is orientation preserving.
Using the identification V = R”, the space V inherits from R” a smooth scalar multipli-
cation RxV — V, (t,x) — tx, x € V, t € R. The origin in R” corresponds to a point in V,
which we will also call 0 € V. We use this multiplication to define a smooth homotopy
I':VxHxI—VxH,T(xh,t):=(x,0(tx)-h).

For every t € I, the map I'; : V x H — V x H is a diffeomorphism with inverse (x,%) —
(x,o(tx)"'h). Thus T is in fact an isotopy between I' = y and I’y given by I'o(x,h) =
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(x,0(0)-h). The latter map can be written as a product I'y = idy X Ly (g), where Ly () : H — H
is left translation by ¢(0). The diffeomorphism ¥ induces an isomorphism
Yot HEY,(V x HyZ) — HEY\(V x H3Z)

on Borel-Moore homology, d = dimH. Let [0y, xr) € HeYy(V x H) denote the fundamental

class defined by the orientation @y, «xy (restricted to V x H). Under the cross product
HEM(V;Z) @ Hy(H;Z) > HEM(V x H;Z),

the equation [@y, xz] = [0y, ] X [0x] holds by construction of @y,. Although Borel-Moore
homology is not invariant under general homotopies, it is an isotopy-invariant. Therefore,

Y% =1 = Lox = (idy XLg(0))+
and thus
Yel @y xr] = (idy X Lg(0))+[0vgxH]
= (id X Lo (0). ) ([00,] X [0n]) = [0us] X Lo 0)[08]-
Since @y is also left-invariant, Ly (g).[@y] = [@y]. We conclude that
Vel @ug <] = [@Ou,] X [0r] =[Oy, <H],
ie. v: (VxH,oy,xu|) = (VX H,@y,xm|) is indeed orientation preserving, as was to be
shown.

We remark on the side that we may alternatively analyze the differential ¥, of v at a point
(x,h) € V x H in order to establish that y preserves @y, xg. To compute this differential,
let A: V — V xV denote the diagonal map, let u : H x H — H denote the multiplication
map, let L, : H — H denote left multiplication by # € H, and let R, : H — H denote right
multiplication by 4. The differential of u at (g,h) € H x H is given by

P gy (VW) = Rps(v) + Lgs(w), v E T,H, w € T,H.
We observe that ¥ can be factored as

Axly lyxoxly

VxH——VXVxH—>VxHxH

[ P

V xH.

Using this factorization, one finds on a tangent vector (u,w) € T,V ® T;H,

3 Ye,(x,h) (M,W) = (”a Rh*(c*,x(u)) +L6(x)*(w))'

Choose a positively oriented ordered basis B of the oriented vector space (7,V & T,H, @y, X
oy ) as follows: Let {ej,...,e,} be an ordered basis of T,V which is positively oriented with
respect to @y,,, and let {f1,..., s} be an ordered basis of T, H which is positively oriented
with respect to wy. Then

B:= {(6170)7"'7(@1:0)7(Oafl)a"'v(ovfd)}

is an ordered basis of 7,V & Tj,H which is positively oriented with respect to Wy, X @g. Since
the left translation Ly () : H — H is orientation preserving, the ordered basis

{Loyen(f1)s- s Lo(yen(fa)}
of T, H 1s positively oriented with respect to @y. Thus

B = {(3170)7“ ) (envo)’(07L0'(x)*,h(f1))7"' ) (OaLG(x)*,h(fd))}
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is an ordered basis of TV ® T(,),H which is positively oriented with respect to @y, X ®y.
The differential ¥, (.5, is orientation preserving if and only if the determinant of the matrix
representation M of ¥, (. ) with respect to the bases B, B’ is positive. Using , the (n+d) x
(n+ d)-matrix M has the block form

M= ln Onxd
* 1d ’
which indeed has determinant 1 > 0, as was to be shown. O

Proposition 6.12. Let G be a compact Lie group. If G is bi-invariantly orientable, then there
exists an embedding G C O(n) such that the bundle py : EG;, — BGy is orientable as a fiber
bundle and BGy, is orientable as a manifold for every k > 2.

Proof. According to Proposition there exists an embedding G C O(n) such that G acts
orientation preservingly on the oriented manifold EGy, k > 2. Using the bi-invariant ori-
entability of G, an application of Lemma to the principal G-bundle p; : N = EGy —
BGy = N yields an orientation on N = BGy. Now, a fiber bundle of manifolds whose fiber,
base and total space are all orientable is orientable as a bundle. Thus py is orientable as a
bundle. |

Example 6.13. Let G be the orthogonal group O(2), which is not bi-invariantly orientable.
We embed O(2) C SO(3) as in the proof of Proposition i.e. by A — A®detA. None of
the spaces
SO(3+k) ., OB+k) BG
0(2)xSO(k) — O(2)xO(k) %
is orientable. To see this, one may consult the fiber bundle
SO(3) SO(3+k) SO(3+k)
= — — .
0(2) 0(2) x SO(k) SO(3) x SO(k)

The base is the Grassmannian 6r3 (RH" ) of oriented 3-planes in R3**, which is an orientable
manifold. If the total space were orientable, then the fiber RIP? would be orientable, too, since
its normal bundle is trivial.

Remark 6.14. Proposition together with Proposition implies that connected (com-
pact) groups G have orientable BG;. This may of course be established more directly by
the following simple observation: The principal G-bundle p; : EGy;, — BGy induces an exact
sequence

RP?

T (EGk) — T (BGk) — ﬂo(G) — ﬂ,'o(EGk)
on homotopy groups. For k > 2, EGy, is simply connected and the two outer groups vanish,
so that the middle map is bijective. If G is connected, then 7y(G) is trivial, and thus also
7 (BGy). So BGy, is simply connected, thus orientable.

Proposition 6.15. Let G be a compact bi-invariantly orientable Lie group which acts smoothly
on a smooth manifold M. Suppose that (X,8),X C M, is a Whitney stratified oriented pseudo-

manifold such that X is G-invariant and the induced action of G on X is compatible with the

stratification 8 and preserves the orientation of X. Then there exists an embedding G C O(n)

such that the pseudomanifolds (X¢(k),8¢(k)) (Theorem[5.3) are orientable for k > 2.

Proof. Since G is bi-invariantly orientable, there exists by Proposition an embedding
G C O(n) such that every BGy, k > 2, is oriented. By assumption, the structure group G of
the fiber bundle

X < Xg(k) X BG,
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acts orientation preservingly on the fiber X, and the base space BGy, is an oriented manifold.
Thus the total space X (k) is canonically oriented as well. In fact if U C BGy is a chart and
q,;l (U) 2 U x X alocal trivialization over U, then U is oriented as an open subset of BGy,
and U x X receives the product orientation. Then q,:] (U) receives its orientation from the
trivialization. If V. C BGy, is another chart, with U NV # &, then the orientations on qk_1 (V)
and ql:l (U) agree over q,?l (UNYV), since the transition functions with values in G act in an
orientation preserving way. (Another way of proving this is by looking at the Serre spectral
sequence of the above fiber bundle.) ]

In the remainder of the paper, we will usually assume that the embedding G C O(n) of a
bi-invariantly orientable group G has been chosen so that the BGy, k > 2, are orientable.

7. EQUIVARIANT HOMOLOGY

Equivariant homology, denoted HY(X), is an inverse limit of the ordinary singular ho-
mology groups H.(Xg(k)) as k — e. The inverse system is given by Gysin restrictions
Hiin(Xg(k+ 1)) — H;(Xg(k)). We review the construction and basic properties of equi-
variant homology groups. They should be such that compact oriented G-pseudomanifolds X
possess an equivariant fundamental class [X]g € HS(X), m = dimX (see Section , and
when X is a manifold, H(X) should be equivariantly Poincaré dual to the equivariant co-
homology H;(X) = H*(EG x X) of Borel (see Section[7.3). The viewpoint on equivariant
homology as adopted in this paper is compatible with the approach used by Brylinski and
Zhang in [13]], Ohmoto in [28] and Weber in [41]. Here, we need to use compact topological
approximations X (k) instead of the complex algebraic approximations (which are generally
noncompact) used in the algebraic setting. It turns out that the inverse limit stabilizes at finite
k, as we show in Lemma[7.6]

We summarize the setup: Let G be a compact bi-invariantly orientable Lie group of di-
mension d. Choose an embedding G C O(n) as a closed subgroup such that BGy, is orientable
for k > 2 (Proposition [6.12)). Choose and fix orientations for every BGy. Suppose that G acts
smoothly on a smooth manifold M which contains a compact stratified oriented pseudoman-
ifold (X,8) of dimension m as a G-invariant Whitney stratified subset such that the induced
action of G on X is compatible with the stratification 8 and preserves the orientation of X.
The spaces X (k) = EGy X g X are compact oriented pseudomanifold approximations of the
Borel construction Xg = EG X X and they fiber over BGy with fiber X. The approximations
BGy, of BG are closed smooth manifolds of dimension

by:=nk+a, a=n(n—1)—d.
The morphism (6)) of principal G-bundles induces a morphism

©) Xa () Xg(k+1)

le l‘)kﬂ
B

BGkC—k> BG4

of associated X-fiber bundles. The closed inclusion f is a smooth codimension n embedding
of BGy, as a submanifold of BGy;;. The normal bundle v, of this embedding is a smooth
oriented vector bundle of rank n over BGy. (The orientation is induced by the orientations on
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BGy and BGy1.) Since Diagram @) is cartesian, Diagram @) is cartesian as well, for

BeXa(k+1) = B (EGri1 X6 X) = (ByEGrs1) X6 X
=EGy xgX :XG(k)
By Lemma of the Appendix, the inclusion & is (even PL) normally nonsingular and

its normal bundle i is given by the oriented vector bundle i = g Vi. Oriented normally
nonsingular inclusions such as &, have associated Gysin restrictions. The Gysin restriction

&+ Hivn(Xa(k+1)) — Hi(Xg(k))
can be described as the composition
Hipn(X(k+1)) — Hipn(Xg(k+1), X (k+1) = X (k) — Hi(X6(k)),

where the second map is the excision isomorphism to a tubular neighborhood composed
with the Thom isomorphism of the oriented normal bundle ;. Keeping i fixed, these Gysin
restrictions §k' make {H;n(Xg(k))} =1, . into an inverse system with respect to the directed
set ({k=1,2,...},<).

Definition 7.1. Let i be an integer. The equivariant homology group HiG (X) in degree i of X
is the inverse limit

HE(X) := imH;p e (X6 (K)).
Tk
We shall often refer to i as the equivariant degree of a class in Hl-G(X ), as opposed to the
degrees of representative elements in the inverse system.

Remark 7.2. The dimension of X¢(k) is m + nk + a, where m = dimX. Therefore,
HE(X)=0fori>m=dimX.

7.1. Stabilization. The starting point of the stabilization analysis is to determine the con-
nectivity of the inclusion &.

