REFINED INTERSECTION HOMOLOGY ON NON-WITT SPACES
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ABSTRACT. We develop a generalization to non-Witt spaces of the intersection homology theory
of Goresky-MacPherson. The second author has described the self-dual sheaves compatible with
intersection homology, and the other authors have described a generalization of Cheeger’s L? de
Rham cohomology. In this paper we extend both of these cohomologies by describing all sheaf com-
plexes in the derived category of constructible sheaves that are compatible with middle perversity
intersection cohomology, though not necessarily self-dual. On Thom-Mather stratified spaces this
refined intersection cohomology theory coincides with the analytic de Rham theory.
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The singular homology of a singular space generally does not satisfy Poincaré Duality. Re-
markably, Goresky and MacPherson showed that if the singularities are stratified then there is
an adapted homology theory, intersection homology, that satisfies a generalized Poincaré Duality
[GMS80]. On ‘Witt spaces’ [Sie83] they defined middle perversity intersection homology groups satis-
fying Poincaré Duality and defining a bordism-invariant signature. Working independently, Cheeger
discovered that the de Rham cohomology of the L?-differential forms with respect to an adapted
metric on the regular part of a Witt space also satisfies Poincaré Duality [Che80]. In fact, Cheeger
was able to show that his analytic theory is dual to the topological theory of Goresky-MacPherson.

A stratified pseudomanifold is Witt if the lower middle perversity middle-dimensional rational
intersection homology of all links of strata of odd codimension vanishes. If a space is not Witt
then there are two middle perversity intersection chain sheaves, one for lower middle perversity
and one for upper middle perversity, and the canonical morphism between them is not a quasi-
isomorphism. In terms of the sheaf theoretic formulation of intersection homology in [GM83], this
means that none of the Deligne sheaves IC3 is self-dual. A theory of self-dual sheaves on non-
Witt spaces, compatible with intersection homology, has been developed by the second author in
[Ban02]. These sheaves ‘sit in between’ the two middle perversity intersection sheaves and provide
cohomology theories on non-Witt spaces satisfying Poincaré Duality. Not every non-Witt space
carries a self-dual sheaf compatible with intersection homology, and spaces that do are here termed
L-spaces. Strikingly, in [Ban06] it is shown that the signature of a self-dual sheaf on an L-space is
a bordism-invariant and is the same for every choice of self-dual sheaf!
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Cheeger’s L? de Rham cohomology theory has been extended to non-Witt spaces by some of
the authors, [ALMP13], extending [Che79]. The failure of the Witt condition means analytically
that the exterior derivative requires a choice of boundary conditions to specify a closed domain.
These boundary conditions refine the middle perversities of Goresky-MacPherson and were termed
mezzoperversity in [ALMP13]. Every analytic mezzoperversity has a dual mezzoperversity and the
intersection pairing induces a generalized Poincaré Duality, refining that of intersection homology.
Not every non-Witt space carries a self-dual mezzoperversity, and smootly stratified spaces that do
are termed Cheeger spaces in [ALMP13].

A natural conjecture, which we establish in this paper, is that the L? cohomology of a self-dual
mezzoperversity and the cohomology of a self-dual sheaf coincide. (Though as discussed below, the
former theory requires a Thom-Mather stratification, while the latter only requires a topologically
stratified space.) More generally, since the analytic cohomology is defined for mezzoperversities
that are not self-dual, we provide an extension of the theory of [Ban02] to non-self-dual sheaves
that are compatible with intersection homology. R

Specifically, we define a category RP()? ) associated to a topological pseudomanifold X which
captures the candidate sheaves for refining intersection homology on non-Witt spaces. If X is Witt,
then RP()Z' ) consists up to isomorphism of a single complex of sheaves

X Witt = RP(X) = {IC% =~ IC%},

while on a general pseudomanifold RP()A( ) contains IC?. and IC?. and possibly many other sheaf
complexes. In particular the category of self-dual sheaves of [Ban02] is a full subcategory of the
category of refined middle perversity sheaves,

SD(X) C RP(X).
Any complex S® in RP(X) will have unique maps
IC?, — S* — IC>.

compatible with the normalizations on the regular part of X.In fact, each S® will be shown to be
obtained from IC?; by the ‘addition’ of a topological mezzoperversity, consisting of a compatible
choice of locally constant sheaves at each stratum where the Witt condition does not hold.

Given a topological mezzoperversity £, we will use a modified Deligne truncation operator 7<,,
which is essentially Banagl’s truncation functor 7<y(-,-) : D(-) x MS(-) — D(-) constructed in

~

[Ban02], to define an object in RP(X),
ICZ = TSL(H)RZ.“* s TSL(Q)RT:2*RL{2,

and conversely we will show that every object of RP()A( ) is (up to isomorphism) of this form for a
unique topological mezzoperversity L.

As with the celebrated construction of Deligne-Goresky-MacPherson, we will show that any
mezzoperversity gives rise to a unique object up to isomorphism in D()? ). We will define the ‘dual
topological mezzoperversity’ and show that the corresponding homology groups satisfy a global
duality. If a topological mezzoperversity is self-dual, then it will be equivalent to a Lagrangian
structure in the sense of [Ban02] and the resulting object in D(X) is the corresponding self-dual
sheaf.

Finally we restrict to Thom-Mather stratified spaces and show that the L? de Rham cohomology
spaces from [ALMP13] are canonically isomorphic to refined intersection cohomology groups. In-
deed starting from any analytic mezzoperversity, as we will now refer to the mezzoperversities from

o~