Lemma 7.3. For all k > 1, the map & : Xg(k) < Xg(k+ 1) is k-connected and induces an
isomorphism (&) : Hi(Xg(k);Z) — H;(Xg(k+1);Z) for i < k and an epimorphism for
i=k

Proof. For the special case X = pt, the map & is the map f; : BGy — BGy,1. Consider
the morphism of long exact sequences induced on homotopy groups by the morphism (6) of
principal G-bundles. It is then a standard consequence of Lemma that By is k-connected
for all k =1,2,.... We return to general X. The morphism (9) of X-fiber bundles induces a
morphism of exact sequences

ﬂo(X) E EQ(XG(k)) e ﬂo(BGk> =0

i l(ék)* l(ﬁk)*

(X)) —— mo(Xg(k+1)) —— 7 (BGy+1) =0,

R

which shows that the middle vertical map (& ). is a surjection. It is in fact a bijection, as
one verifies by using the homotopy lifting property of the (locally trivial) principal G-bundle
EGyi1 XX — EGyy1 XX = Xg(k+ 1) obtained by restricting the smooth principal G-bundle
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EGyi1 X M — Mg(k+ 1), together with the fact that EGy, is path connected. For i > 1, the
connectivity statement for & in degree i follows from the morphism of long exact sequences

miv1(BGy) m(X) (X (k)) —— m(BGy) — mi—1(X)
J{(Bk)* iﬁ i(ik)* i(ﬁk)* \LZ
Tis1(BGy1) m(X) mi(Xg(k+ 1)) —— m(BGys1) — mi—1(X)

induced by the morphism @) of X-fiber bundles, together with the fact that f3 is k-connected
as noted above. The homological consequence is then standard, since we have observed
above that (&), : m(Xg(k)) — mo(Xg(k+1)) is a bijection for all k > 1. O

Lemma 7.4. (Cohomological Stabilization.) The map & : H'(Xg(k+1); Z) — H'(Xg(k); Z)
is an isomorphism for i < k and a monomorphism for i = k.

Proof. This follows readily from Lemma[7.3|by examining the morphism of universal coef-
ficient sequences associated to & and using the four/five-lemma. (|

Remark 7.5. We note that the equivariant cohomology in degree i is given by
Hi(X) = HI(EG xX) = lim (H'(XG(0) € H(Xg(k+1))).
k

where the cohomological restriction & is contravariantly induced by the inclusion &;. The
reason is that as the CW complex X = EG X X is the union of the increasing sequence of
subcomplexes X (k), there is an exact sequence

- 1ppi—1 i ; i
0 — lim' H'™! (Xg(k)) — H'(Xg) — limH'(Xg(k)) — 0.

By the cohomological stabilization Lemrna the & are isomorphisms for k > i. Thus the
inverse system satisfies the Mittag-Leffler condition and lim' H*~!(X(k)) = 0. In particular,
—

(10) HL(X;Z) = H (Xg(k); Z) for k > i.

For nonsingular X, the following stabilization result can alternatively be deduced from
equivariant Poincaré duality, see Lemma Recall that G C O(n) and a := %n(n —1)—d,
d = dimG. The condition n > 3 in the next lemma can of course always be satisfied by
re-embedding G into a higher dimensional orthogonal group.

Lemma 7.6. (Homological Gysin Stabilization.) Suppose that n > 3, k > 2, and let m be
the dimension of X. Then the Gysin restriction & : Hyn(Xg(k+1); Q) — Hi(Xg(k); Q) is an
isomorphism for i > m+ (n— 1)k+a. Hence,

HjG(X;@) > Hjinkra(XG(k); Q)
fork>m—j.

Proof. Let T = 71 (BG,) be the fundamental group of BGy, k = 2. By Lemma[7.3| (for X a
point), the inclusion B : BGy < BGy.1 is k-connected. Thus (f). : 71 (BGy) — 71 (BGyi1)
is an isomorphism, k& > 2, which shows that & = colimy 7; (BGy). A compact subspace of a
CW complex is contained in a finite subcomplex. Thus for every compact subset C C BG =
Uk BGy., there exists a k such that C C BGy. Therefore, 7 (BG) = colimy, 1 (BGy) = w. Now
71 (BG) is the component group 7 (G), which is finite as G is compact. This shows that 7 is
a finite group.

Let U = BGy4+1 — BGy be the complement of BGy in BGy41. Since the codimension of
BGy, in BGyy1 is n > 3, general position (or a Seifert-Van Kampen argument using the sphere
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bundle of the normal bundle v; of BGy) implies that U is path connected and that the open
inclusion i : U < BGy1 induces an isomorphism

Iy : 7T1(U) i) T (BGk-H) =T.

In particular, m; (U) = & is finite.
Next, we will prove the following statement: If L is any local coefficient system of finite
dimensional rational vector spaces on U, then

(11) H,(U;L) =0 forp> (n—1)k+n+a.
Since 7 is a finite group, Maschke’s theorem shows that the group ring Q[n] is semi-simple.

We view L as a left Q[x]-module. Let U be the universal cover of U (which is path connected)
and consider the universal coefficient spectral sequence

E[27~,q = Torg[‘;r] (H*<l79Q))L) = Hp+q(U,L)

Since Q[x] is semi-simple, E;ﬁq =0 for p > 0. Consequently, the spectral sequence collapses
to an isomorphism
H*(U;L) =~H, (U,Q) ®Q[ﬂ] L.

Thus it suffices to prove that H,(U;Q) vanishes for p in the indicated range. Let BGyy be
the universal cover of BGy, . Since the closed inclusion f; : BG;, — BGj. | induces a ;-
isomorphism, a homotopy lifting argument with respect to the covering projection shows that

the pullback cover B (BGyy1) of BGy is path connected and in fact simply connected. Thus
B (E(_J\kjl) is the universal cover BGy of BGy. Similar observations apply to the pullback
cover i* (B/é\k: ), given by

i*(BG+1) = BGys1 — BGy.

Since E\G/k is a submanifold of B/élfl of codimension n > 3, and BGy. is path connected,

general position implies that i*(BGy. 1) is path connected. Since the open inclusion i : U —

BGj1 induces a m;-isomorphism, the pullback cover i* (Eé}fl) is the universal cover U of
U. This shows that

U = BGyy1 — BGy,
where the complement is taken with respect to the inclusion ka : E\G/k — B/(?k_:l which lifts Sy.

Since the latter is k-connected, B is k-connected as well. Thus (BGy.1,BGy) is a k-connected
pair of path connected spaces, which implies that

Br.. : Hi(BGy) — Hi(BGyy1)
is an isomorphism for i < k and an epimorphism for i = k. Hence, in view of the long exact
sequence
-+ = Hi(BGy) — Hi(BGy1) — HPM(T) — HP (BG) — -
associated to the closed inclusion Ek, the group HZ-BM(ﬁ ) vanishes for i < k. Thus also
HBM(U;Q) = 0 for i < k. We write by = nk + a for the dimension of BGy. The set U is
open in the smooth manifold ﬁ;\k_; and hence itself a smooth manifold of dimension by .
By Poincaré duality, H®™(U;Q) =2 H’+1~{(U;Q) so that by the universal coefficient theo-
rem, Hle_,-((j;Q) =0 for i < k. Setting p = by1 — i, the condition i < k is equivalent to
p > (n—1)k+n-+a. This finishes the proof of statement (11}
We consider the open subset

Ux = Xg(k+1) — Xg(k)
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of Xg(k+ 1). The fiber bundle g1 : Xg(k+ 1) — BGj restricts to a fiber bundle Uy — U
with fiber X. The terms Eﬁq of the Serre spectral sequence

B = HplU3 (X 0)) = HpU:Q)

of this bundle vanish if p > (n— 1)k+n+a (by statement ), org>m. Thusif p+q>m+
(n—1)k+n+a, then H,(U;H,(X;Q)) = 0, so by the spectral sequence, Hp,4(Ux;Q) = 0.
Suppose that i > m+ (n— 1)k + n+ a. Then the two outer terms of the exact sequence

H;(Ux;Q) — Hi(Xg(k+1);Q) = H;(Xg(k+1),Ux;Q) — H;i—1 (Ux; Q)
vanish, so that the middle map is an isomorphism. The Gysin restriction
& : Hi(Xg(k+1);Q) — Hia(X6(k); Q)
can be described as the composition
H;(Xg(k+1):Q) — Hi(Xg(k+1),Ux: Q) — H;_u(X6(k): Q),

and is thus an isomorphism if i > m+ (n — 1)k +n+ a. The statement to be proven follows
by shifting the degree. (]

The above Gysin stabilization is illustrated by Example where we consider the circle
group. Proving that equivariant homology is independent of choices (Theorem [7.10] Propo-
sition requires certain bundle transfer maps to be isomorphisms in appropriate ranges.
This bundle transfer stabilization will be developed next.

Lemma 7.7. (Homological Bundle Transfer Stabilization.) Let p : Y — B be an oriented
fiber bundle whose fiber F is a compact oriented smooth d-dimensional manifold, whose
structure group G is a compact Lie group acting smoothly on F and whose base B is a finite
CW complex of dimension b. If F is (k— 1)-connected, then the transfer p' : H;(B;Z) —
Hiq(Y;Z) is an isomorphism for i > b —k.

Proof. We shall first construct a fiberwise embedding 6 : Y — B x R*, s large, over B which
is normally nonsingular and possesses a normal bundle v admitting the interpretation of a
vertical normal bundle for p. We use techniques of Becker and Gottlieb [9]]. Let Y — Bbe
the underlying principal G-bundle of p: Y — B, so that Y = Y xgF. By the Mostow-Palais
equivariant embedding theorem, there exists, for sufficiently large n, an orthogonal G-module
structure on the real vector space R"” and a smooth equivariant embedding F C R". Restricting
the G-action to the complement R" — F of the invariant subspace F C R" defines a smooth
G-action on R" — F. Let 1} be the vector bundle over B with projection E(1) = Y xgR" — B.
The equivariant embedding F' C R" induces a fiberwise embedding

Y=Y xgF CY xgR"=E(n)

over B. Since B is a finite CW complex, we can choose a complementary vector bundle §
over B with 1 & { = B x R, the trivial rank s vector bundle over B. We obtain an embedding
0 :Y — B x R® as the composition Y C E(n) C E(n & ) = B x R*. By construction, the
composition of 8 with the projection B x R® — B to the first factor is p. The embedding 6 is
normally nonsingular. In fact, its normal bundle Vv is given by the Whitney sum of p*({) and
the normal bundle of Y in E(1n). The vertical tangent bundle 7Y of p is the vector bundle
over Y given by Y xgTF —Y xgF =Y. Itis oriented, since the fiber bundle p:Y = Bis
oriented. Since TVY @ v =Y x R is trivial, v is oriented.
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The complement (B x R*) — 6(Y) fibers over B with fiber R® — (F x {0}). Indeed, let
P — B be the underlying principal O(s — n)-bundle of {. The total space of n ® { is

EM®{)=EM) xzE(l) = (¥ xgR") xp (P X0 R
= (? XBP) XGx0(s—n) (Rn @Rs—n)’
and the Whitney sum 1) & { has the underlying principal bundle Y x5 P — B, with structure
group G x O(s —n). In terms of this description, the image 6(Y) is given by
B(Y) = ()7 XBP) X Gx0(s—n) (FEB {Os—n})7
and the complement is
(BXR)—0() = EM &) —6(Y) = (¥ x5 P) Xguo(s_n (R x B = (F x {0,_,})).

This endows the complement with a fiber bundle projection (B x R%) — 0(Y) — B whose fiber
is R® — (F x {05—,}). The action of G x O(s —n) on R = R"” x R*"" extends to an action on
the one point compactification S* = R* U o with o as a fixed point. In the fiberwise one point
compactification B x §* of B x R®, the complement of 6(Y) is given by

(BxS*)=0(Y) = (¥ X5 P) Xgxo(s—n) (5 = (F x {05-4})).
This endows the complement in the fiberwise compactification with a fiber bundle projection
(12) (BxS)—6(Y)— B
whose fiber is $° — (F x {05_,}). This bundle has a section ¢ given by ¢ (x) = (x,), x € B.
The suspension S*B™ is the quotient S*B* = (B x §*)/0(B) and may be viewed as the Thom

space of the trivial vector bundle B x R®. The relative Serre spectral sequence of the fiber
bundle has E? term Eﬁjq = H,(B;H ,(S* — (F x 0),00)) and converges to

Hyig(BxS") — 0(Y),0(B)) = Hyyg (B — 6(Y)).

By Alexander duality, H,(S° — (F x 0);Z) & H*~'~4(F;Z) = 0 for s — 1 —q < k, since F is
(k—1)-connected. So H,(S* — (F x 0);Z) = 0 for ¢ > s — 1 —k. Suppose that i = p+¢ >
b+s—1—k. Then p >borq>s—1—k. In the first case, Hy(B; H,(S* — (F x 0),%)) =0,
as the cellular chain complex of the universal cover of B has no cells of dimension higher
than b. In the second case, i.e. when g > s—1—k, E]%_’q also vanishes since the stalk of the
local system H ,(S° — (F x 0),o0) vanishes according to the Alexander duality argument. This
shows that
H;(SB* —0(Y))=0fori>b+s—1—k.
The bundle transfer p' : H;(B) — H;,4(Y) is given by the composition

Hi(B) = Hiro(SBY) "% Hies(Th(v) ©5 Hyyy (s (Y),
see [6], [7]. Here, the first map is the suspension isomorphism and 7'(p) : $* BT — Th(V) is
the Umkehr map (i.e. Pontrjagin-Thom collapse) associated to the fiber preserving normally
nonsingular embedding 0 : Y — B x R*. Cap product with the Thom class of the oriented
vector bundle v defines the Thom isomorphism ®. The above description of p' shows that
the transfer is an isomorphism if and only if 7'(p). is. Excision identifies

Hiyy (Th(v)) = iy (BT, S'BT — (1)),
Under this identification, T'(p). fits into the exact sequence

Hivs(SBY —0(Y)) — Hips(SBY) "5 Hyy (SBY,SSBY — 0(Y)) = Hirs 1 (SBY — 0(Y)).
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(Since the Pontrjagin-Thom collapse is the identity near 6(Y), the induced homomorphism
T(p). agrees with the homomorphism induced on homology by the inclusion (S*Bt,2) C
(SBT,S*BT —6(Y).) Suppose thati > b —k. Theni+s—1>b+s—1—k and thus the
two outer groups in the exact sequence vanish. Consequently, 7'(p)., and hence p', is an
isomorphism in the range i > b — k. ]

7.2. Equivariant Fundamental Classes. Suppose that the G-pseudomanifold X is compact,
dimX = m, and that X oriented as a pseudomanifold. Then X has a fundamental homology
class [X] € H,,(X) in ordinary top dimensional homology. In equivariant homology, it has an
equivariant fundamental class
Xl € Hyy (X),

as we shall now explain. The approximations X (k) of X are compact pseudomanifolds of
dimension m + nk +a. As G is bi-invariantly orientable, every BGy is orientable by Propo-
sition We choose and fix an orientation of BGy, for every k. Since the G-action on X
preserves the orientation of X, the X (k) are orientable by Proposition We choose and
fix an orientation for every X (k) compatibly with the orientations of the BGy. The Xg(k)
then possess fundamental classes [Xg (k)] € Hyinit+-a(Xc(k)). The normal bundles v; of BGy
in BGy. 1, as well as the normal bundles of X¢ (k) in Xg(k+ 1), receive induced orientations.
Then the Gysin restriction

ik' : Hm+n(k+1)+a (XG(k+ 1)) — Hynicta (XG(k))

sends [Xg(k+ 1)] — [Xg(k)]. (This may be viewed as a special case of the author’s Verdier-
Riemann-Roch formula for L-classes of singular spaces, recalled below as Theorem [8.2])
Hence the sequence {[Xg(k)|}x=12,. is an element of the inverse system and defines an
element [X]g € HY (X).

7.3. Equivariant Poincaré Duality. Suppose that X = M is an m-dimensional closed ori-
ented manifold. Then by classical Poincaré duality, cap product with the fundamental class
[Xc (k)] = [M(k)] is an isomorphism

i —N[Mg (k)]
H™ (MG(k))—G> i+nk+a(MG(k))'
The diagram
i —N[Mg (k)]
H" (Mg (k) ————— Hi (M (K))

K !
o —AMG(k+1)]
H" (Mg (k+1)) — = Hi (k1) +a(Ma (k)

commutes up to sign, since

&N Mg (k+1)]) = (=) "E (@) N (&M (k+1)]) = (=1)""E (@) N [Mg (k)]
for @ € H™ /(Mg (k+1)). To eliminate the sign, we can without loss of generality choose an
embedding G C O(n) with n even. Then the sequence of isomorphisms {— N [M¢ (k)] }i=12,...
constitutes an isomorphism of inverse systems, and thus an isomorphism

-NM]g

(13) Hl (M) HE(M).

on inverse limits, given by capping with the equivariant fundamental class of M. This is
equivariant Poincaré duality.
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In the special case where X = M is a manifold, the homological Gysin Stabilization
Lemma can be deduced from the cohomological stability (I0) by a simple argument
based on equivariant Poincaré duality:

Lemma 7.8. (Nonsingular Stabilization.) If X = M is an m-dimensional closed oriented
G-manifold, then

HJG(M7 Q) 2 Hjnk+a(Ma(k); Q)
fork>m—j.
Proof. By Lemmal[7.3| the inclusion & : Mg (k) < Mg(k+ 1) induces an isomorphism
(&)« Hi(Mg(k)) — Hi(Mg(k+1))
for i < k. By the universal coefficient theorem, & : H (Mg (k+1);Q) — H'(Mg(k); Q) is an
isomorphism for i < k. Using (I0), equivariant Poincaré duality for M, and ordinary Poincaré
duality for Mg (k), and writing j = m — i,
HY(M;Q) = H;(M:Q) = H (Mg (k); Q) & Hy i nia(Mc (k): Q)
fork>i=m—j. O

7.4. The Equivariant Homology of a Point. We discuss the special case where X is a point.
Then X (k) = EGy X pt = BGy, so that

HiG (pt) = @(Hi+nk+a (BGk) :
In this case, with m = 0, equivariant Poincaré duality @I) shows that
HE(pt) = Hg(pt) = H'(BG).
Example 7.9. We illustrate the approximations as k — oo of the equivariant homology HY (pt)

for the circle group G = S' = SO(2). For this group, we may take n = 2. Then

SO(2+k)

BS; = SO(2) x SO(k)

is the oriented Grassmannian Ger(R”k) of oriented 2-planes in R>**. Its dimension is
dimBS}C = 2k. The integral cohomology of these Grassmannians has been computed by
Vanzura in [39]]; see also Mimura-Toda [27, p. 129, Remark 4.8]. The following table dis-
plays generators for the groups H'(BS i;Z) uptok=38:

k=1 |k=2|k=3|k=4|k=5|k=6|k=7|k=8
HO 1 1 1 1 1 1 1 1
H? f fhau | B ta ts fe t7 fg
H* 0 buy u3 té%, Uy t52 t62 l‘72 tg
H6 0 0 13u3 faUy Us tg7l/t6 t73 tg
HS 0 0 0 [3144 ts5us telUg u7 lé,ug
HO 0 0 0 0 l‘521/l5 t62u6 t7ug tgug
HZ?| 0 0 0 0 0 | tdus | Bur | tius
H*| 0 0 0 0 0 0 | Bu | us
H| 0 0 0 0 0 0 0 | tgus

The cohomology in odd degrees vanishes. The generator #; is the Euler class e(7,) of the
tautological oriented 2-plane bundle % over Gry(R>*¥). The restriction 8 : H*(BS} 1) =



THE EQUIVARIANT L-CLASS 31

H?(BS ,1) maps f;4 to t because the Euler class is natural and the restriction of the tautolog-
ical bundle is the tautological bundle. In the proof of the Nonsingular Stabilization Lemma
we noted that
& - H'(Mg(k+1);Q) — H'(Mg(k); Q)
is an isomorphism for k£ > i. For M = pt, this means that
Bi : H'(BGy+1:Q) — H'(BGi: Q)

is an isomorphism for k > i. In the table, these stable fields are shaded in gray; they do not
contain any of the unstable classes u;. The inverse limit

(@) = lim (H'(BS5:Q) - HU(BSL, 11 0)

is Qt] = H*(CP~;Q), BS' ~ CP>.
Let us move on to homology. The S'-equivariant homology groups of a space X are by
definition

HE' (X)

1

= (HLI}(Hi-',—nk-k %n(n— 1)—d (Xsl (k)) = (lilr}(Hi+2k (XSI (k)) :
For X =pt,
1 .
HY (pt) = lim H (BS}).
Let . =1N [BS}C] denote the Poincaré dual of the Euler class #; and let y; denote the Poincaré

dual of the unstable cohomology class u;. The following table displays generators for the
homology groups H;(BS};Z):

k=1 |k=2 k=3 k=4 |k=5k=6|k=7|k=8
Hy T T | s | s | s | oMe | Ty | ToMs
Hy | [BS]] | o2 | s | ms | wsps | t2le | Til7 | T3Ms
Hy | 0 [ BS)| m |mpa| ps | %kl | mitr | Tgpss
He 0 0 BS}] | m % | e | w1 | Tsus
Hg 0 0 0 [BSLH Ts 1762 ‘L'73 Tg, us
Hio 0 0 0 0 [B S é ] T6 T72 ’Cg
Ho| 0 0 0 0 0 | BS]| m o
Hy| O 0 0 0 0 0 | [BSY| =
He | O 0 0 0 0 0 0 | [BSY]

The Gysin restrictions ﬁk' :H;»(BS ,1 +1>Q) — H;i(BS ,1 ;Q) act in the table by moving one field
up and one field left. By the Gysin Stabilization Lemma[7.8]

H/'G(M;Q) = Hj+nk+%n(n—1)—d(MG(k);@)

for k > m — j, where M is an m-dimensional closed oriented manifold. For M = pt and
G = S', the Gysin restriction B : H2(BS; ,:Q) — H;(BS;;Q) is an isomorphism for i >
m+(n—1)k+a=k, and

1
HY (pt; Q) = Hj ok (BS;; Q)

for k > —j. The groups HJS : (pt) = 0 vanish for j > dimpt = 0. In equivariant degree j = 0,
the group

1 .
HS (pt) = 1¢11}H0+2k(35,1€) > H,(BS}) = Hy(BS)) = Hy(BS))... = 7
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is generated by the sequence of fundamental classes [BS}] < [BS1] <~ [BS}] <~ .... For j =
—1, the group

HY\ (pt) = IimH_1.(BS}) = Hy (BS}) = Hs(BS}) = Hy (BS}) ... =0
vanishes, as is the case for all odd j. In equvariant degree j = —2, the group

HS,(pt) = <11_11215{_%2,((195,1) >~ H,(BS}) = Hg(BS)) = Hg(BS!)... = Z
is generated by 73 <= T4 <-4 T5 < ..., and

1 .
HS,(pt) = LniH,4+2k(BSi) > Hy(BS}) = Hg(BSL) = Hyo(BS2)... = Z

has generator 1752 < ’562 i 1772 < .... These stability regions are shaded in gray in the homology
table.

7.5. Independence of Choices. The above construction of equivariant homology involves a
choice of model for the manifolds EGy and BGy. We shall prove that H (X) is independent
of these choices. Thus let G C O(n’) be another embedding into some orthogonal group,
yielding a smooth, free, compact, (k— 1)-connected G-manifold E 'Gy, of dimension

dimE'Gy =n'k+ 1n'(n’ —1).

The associated orbit space is a smooth closed manifold B'Gy. As we did for G C O(n),
we assume that the embedding G C O(n’) has been chosen so that the action of G on E'Gy
preserves the orientation (Proposition and B'G; is orientable (Proposition . The
space X(;(k) = E'Gy x ¢ X fibers over B'Gy with projection g, : X(;(k) — B'Gy and fiber X.

Theorem 7.10. For k > m — j, bundle transfer induces an identification
. ~ / .
(14) Hj+nk+%n(n71)7d (XG (k)7 Z) - Hj+n/k+%n/(n/7])*d (XG(k) s Z) .

Proof. We will briefly write Ey = EGy, E; = E'Gy, By = BGy, B|, = B'G. The product man-
ifold Ej, := Ey x Ej} is (k—1)-connected, since both factors are. The group G acts diagonally

and freely on Ek. We denote the orbit space of this action by §k = Ex X E;. Then Ek is a
closed smooth manifold. The projection Ej x E; — Ej is G-equivariant and induces a fiber
bundle

E]/(HE](:E]( X(;E]/{%Ek/G:Bk

with structure group G. As the action of G on the fiber E; preserves the orientation, the
fiber bundle pp is oriented. Since By is oriented as well, we deduce that the total space Ek is
oriented. The pseudomanifold

X\G (k) = Ek XGX

fibers over By with projection gy : X¢(k) — By and fiber X. Since By is oriented, and the
action of G on X preserves the orientation, the total space Xg(k) and the fiber bundle gy, is
oriented. The projection Ex x E; x X — Ej x X is G-equivariant and induces an oriented fiber
bundle

E, — X (k) = (B x E}) X6 X 25 Ep x6 X = Xg (k).
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We thus have a commutative diagram of fiber bundles
(15) X X
E| — Xg (k) 25> X (k)

Al j/qk

, Y
E} B, —— B,

This diagram is in fact cartesian, as we will show next. The universal property for the pullback
By %, Xg(k) = (Ex < E}) XE, /G (Ex X6 X)
yields a map ¢ :fg(k) = (ExxXE; xX)/G— By x g, Xg (k) given by
le,e’,x] = (Gile.¢',x], pele.e’x]) = ([e.], [e,x]).

We will construct a map  : By xp, Xg(k) — (Ex x E} x X)/G. Let ([e1,¢],[e2,x]) be an
element of the fiber product. Thus [e;] = pgle1,€’] = gi|e2,x] = [ea], that is, e; and e are in
the same G-orbit in E;. Therefore, there exists a g € G such that ge; = e;. The element g is
unique, since G acts freely on Ey. Note that then [ez,x] = [ge1,x] = [e1,g7'x]. We set

W([eheq?[eZ?x]) = [6176/75,7] ]
It can then be verified that y is well-defined, and that the maps ¢ and y are inverse to each
other. Thus, via these identifications, the space X (k) is the fiber product of By and X (k)

over By. This shows that Diagram (15 is cartesian.
The oriented fiber bundle pg has an associated transfer map

P HX6(K):Z) — H,_p i s K6 (k) 2).
By Lemma(7.7] the transfer
p’E : H'+nk+%n(n71)7d (XG(k)’Z) — Hj+nk+%n(n7l)+n’k+%n’(n’fl)7d (X\G(k)’Z)

is an isomorphism for k > m — j. Now, the model X(;(k) is similarly the base of the oriented
fiber bundle
Ex — Xo(k) = (Ex X E}) x6 X 225 Ef x6 X = X4(k),
whose transfer
pé‘:/ : Hj+n’k+%n’(n’—1)—d(Xé;(k);Z) — Hj+nk+%n(n—1)+n’k+%n’(n’—1)—d(XG(k);Z)
is an isomorphism for k > m — j. The transfer identification (I4) is then given by the isomor-
phism (pL,) "' o pk. O

The transfer identification of the above Theorem [7.10] commutes with the passage from k
to k+ 1, as we will show next. The equivariant inclusion E'Gy < E’ Gy, 1 induces a normally
nonsingular inclusion &/ : X(;(k) — X/ (k+1).

Proposition 7.11. The diagram

&
Hj+n(k+1)+%n(n—1)—d(XG(k+ 1):2) —— j+nk+%n(n—1)—d(XG(k);Z)

| 2

H.'+n’(k+1)+%n/(n’fl)fd(X(/?(k+1);2) g/ > I—IjJrn’kJr%n/(n’fl)7d(X(/?(k);Z)7
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whose vertical isomorphisms are given by the transfer identifications of Theorem (k>
m— j), commutes.

Proof. We use the notation of the proof of Theorem The commutative diagram of

G-equivariant maps
Ek x X Ek+1 x X

proj T T proj

/ !
Ex X Ey xX“——=Ei 1 X E; | xX
induces on orbit spaces a commutative diagram

Xo(K) = Xg(k+1)

)?G(k)(—g> Xe(k+1).
k

The analog of Diagram (6) is the morphism of principal G-bundles given by the cartesian

diagram

(16) E“—— Epy

d e

B
B> By,

and the analog of Diagram (9) is the morphism of X-fiber bundles given by the cartesian
diagram

whose bottom horizontal map Bk is a smooth embedding of By as a submanifold of §k+1. The
normal bundle V; of this embedding is oriented since By and By | are oriented. By Lemma

, & is normally nonsingular with oriented normal bundle g} V. Hence it admits a Gysin
restriction &jk' which fits into the diagram

é!
Hjyner1)+aXa(k+1)) - Hjinira(Xa(K))
P}E\L lpr
Hiemyesyvar by Xk 1) ——=H}\ (oL 1) (Xa (K)),

&

witha = %n(n —1) —d. The diagram commutes by functoriality of Gysin maps. By symme-

try, we also have pL, &' = Ek' pj- Therefore,

-~

!

! y—1_! &! 1 \—1 ! ! ' y—1_!
(Pe) ' Pe&i = (Pp) " &ipe = & (Ppr) ™ Pi-
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(Both instances of pg, are simultaneously invertible, since kK > m — j implies k+ 1 > m —
J ]
By the proposition, the transfer identification induces an isomorphism between the inverse
systems
{Hj+nk+%n(n7l)*d(XG(k);Z)}k:LZW' and {Hj+n’k+%n’(n’f1)7d(Xé(k);Z)}k:hzm"

This shows that equivariant homology is well-defined independent of choices.

8. THE EQUIVARIANT L-CLASS OF COMPACT PSEUDOMANIFOLDS

Let G be a compact Lie group of dimension d. We assume that G is bi-invariantly ori-
entable. This is for example the case if G is connected, or finite, or abelian. Suppose that
G acts smoothly on a smooth manifold M which contains a compact stratified oriented Witt
pseudomanifold (X, 8) of dimension m as a G-invariant Whitney stratified subset such that the
induced action of G on X is compatible with the stratification § and preserves the orientation
of X. Then Theorem [5.3|together with Proposition [6.15]shows that the L-classes

Li(Xg(k)) € Hi(Xg(k); Q)
are well-defined following Goresky-MacPherson [[19] and Siegel [33]]. For k =1,2,..., we
have the fiber bundles
X — XG(k) N BGy,
where BGjy, is a smooth compact manifold. The tangent bundle 7BG;, of BGy has associated
Hirzebruch L-classes L*(TBGy) € H*(BGy;Q) in cohomology. These can be pulled back to
yield invertible classes g;L*(TBGy) € H*(Xg(k); Q).

Definition 8.1. For k = 1,2,.. ., the stage-k equivariant L-class of the G-space X is defined
to be
LS, (X) == q;L*(TBGy) ' NL.(X(k)) € H.(Xc(k); Q).

We will show that {L*G «(X)}x=12,... is an element in the inverse limit that defines the G-
equivariant homology of X. In order to do so, we use the author’s Verdier-Riemann-Roch
formula for L-classes of singular spaces:

Theorem 8.2. (Verdier-Riemann-Roch for Gysin restriction of L-classes, |5, Thm. 3.18,
p. 1300].) Let g : Y — Z be a normally nonsingular inclusion of closed oriented PL Witt
pseudomanifolds. Let v be the oriented normal vector bundle of g. Then

g'L.(Z) =L*(v)NL.(Y).

Proposition 8.3. Under the Gysin restriction ék' ‘Hoin(Xg(k+1)) — Ho(Xg(k)), the stage-
(k+ 1) equivariant L-class of X maps to the stage-k equivariant L-class, i.e.

LY 1 (X) = LEL(X).

Proof. We will use diagram @) The restriction of TBGy| to BGy splits as B TBGy =
TBGy, @ vy, where Vg is the normal bundle of BGy, in BGy;. Hence,

EL 1 (X) = &i(qi 1 L (TBGry1) ' NL.(Xg(k+1)))
=& (g4 1 L (TBGyy1) ) NEL. (X (k+1))
= (giBiL"(TBGyy1) ™) ML (X (k+ 1))
= (il (TBGy & Vi) ) N& L. (Xa(k+1)),
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so that, using the multiplicativity of Hirzebruch’s L-class,
17 LT (X) = giL"(TBGY) ™' qeL” (vi) ™' NEL«(XG(k+1)).
Appendix |15]establishes the PL context required for applying the VRR-formula of Theorem
By Lemma|15.2] the normal bundle yy, of the normally nonsingular inclusion & is given
by the oriented vector bundle t; = g Vx. Thus by the VRR-Theorem 8.2}
&L (Xg(k+1)) = L* (1) N L« (XG(k)) = gt L* (vi) N L (Xg (K)).

Plugging this expression into , the factor g;L*(vy) cancels its inverse and we find

&Ll 1 (X) = giL (TBGy) ™' NLi(Xg (k) = L, (X).

]

This proposition shows that the sequence {Lfk(X )}k=12.... is an element of the inverse
limit
(EII;H*+nk+a(XG(k);Q) = H*G(X,Q)

Definition 8.4. The equivariant L-class of the G-space X is defined to be
LI(X) :={LS (X hizi1 2. € HE(X: Q).

The index j in LJG (X) thus indicates equivariant degree j. Let us describe the equivariantly
homogeneous components more explicitly in equivariant degrees m and m — 4. Recall that
a= %n(n —1)—d.If N is a smooth manifold, we find it convenient to write the cohomological
L-class of N as

L*(N) =L*(TN) =1+ L*TN)+L3(TN) +--- € H*(N;Q)

with L/(TN) € H/(N;Q), i.e. the superscript j in L/(N) indicates the cohomological degree
in which the class resides. The inverse class L*(N)~! is the L-class of the stable normal
bundle of N. Its components will be written as L*(N) ™! = 1 +L*(TN) '+ L8(TN) ' +--- €
H*(N;Q) with L/(TN)~! € H/(N;Q). The stage-k equivariant L-class is
LS, (X) = (1+q;L*(BGy) ' + g;L}(BG) ™' +...)
N (Lm+nk+a (XG (k)) +Lyn—4+nk+a (XG (k)) +... ) )
with Ly aera(Xg(k)) = [Xg (k)] the fundamental class. By the Gysin Stabilization Lemma
& Hin(X(k+1);Q) — H;(Xg(k); Q) is an isomorphism for i > m+ (n— 1)k +a (at
least when n > 3 and k > 2), and HJG(X;Q) = Hjinira(XG(k); Q) for k > m — j. For the top
equivariant degree j = m, stability holds from k = 2 on. The equivariant groups are given by
Hg(X,Q) = Hm+2n+a(XG(2);Q) = Hm+3n+a(XG(3);Q) = m+4n+a(XG(4);Q) =

The homogeneous component LG (X) € HS (X;Q) of LY(X) in equivariant degree m is then
given by

Lintonta(X6(2)) = X6 (2)] = Linyan+a(X6(3)) = [X6(3)] = Lintanta(X6(4)) = [XG(4)] ...
Thus LG (X) = [X]¢ € HS(X;Q). In the next relevant equivariant degree j = m — 4, stability
holds from k = 5 on and the equivariant groups are

HS 4(X;Q) = Hya4504a(X6(5);Q) = Hyy—a6n1a(X6(6);Q) = ...

The homogeneous component LS, (X) € HS ,(X;Q) of LY(X) in equivariant degree m — 4
is the sequence

Lin—4+5n+a (XG(S)) + CI§L4 (BGS)_I N Lmt5n+a (XG(S))
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i Ly—at6n+a(X6(6)) + g6L* (BG6) ™ N Linyonra(Xc(6))
A Lm74+7n+a (XG (7)) + q§L4 (BG7)_1 N Lm+7n+a (XG (7))

The above construction of the equivariant L-class involves a choice of model for the man-
ifolds EGy and BGy. We shall prove that the class is independent of these choices. Thus, as
in Section let G C O(n’) be another embedding into some orthogonal group, yielding a
smooth, free, compact, (k — 1)-connected G-manifold E'Gy of dimension n'k + 1n'(n’ — 1).
The associated orbit space is denoted by B'Gy; it is an oriented compact smooth manifold.
The Witt space X(;(k) = E'Gy X X fibers over B'Gy with projection g, : X(;(k) — B'Gy and
fiber X. The associated stage-k equivariant L-class is

LG (X) = g;'L"(TB'Gy) ' NL.(Xg (k) € Ho(X(Kk); Q).

The proof of Theorem below rests on the author’s Verdier-Riemann-Roch formula for
L-classes of singular spaces under bundle transfer homomorphisms. We recall the statement.

Theorem 8.5. (Verdier-Riemann-Roch for bundle transfer of L-classes, [6, Thm. 8.1].) Let
B be a closed PL Witt pseudomanifold and let F be a closed oriented PL manifold. Let & be
an oriented PL F-block bundle over B with total space X and oriented stable vertical normal
PL microbundle | over X. Then X is a Witt space and the associated block bundle transfer
&' H.(B;Q) = H,dgimr (X;Q) sends the Goresky-MacPherson L-class of B to the product

§'L.(B) = L* (1) N L. (X).

This theorem holds in a rather general PL context. It is applicable in the present paper,
since our actions on singular spaces are the restriction of smooth actions on ambient smooth
manifolds. As mentioned before, further PL details are provided in Appendix

Lemma 8.6. Suppose that p : Y — B is a fiber bundle with smooth compact manifold fiber F,
compact Lie structure group G, and finite CW complex base B. Let f : B — B be a continuous
map. Then the stable vertical normal bundle vy, of the pullback F-bundle p' :Y' = f*Y — B'

is isomorphic to the pullback vy of the stable vertical normal bundle vy of Y over B, where
f:Y' =Y is the map of F-fiber bundles covering f.

The proof of this lemma is straightforward and can for example be based on the description
of the vertical normal bundle given in the proof of the homological bundle transfer stabiliza-
tion Lemma

Theorem 8.7. For k > m — j, the bundle transfer identification ({[4),
Hj+nk+%n(n7 1)—d (XG (k) ; Q) = Hj+n’k+ Ln! (W —1)—d (Xé(k) ’ Q)’

2
maps the stage-k equivariant L-class L, (X) to L'S (X).

Proof. We use the notation of the proof of Theorem In view of Diagram (I3), the
stage-k equivariant L-class transfers under the bundle projection pg to

PELYH(X) = pi (@i L (TBGy) ' NL.(X6(k)))
= (PEqcL" (TBGY) ™) N ppLa(X6(k))
= (@i ppL" (TBGY) ") N ppL. (X6 (K)).
By the author’s Verdier-Riemann-Roch theorem for L-classes, Theorem@

piL-(Xg(k)) = L (v{) N L. (X6(k)),
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where V)¢ is the stable vertical normal bundle associated to pg. Applying Lemma to the
cartesian Diagram (I5) (with p = pp and f = ¢;), we obtain a vector bundle isomorphism
vy = g, vy, where vy is the stable vertical normal bundle associated to pp. Note that

TB ® vy = psTB @ eV,
where €V denotes a trivial vector bundle of sufficiently high rank N. Therefore,
PELO,(X) = (@ phL" (TBGY) ™) UGiL" (Vi) L. (R (K))
=G (PpL* (TBG) ™' UL (v§)) N L.(Xg (k)
= GiL*(TBy) ' NL.(Xg(k)) = LT4(X).
By the same token, pj,, LG (X) = ng(X ), which implies

((pg) ™" o pE)(LE4(X)) = LG (X),

as was to be shown. O

Thus the transfer identification induces an isomorphism between the inverse systems
{Hjnira(Xe(k);Q) Yizt ... and {Hjira (X6 (K); Q) 1t 2,

that sends the equivariant L-class {LE, (X)} to the class {L'S,(X)},. This shows that the
equivariant L-class is well-defined independent of choices.

9. THE NONSINGULAR CASE

The topological approach to equivariant characteristic classes of smooth manifolds is
based on the following principle; see e.g. Tu [37, p. 242]. Let X be a G-space and £ a
G-equivariant vector bundle with equivariant projection 7 : E — X. Then 7 induces a map
7 : Ec — Xg on homotopy quotients which is the projection of a vector bundle &5 over Xg.
Given a theory of (nonequivariant) cohomological characteristic classes ¢ € H', one defines
the corresponding equivariant characteristic class to be

cg(8) :=c'(&) € H'(Xg) = HG(X).

Suppose that X = M is a smooth G-manifold, where G is a compact Lie group. Then G
acts on the tangent bundle 7M of M via the differential of the action on M and thus TM is a
G-equivariant vector bundle. Hence the above principle applies and yields equivariant classes

(M) = c(TM) = ¢'((TM)) € HG(M).
In particular, the equivariant cohomological L-class of M is given by
L(M) = L'((TM)g) € H(M: Q).
In terms of finite dimensional approximations, the homotopy quotient can be written as

(TM)G =EG xgTM = | J(EGy xgTM).
k

Thinking of H; (M) as the inverse limit

lim (' (Mo(k)) <5 H' (Mo (k+1)))
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(Remark, L (M) can be described by the sequence {L(EGy x TM)}, since the vector
bundle map

EGk XG TM(i) EGkJr] XG ™

| |

EGy ><GMC—>g EGyi xgM
k

is a fiberwise isomorphism and thus
EGix¢TM =& (EGii1 xgTM), L'(EGy xg TM) = & L'(EGy1 X TM).

Theorem 9.1. Let G be a compact Lie group which bi-invariantly orientable, e.g. G con-
nected or finite or abelian, and let X = M be a smooth oriented closed G-manifold such that
the action is orientation preserving. Then the equivariant homological L-class LS (M) of Def-
inition is the equivariant Poincaré dual of the equivariant cohomological L-class LE(M),
that is,

LY (M) = L;(M) N [M]g.

Proof. The equivariant Poincaré duality isomorphism (I3)) is induced by the sequence of
isomorphisms {— N [Mg (k)] }x=12,... With respect to the M-fiber bundle g; : M (k) — BGy,
the tangent bundle of M (k) splits as TM¢ (k) = TV Mg (k) ® g; TBGy, where TV Mg (k) is the
vertical tangent bundle. This bundle admits the description

T'Mg(k) =TV (EGy xg M) 2 EGy xgTM.

Now EGy x¢ TM =: (TM)¢(k) approximates the homotopy quotient (TM)g = EG x¢ TM.
For sufficiently large k, the stage-k homological equivariant L-class of M can then be calcu-
lated as

LS, (M) = g;L*(TBGy) ™' NL.(Mg(k))
= q;L*(TBGy) ' N (L*(TMg(k)) N [M (k)])
= q;L*(TBGy)~ ' n(L*(T" Mg (k) & q; T BGy) N [Mg(k)))

= L*(T" Mg (k) N [Mg (k)]
= L*((TM)g(k)) N [Mg(k)).

O

Example 9.2. For a point M = pt, the vector bundle (TM)¢ is the rank zero bundle over
Mg = BG. Therefore, L*((TM)¢g) = 1 € H*(BG;Q) and by Theorem[9.1]

LY (pt) = Lg(pt) N [pt]g = LN [ptg = [pt]c € HE (pt;Q) = H* (pt) = H *(BG; Q).

Concerning stage k, Mg (k) = BGy and ¢ is the identity. Hence the equivariant stage-k class
is

LG, (pt) = q;L*(TBGy) ' NL.(BGy) = L*(TBGy) ™' UL*(TBGy) N [BGy] = [BGy],

which represents the equivariant fundamental class [pt|¢ in the limit.
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10. FUNCTORIALITY IN THE GROUP VARIABLE

Let G be a bi-invariantly orientable compact Lie group acting on the oriented pseudoman-
ifold X, preserving its orientation. An inclusion G’ C G of a closed bi-invariantly orientable
subgroup G’ induces a restriction map
(18) HE (X) — HE (X)

1

on equivariant homology, as we shall recall next. Let G C O(n) be an embedding such that
G acts orientation preservingly on EGy and the manifolds BG; are orientable (Proposition
k > 2). We fix an orientation for every BG;. The embedding G C O(n) induces by
composition an embedding G’ C O(n). The underlying manifolds of EG), and EGy, are equal,
namely O(n+k)/1, x O(k). Thus G acts orientation preservingly on EG; = EGy and the
manifolds BG;{ =EGy/ G’ are orientable, k > 2. We consider the fiber bundle

G/G < BG, 2% BG;,

given by the quotient map BG; = EGy /G’ — EGy/G = BGy. Since both the base and total
space of py are oriented, this is an oriented fiber bundle. As EG;/G’ = EGy x¢ (G/G'),
the structure group of py is G, and its underlying principal G-bundle is EG; — BGy. More
generally, the quotient map

Xg (k) = (EGy x X) /G — (EGy x X)/G = X5 (k)
is the projection of a fiber bundle
G/G s Xgi (k) =% X (k).
These projections fit into a cartesian diagram of fiber bundles

19) X X

i \

G/G' —= X1 (k) —> Xg(k)

q,’(J/ J/‘Ik

G/G' — BG, —— BGy.

In particular, the fiber bundle 7 is oriented, since it is the pullback under g; of the oriented
fiber bundle p;. The dimension of G is denoted by d, and the dimension of G’ shall be denoted
by d’. The oriented projection 7, induces a bundle transfer homomorphism

!
T : Hi+nk+%n(n71)fd(XG(k)> — Hi+nk+%n(n71)7d+(d*d/)(XG’(k))'

Under the passage from k to k+ 1, these commute with the Gysin restrictions ék' by functo-
riality of Gysin maps. Thus, taking inverse limits as k — oo, we obtain the desired restriction

map (T8).

Theorem 10.1. Let G’ C G be a closed bi-invariantly orientable subgroup of the compact bi-
invariantly orientable Lie group G and let X be a compact Witt G-pseudomanifold such that
the G-action preserves the orientation of X. Then the restriction map HS (X;Q) — HS (X;Q)
sends LE(X) 10 LY (X).
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Proof. Using Diagram (19), we compute the image of the stage-k G-equivariant L-class
Lfk (X) under 7;:
LS (X) = (gL (TBGy) ™' N L. (X6 (K)))
= (m{qiL* (TBGy) ") N mL. (X6 (k)
= (¢ PEL (TBGY) ™) N L (X6 (k)).
By the author’s VRR-type theorem for L-classes, Theorem [8.5]
mL.(Xg(k)) = L* (V) NL«(Xe (K)),
where vV is the stable vertical normal bundle associated to 7. Applying Lemma to
the cartesian Diagram (with p = py and f = g;), we obtain a vector bundle isomorphism
vV =g[f vy, where vy is the stable vertical normal bundle associated to p. Note that TBG), &
vy = piTBG; @ €V, where €V denotes a trivial vector bundle of sufficiently high rank N.
Therefore,
LY ((X) = (g PEL (TBGy) ") UgL* (vi) NLy(Xe (k)
=4 (PcL*(TBG) ™ UL* (Vi) N L. (Xgr (K))

= gy L*(TBG,) "' NL.(Xg (k) = LS, (X).

11. THE TRIVIAL GROUP AND THE NONEQUIVARIANT L-CLASS

If G = {1} is the trivial group, then the Borel space is Xg = X;j) = E{1} x {1} X = E{1} X
X ~ X. In fact, one may of course take E{1} to be a point. The trivial group embeds
as {1} = O(0) into the orthogonal group with n = 0. The manifold approximations EGy,
used in this paper are then given by E{1}; = O(0+k)/(1o x O(k)) = pt, and B{1}; = pt.
Thus the pseudomanifold approximations Xg (k) are X;y (k) = (E{1}; x X)/{1} = X and the
equivariant homology H (X) is
mH'JrnkwL%n(nfl)fd (X{1}<k)) - <1i_n}(Hi (X) - Hi(X)’

=1l
Sk !

a1 (x)
the ordinary, nonequivariant, homology of X. The stage-k {1}-equivariant L-class of X is
given by

1 I _
LU} (X) = il (TB{1}) ™ L. (X1 (k)
= id* L*(pt xR%) "' NL.(X) = L.(X) € H.(X;Q),
the Goresky-MacPherson L-class of X. Hence
M) =L.(x).

Proposition 11.1. Let G be any compact bi-invariantly orientable Lie group acting on X. The
restriction map HS (X)) — H*{l}(X ) 2 H,(X) induced by the inclusion of the trivial group into
G sends LY (X) to the Goresky-MacPherson class L.(X).

Proof. This is essentially a corollary to Theorem However, the construction of the
restriction map in Section [10| requires both groups to be embedded in the same O(n). Thus
in the context of the restriction map, we may technically not use the model Xy, (k) = X as
above, but need to use the model

X{’l}(k) =E x} X =E; xX, Eg=0(n+k)/(1, x O(k)),
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where G C O(n). The restriction map is thus technically a map
G .
Hy (X) — (hlI}CHj+nk+%n(n71)(X£1}(k))'

It sends LG (X) to s (X) according to Theorem Let pg: Xfl} (k) = X = X1y (k) be the

projection to the second factor. By Theorem the bundle transfer p;s induces for k >m— j
an identification

pE - Hj(X:Q) = Hj(X (1 (k): Q) — H, e dnn1y X1y (R):Q),

under which the Goresky-MacPherson L-class L. (X) = L (X) is mapped to L;{Ji} (X). This
finishes the proof. We remark on the side that in the model X {’ 1} (k), the stage-k class takes
the form

LS X) = g L (TB {110 N L (X[, (0) = [E{] % L.(X) € H. (X[, (k): Q).
O

The proposition shows that the equivariant L-class contains all of the information of the
(nonequivariant) Goresky-MacPherson L-class.

12. PRODUCTS

Let G, G’ be compact bi-invariantly orientable Lie groups. Then their direct product P :=
G x G’ is compact and bi-invariantly orientable. Let M be a smooth G-manifold and M’ a
smooth G’-manifold. Let X C M be an oriented G-invariant pseudomanifold and X’ C M’
an oriented G'-invariant pseudomanifold. (The Whitney stratification assumptions are as in
the previous sections; the actions preserve orientations and strata.) Then M x M’ is a smooth
P-manifold under the action (g,g’) - (x,x') = (gx,g'x’). The product X x X' C M x M’ is
a P-invariant subspace and a Whitney stratified pseudomanifold. The action of P on X X
X' preserves the product strata and the product orientation. Equivariant rational homology
satisfies a Kiinneth-theorem:

Proposition 12.1. (Equivariant Kiinneth Theorem.) The homological cross product induces
an isomorphism
(20) P HI(X:Q@HS (X;Q) = HC (X xX":Q).
pta=j
Proof. Using bi-invariant orientability, choose embeddings G C SO(n) C O(n) and G’ C

SO(n") € O(n’) in orthogonal groups such that the manifolds BGy, BG), are oriented. The
product group P is embedded in O(n+n') via

P=Gx G S0(n) x SO(n')—= 0(n) x O(n')

! v

SO(n+n")—-—= O(n+n').

We set ¥ := X x X'. The argument involves the (k — 1)-connected free closed smooth mani-
folds EGy, EG),, EP, their quotients BGy = EGy/G, BG| = EG/G', BP, = EP, /P, as well
as the approximating Borel pseudomanifolds

Xg(k) =EGr x6X, X (k) =EGy x@ X', Yp(k) = EP xpY.

Note that the embedding G x G’ C O(n+n') is such that G x G’ acts orientation preservingly
on EP, 2 SO(n+n" +k)/(1,42 x SO(k)) 2O(n+n"+k)/(1,,» x O(k)) and, since P is
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bi-invariantly oriented, BF; is oriented for every k > 2 by Lemmal6.T1] The pseudomanifold
Yp(k) is oriented according to Proposition It will be convenient to consider another
model of Yp(k), namely Yp(k) := Ex xpY, where Ej := EGy x EG,. The smooth closed
manifold Ej is (k— 1)-connected since both of its factors are, and it is a free (smooth) P-
space under the action (g,g’) - (e,¢’) = (ge,g'e’). We endow E, with the product orientation,
for then the action of P on it preserves that orientation. Let BP; = E;/P denote the orbit
space, a smooth closed manifold. The advantage of Y p(k) over Yp(k) is that the well-defined
map

(EGr X EG}) Xgxgt (X xX') — (EGy X6 X) X (EG, x g X'),

(GxG)(e, e, x,x)— (Gle,x),G (X)),
determines a canonical identification
Yp (k) = X(;(k) X Xé;/ (k)

with inverse (G(e,x),G'(¢/,x)) — (G x G')(e,e’,x,x’). For X = pt = X’ we have in partic-
ular a canonical identification BP, = BGy x BG),. We give both BP; and Y p(k) the product
orientation. The notation concerning dimensions will be m = dimX, m’ = dimX’, d = dimG
and d’ = dimG’ so that dimY = m+m' and dimP = d +d'. We write a = jn(n—1) —d,
d' = 1n'(n' —1)—d'. By the Gysin Stabilization Lemma Hz? (X;Q) = Hpinira (X6 (k); Q)
for k > m — p, and HY (X';Q) 2 Hy iy (X4 (k); Q) for k > m' —g. The ordinary cross
product is a map

Hpinka(X6 (k) Q) ® Hy i (X (K); Q) — Hi(Xg (k) x X5 (k): Q),
with r = (p+¢q) + (n +3k + (a+d'). Suppose that j > m+m’' = dimY. Then the right-

hand side HJP(Y;Q) of (20) vanishes (Remark . If p+q=j, then p>mor q>m so

that HPG (X;Q) =0or HqG (X';Q) = 0. Hence the left-hand side vanishes as well and the
equivariant Kiinneth formula holds.

Suppose then that j < m-+m' and take k > m+m' — j. The ordinary, nonequivariant,
Kiinneth theorem asserts that the direct sum of cross products

1) P HpinkraX6(k):Q) @ Hy i (X (k);Q) — He(Xg (k) x X (k): Q)
pta=j

is an isomorphism. The sum may range only over p,q with p < m and ¢ < m’, since other
terms do not contribute to the sum. Then k > m+m' — (p+q) = (m—p)+ (m' —¢q) >
max(m — p, m' — q) so that may be written as

P HS(X;Q)@HS (X;Q) = H,(Yp(k): Q).
pt+a=j

It remains to identify the right-hand group with the P-equivariant homology of Y. By the
Gysin Stabilization Lemma([7.6]

P(y-0)) = )
Hj (Y:Q) = Hj+(n+n’)k+%(n+n’)(n+n’—1)—(d+d’) (Yp(k): Q)
since we took k > (m+m') — j. Now, an isomorphism

(22) (plls/)71 © (PA‘E) : Hj+(n+n’)k+%(n+n’)(n+n’—l)—(d+d’) (Yp(k);Q) = HV(YP(k);@)
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is given by the composition of two transfer isomorphisms as in Theorem Instead of
Diagram (I3]), one uses the cartesian diagrams of fiber bundles

(23) Y Y
.
Ex Yp(k) —25> Yp(k)
s
Ex BP, BP,
and
(24) Y Y
|
EP, Yo(k) —2E~ Y p(k)
s
EP, BP, »— BP..

These two diagrams involve the following auxiliary objects: The product manifold EP =
EP; x Ey is (k— 1)-connected, since both factors are. The group P acts diagonally and freely
on EPk with orbit space EPk := EP, xp E}, a closed smooth manifold. The projection EP; x
E; — EP; is P-equivariant and induces a fiber bundle

E — BP, = EP, xpE; 2% EP,/P = BP,

with structure group P. As the action of P on the fiber E; preserves the orientation, the
fiber bundle pp is oriented. Since the base BF; is oriented as well, we deduce that the total
space BP, is oriented. The pseudomanifold Yp(k) := EP, x pY fibers over BP, with projection
qr ?p(k) — BP, and fiber Y. The projection EP, X E; x Y — EP, x Y is P-equivariant and
induces a fiber bundle

Ek — /Y\p(k) = (EPk XEk) xpY E} EP, xpY = Yp(k).
These are the bundles that appear in ([23). The pullback of an oriented fiber bundle such as

pp is oriented. Thus pg is an oriented fiber bundle and therefore has an associated transfer.
The projection EP, x E; — Ej is P-equivariant and induces a fiber bundle

EP, —)B\Pk =FEP, XPEk E)Ek/PZEPk

with structure group P. Since both the base and the total space of pg are oriented, this is
an oriented fiber bundle. The equivariant projection EP, x E; x Y — E; x Y induces a fiber
bundle

EP. — Yp(k) = (EP X E) xpY =EP, xp (Ex x Y) 225 By xpY =Y p(k).

These bundles appear in (24). Since py is the pullback of the oriented bundle pg, it is itself
oriented and admits a transfer. The fact that the two transfers py and pg, are isomorphisms is
due to the homological transfer stabilization Lemmal[7.7] The identification is compatible
with the structure Gysin restrictions of the inverse systems, as can be seen by an argument
that proceeds as the proof of Proposition ]
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Theorem 12.2. Under the equivariant homological Kiinneth isomorphism (20), the equivari-
ant L-class satisfies the product formula

LS (x xX') =LO(X) x LI (X').

Proof. We use the notation of the proof of the equivariant Kiinneth theorem, Proposition
In particular, P= G x G, Y = X x X’. A P-equivariant stage-k class in the homology

of Yp(k) is given by Zik(Y ) :=g;L*(TBP) "' NL.(Yp(k)). By the nonequivariant product
formula for the Goresky-MacPherson L-class ([8]], [42]),

L.(Yp(k)) = L«(Xg (k) x X (k)) = Ls(Xg (k) % L« (X5 (k).

Using the decomposition

Y p(k) —— X6 (k) x X(y (k)
le lquqi
EPk ES S BGk X BG;{,

we compute
GiL' (TBR) = (qi x 4})"L* (TBGy x TBG,) = qiL"(TBGy) x g}/ L' (TBG}).
Therefore,
L24(Y) = (giL"(TBGY) ™ x g7 L"(TBG}) ™) N (L (X6 (k) X L(X{; (K)))
= (qiL*(TBG) ™' NL.(X(k))) x (¢ L* (TBG}) ™' N L.(Xg (K)))

4
= Lﬁk(x) x Lgk(x’).

On the other hand,
_ ! +P
(Pe) o (PE)LLk(Y) = Lo(Y)
as in Theorem [8.7] using the VRR-formula Theorem [8.5] and Diagrams [23]and [24] O

13. THE CASE OF A TRIVIAL ACTION

Suppose that the group G acts trivially on X. Then the Borel space of the action is
X6 = EG xgX = BG x X. Its pseudomanifold approximations are given by Xg(k) = (EGy x
X)/G = (EGy/G) x X = BGy x X. We may identify the G-space X with the (G x {1})-space
pt xX. Then the equivariant Kiinneth theorem, Proposition [I2.1] shows that

HE(X) = HO (pt xX) 2 HE (pt) @ H. (X).
In Section we discussed the equivariant fundamental class. For the point, this is a class
[ptlg € HE (pt)-
Proposition 13.1. If G acts trivially on X, then
LE(X) = [ptg x L.(X) € HE (X:Q) = H (pt: Q) © H.(X: Q).
Proof. This is a direct consequence of the product Theorem[12.2] which asserts here that
LX) = L9 (ptxX) = L9 (pt) x LIV (X).

In Proposition , we saw that Lil}(X ) = L.(X), while Example 9.2 shows that LY (pt) =
Ptc- O
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14. THE CASE OF FREE ACTIONS

We will show that if G acts freely on X, then the equivariant L-class LY (X) can be identi-
fied with the Goresky-MacPherson class L, (X /G).

Suppose that G acts freely on M, and X C M is an invariant compact oriented Witt pseu-
domanifold as before. The group G is bi-invariantly oriented and its action preserves the
orientation of X. Then X /G is a Whitney stratified subset of the smooth manifold M/G by
Theorem and a pseudomanifold by Lemma The orbit space X /G is compact, since
X is. The smooth principal G-bundle M — M /G restricts to a principal G-bundle X — X /G,
and the induced smooth fiber bundle EGy — Mg (k) — M /G restricts to a fiber bundle

EG, — Xg(k) 2 X /G.

We note that the fiber of m; is a smooth manifold. The pseudomanifolds X (k) and X /G are
oriented. To establish the Witt condition for X /G, we will employ the following principle:

Lemma 14.1. (Witt Desuspension Principle.) If W is an oriented topologically stratified
pseudomanifold such that the canonical morphism ICy, o, — ICy,. o, of intersection chain
sheaves is an isomorphism (in the derived category) for some j > 0, then W satisfies the Witt

condition.

Proof. Using Deligne’s iterated construction of intersection chain sheaves (given by alternat-
ing pushforwards Riy. and truncations 7)), the canonical morphism ¢y : IC}y — ICy, is
induced by inclusions T<;x)(—) C T<jx)(—). The constant sheaf Ry _y on the top stratum
of W pulls back to the constant sheaf 7*Ry_x = Ry _y),r/ under the restriction of the strat-
ified projection 7w : W x R/ — W over the top stratum. By base change, the exact functor 7*
commutes with the pushforwards Riy,, and it also commutes with truncation. Hence there is
a commutative diagram

_ ¢W <RJ _
i ; il
ICW xR/~ ICW xRJ

|l 2|l
T ICE —— w*ICT
Womew) T

which shows that 7*(¢y ) is an isomorphism in the derived category. The stalk isomorphism

" - (n*(q)W))(wJ) £ 7
(T ICE) wy) — (T ICYy ) ()

at a point (w,7) € W x R/ identifies naturally with the stalk map (9w )y, : (ICit),, — (IC} ).
Consequently, (@w ),y is an isomorphism for every w € W, and thus ¢y is an isomorphism. O

Lemma 14.2. The orbit space X /G satisfies the Witt condition.

Proof. Since the Witt condition is local, it suffices to cover X /G by open subsets Uy, each
of which is Witt. Now let {Uy} be an open cover of X/G such that the fiber bundle 7
trivializes over Ug. The preimages 7, I(Uoc) are thus over Uy homeomorphic to Uy X EGy,
with EGy a smooth manifold. Recall that the total space X (k) is Witt (by Theorem .
The preimages are open in Xg(k), hence themselves Witt. Since intersection homology is
topologically invariant, the spaces Uy X EGy are Witt. Then Uy is Witt by the desuspension
principle, Lemma[14.1] O
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The Goresky-MacPherson L-class L.(X /G) is thus defined. The commutative diagram

Xo ()~ Xk +1)

X/G

yields a commutative diagram of transfer homomorphisms

vé!
Hjnier1)+aXe(k+1);Q) : Hjinketa(XG(k); Q)

! |
X T

H;j4(X/G;Q),
a= %n(n — 1) —d. Thus the maps 7} induce a map
m' i H;_4(X/G:Q) — HY(X:Q)
into the inverse limit. By Lemma m Hj_y(X/G;Q) — Hj+nk+%n(nfl)fd(XG(k);Q) is
an isomorphism for k > m — j and 1t follows that
(25) n'Hi_q(X/G:Q) = HY (X:Q)

is an isomorphism.

Lemma 14.3. The vertical tangent bundle T" 1 of 7 and the vector bundle g (T BGy) are
stably isomorphic over X (k) (qi : Xc(k) — BGy).

Proof. The underlying principal bundle of the EG-fiber bundle m; : Xg(k) — X/G is the
principal G-bundle X — X /G. Therefore, the vertical tangent bundle of 7; is given by TV =
(TEGy) xgX. Since G acts freely on EGy, the quotient (TEGy)/G of the G-vector bundle
TEG; is a vector bundle over EGy/G = BGy. There is a canonical isomorphism

4;((TEG})/G) = (TEG;, xX)/G=T"m,
of vector bundles over X (k), and there is a decomposition
(TEGy)/G=T(EGy/G)&(T " pr)/G =TBGy & (T pr) /G,

where p; : EGy — EG /G = BG; is the orbit projection. Now, the vector bundle (TV py)/G is
in fact trivial, as we will show next: First, TV py is trivial as an ordinary vector bundle, being
the vertical tangent bundle of the projection of a principal G-bundle. But more is true: In
fact, TV py is trivial as a G-vector bundle, which implies that the quotient (7 py) /G is trivial
as an (ordinary) vector bundle. Let us elaborate on this. Let v be a vector in the Lie algebra g
of G. We can form the fundamental vector field 6(v) on EGy, given at a point x € EGy by

o(v)y:= 4 x-exp(tv) € TLEGy,
dt|,—o
where exp : g — G is the exponential map, see [38]. This defines a map o : g — X(EGy),
where X(EG;y,) denotes the Lie algebra of smooth vector fields on EGy. The map o is R-
linear. In fact, o(v), is a vertical vector, i.e. an element of 7,”(px). A smooth map 7 :
EGy x g — TV py, which lies over BG, and which is fiberwise a linear isomorphism, is
given by 7(x,v) := o(v)x. Let Ad : G — GL(g) be the adjoint representation. A (right) G-
module structure on g is given by v-g := (Ad g~!)(v). Then a right G-action on EGy, x g is
given by (x,v)-g:= (xg,v-g). Thus EGy X g is a trivial G-vector bundle. The group G acts
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on TV py by the differential Ry, of the right translation Ry : EGy — EGy, Ry(x) = xg. The
equation

Re.o(v) = o ((Adg™')v)
for all v € g implies that the trivialization T is G-equivariant. In light of the fact that the
functors (—)/G and pj are inverse to each other (using freeness) and set up an equivalence
of categories between G-vector bundles on EGy and vector bundles on BGy, this finishes the
proof that (TV py)/G is a trivial vector bundle. We conclude that

T'm = q;(TEGy)/G) = qi(TBGx & (T " pr) /G) = i (TBGy) ® (T pi) / G),
with ¢; ((T" px)/G) a trivial vector bundle. O

For free actions, we may now express the equivariant L-class in terms of the Goresky-
MacPherson class.

Theorem 14.4. [f G acts freely on X, then the canonical identification maps the Goresky-
MacPherson class L.(X /G) to the equivariant L-class LY (X).

Proof. By the VRR-Theorem mL.(X/G) = L*(TVm) ' NL.(Xg(k)). (Note that all the
PL requirements of the VRR-Theorem are met, since the fiber EGy is smooth, hence PL and
7. is the restriction of a smooth fiber bundle, so in particular has an underlying PL. EG-
block bundle, which is oriented. The spaces Xg(k) and X /G are PL since they are Whitney
stratified.) The stage-k equivariant L-class of X is thus given by

LY (X) = ¢;L*(TBGy) ™' NL.(Xg(k))
= q;L*(TBG;) ' UL (TVm) Nw}L.(X/G).
By Lemma|14.3} L*(¢;TBGy) ™' UL*(T" m) = 1, which implies LY (X) = mL.(X /G). O

15. APPENDIX: PL STRUCTURES

This technical appendix establishes the PL context required for an application of the au-
thor’s VRR-theorems. The essential point is that the action of G on X is by assumption
the restriction of a smooth action of G on M. Smooth fiber bundles are PD-homeomorphic
to PL bundles. The relevant bundles used in the paper are thus restrictions of PL bundles,
hence again PL bundles. We will freely use the theory of blocktransversality as introduced
by Rourke and Sanderson in [32] for submanifolds, and extended by Stone [34] to general
polyhedra P, Q in PL manifolds N. The latter concept has been further clarified by McCrory’s
transversality based on cone complexes, [26], which is equivalent to blocktransversality as
McCrory has shown. We shall only need the case where one of the polyhedra, say Q, is a
locally flat PL submanifold, in which case blocktransversality of P and Q roughly means that
0 has a normal block bundle in N which P intersects in a union of blocks.

Suppose that B is a smooth manifold and A,X C B smooth submanifolds. Let 7 : E — B
be a surjective smooth submersion. If the smooth manifold 7~ (X) is (smoothly) transverse
to the smooth manifold 7~ '(A) in E, then X is transverse to A in B. This observation from
differential topology has the following analog in the PL category.

Lemma 15.1. Let B be a PL manifold, A C B a locally flat closed PL submanifold and
X C B a compact polyhedron. Let w: E — B be a PL fiber bundle of PL manifolds with
(nonempty) compact PL manifold fiber. If the polyhedron ©~'(X) is blocktransverse to the
PL submanifold t='(A) in E, then X is blocktransverse to A in B. In particular, X NA is PL
normally nonsingular in X with PL normal disc block bundle given by the restriction of the
PL normal block bundle of A in B.
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Proof. Let v4 be the normal (closed-disc-) block bundle of the locally flat PL. submanifold A
in B. Let E(v,) denote the total space of v4. Since the PL fiber bundle 7 is transverse regular
to any submanifold of B, the preimage 7~ !(A) is a PL submanifold of E and its normal
bundle is the pullback 75 (v4), where 74 : 7! (A) — A denotes the restriction of 7. The total
space E (7} v4) can be identified with 77! (E(v4)), since the manifold 7! (E(v4)) collapses
to 7' (A) (using local PL triviality), hence constitutes an abstract regular neighborhood of
n~!(A). Any abstract regular neighborhood can be equipped with a block bundle structure
(by [31, Thm. 4.3]), and by the uniqueness theorem for normal block bundles ([31, Thm.
4.4)), there is an isotopy fixing 7! (A) which realizes an isomorphism between the two block
bundles. By assumption, 7~ (X) is blocktransverse to the PL submanifold 7~!(A) in E, that
is,

(26) 7 (X) NE(m3va) = E((T3va) |z ey (a)-

The left hand side is identified with 7= 1(X) N w1 (E(v4)) = 7~ (X NE(v4)). Using the
commutative diagram

7 (X NA) > 7 (A)

ml im

XNAC—— S A,

the right hand side of identifies with E(7*(vValxna)) = & ' (E(Va|xra)). Therefore,
(26) asserts that 7' (X NE(v4)) = 7' (E(Valxra)). The surjectivity of 7z guarantees that
n(n~1(S)) = S for any subset S C B. Thus

XNE(va)=a(r " (XNE(Va))) = n(x~ (E(valxru))) = E(Valxru),

which means that X is blocktransverse to A. The equation also shows that X NA has a PL
tubular neighborhood in X (namely X N E(V4)) which is the total space of a block bundle,
and that block bundle is V4 |xna. O

In the following, we use the notation introduced in Section 3} i.e. a compact Lie group G
acts smoothly on a manifold M and (X,8), X C M, is a Whitney stratified subset such that X
is G-invariant and the induced action of G on X is compatible with the stratification 8.

Lemma 15.2. There exists a polyhedron Mg (k+ 1) with subpolyhedra Mg (k) and X¢(k+1),
and a PD-homeomorphism U : Mg (k+ 1) = Mg (k+ 1) such that
(1) u6(Mg (k) = Mg (k), t6(Xg(k+1)) = Xg(k+1),
(2) Mg(k+1)isaPL manifold and M (k) C Mg(k+1) is a locally flat PL submanifold,
(3) the PL submanifold M(k) and the polyhedron Xg(k+ 1) are blocktransverse in
Mg (k+ 1) with intersection

Mg (k) NXg(k+1) = Xg(k), no(Xa(k)) = Xg(k),

(4) the inclusion Ek : fg(k) C )?G(k—&- 1) is PL normally nonsingular with normal PL
block bundle (qiiG)* Vi, where Vy is the underlying PL block bundle of the nor-
mal vector bundle vy of the smooth inclusion By : BGy < BGyy1. In particular, the
PL normal block bundle of Ek is the underlying block bundle of the vector bundle
(qrlG)™ Vi

Proof By Whitehead’s smooth triangulation theorem there exists a compact polyhedron
Ek+1 together with a PD-homeomorphism & : Ek+1 — EGyy1. According to Verona’s [40,
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Thm. 7.8], this may be done in such a way that the smooth submanifold EGy C EGy. cor-
responds to a subpolyhedron Ex=¢" Y(EGy) so that € restricts to a PD homeomorphism
Ek — EGy. The subpolyhedron E is a locally flat PL submanifold of the PL manifold
Ek+l Again using Whitehead’s triangulation theorem, there exists a compact polyhedron
M together with a PD-homeomorphism p : M — M. Then M is a PL manifold. Since X is
Whitney stratified in M, there exists a subpolyhedron X C M such that u: M — M restricts
to a PD-homeomorphism X=X (Goresky [18], Verona [40Q]). Taking products, we obtain a
commutative diagram

EkXMC—>E\k+1 XM

J_

Ep x X E; 4 x X

of polyhedra and PL embeddmgs The polyhedron Exx M is a locally flat PL submanifold.
We note that Ek xX = (Ek+1 x X ) (Ek x M ). The PL submanifold E;, x M and the poly-
hedron Ek+1 x X are blocktransverse in the PL manifold Ek+1 X M as we shall show next.
Let Vg be the normal block bundle of the locally flat PL submanifold Ek C Ek+1 Then the
normal block bundle V of the PL submanifold Ey x M C Ek+l x M is given by V = Vg x M.

We must show that (Ej,; x X)NE(V) = (v| (BepyxX)N (EkxM)).Indeed,
(Exy1 x X)NEV) = (Exg1 x X) N (E(VE) x M) = (Ex1 NE (Vi) x (XN M)
—E(Ve) x X = E((Ve x M)z, 5) = E(V|z . %)

- E(vl(gkﬂ X)?)O(EkXM))'

By Whitehead’s triangulation theorem, there exists a compact polyhedron Mg (k+1) together
with a PD-homeomorphism g : Mg (k+ 1) — Mg(k+1). This polyhedron is then a PL
manifold. Consider the smooth principal G-bundle y: EGy1 X M — Mg(k+1). We forget
that this bundle is pr1n01pal and only consider its underlying smooth fiber bundle. The unique
map T : Ek+1 xM — Mg(k + 1) that makes the diagram

Q27) By xM -5 EG xM

a ly
M (k+1) ——> Mg (k+1)
commutative, is a PL fiber bundle, whose fiber is the unique PL manifold that underlies the
smooth manifold G (forgetting the group structure), see e.g. Lurie [24, Thm. 1]. The image

of a compact polyhedron under a PL map is a compact polyhedron. Thus we obtain the
compact subpolyhedra

E(Ek XM)C—> Mc(k—l— l)

T(Ep x X)—> nt(Epy x X).
We note that by the commutativity of (27), the PD-homeomorphism pi restricts to homeo-
morphisms
Mg (k) := m(Ex x M) — Mg (k) = Y(EG x M),
Xo(k) == n(E; x X) — Xg(k) = Y(EGy x X),
Xg(k+1) := m(Ex1 x X) = Xg(k+1) = Y(EGyi1 x X).
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This provides polyhedral models for Mg (k), X (k), and X (k+ 1) in Mg (k+ 1), which satisfy
HG(Mc (k) = G(m(Ey x M) = y((€ x ) (Ex x M)
= Y((e(Ex) x u(M)) = Y(EGy x M) = Mg (k),
and similarly for X (k) and X¢ (k+ 1). Using Diagram , one verifies that
n (Mg (k) = Ex x M, m (X(k)) = Ex x X, 7 (Xg(k+1)) = Egsq x X.

Under the homeomorphism g : Mg(k + 1) — Mg(k+ 1), the equality X¢ (k) = Mg (k) N
X(k+1) implies that Xg (k) = Mg (k) N Xg(k+ 1). We showed earlier that the polyhedron
7~ (Xg(k+1)) is blocktransverse to the PL manifold 7! (Mg (k)) in the PL manifold ;| x
M. Therefore, the PL manifold Mg (k) is blocktransverse to the polyhedron X¢(k+ 1) by
Lemma The lemma furthermore asserts that )?(;(k) = Mg(k) ﬁ)?G(k—k 1) is PL normally
nonsingular in )?G (k+ 1) with PL normal disc block bundle given by the restriction of the PL
normal block bundle of the locally flat PL submanifold Mg (k) in Mg (k+ 1). The morphism
(6) of principal G-bundles induces a morphism

(28) Mo (k) — Mg(k+1)

Sk i/ p i/skﬂ

BGkC—k> BGy

of associated smooth M-fiber bundles. The closed inclusion f; is a smooth embedding of
BGy, as a submanifold of BGy;. Let v be the normal bundle of this embedding; this is a
smooth vector bundle of rank n. Since Diagram (6) is cartesian, Diagram is cartesian
as well. A smooth submersion is transverse to any smooth submanifold of its target. Thus
Sk+1 is transverse to BGy. This implies that the normal vector bundle vy of the transverse
inverse image s,;:l (BGy) = s;l(BGk) = Mg(k) is the pullback vy = s;v;. Given a vector
bundle &, let E denote the underlying block bundle, given in terms of classifying maps by
composition with the canonical map BO(n) — BPL(n) — BPL(n). If f is a continuous
map, then f*(g) = (f*€)". The PL normal block bundle of Mg(k) in Mg(k + 1) is then
/J.(*;Vn = /J.(*;sZVk by Lashof-Rothenberg [22, Thm. (7.3)]. (In fact, their theorem shows a bit
more, namely that A7IG(k) has a normal PL microbundle which triangulates p;vy; via the
map BPL(n) — Bf’i(n), every PL microbundle has an underlying PL block bundle.) Thus
the PL normal block bundle of X¢ (k) in Xg(k+ 1) is the restriction of (s¢tig)* Vi to Xg (k).
This restriction is (gxtg)* Vi in view of the commutative diagram

M (k) —<> Mg (k)

I

Xg (k) Xg (k) BG;.

e qk

Since (gitc)* Vi = ((qrtic)* V)", the PL normal block bundle of X (k) in Xg(k+ 1) is the
underlying block bundle of a vector bundle. ]
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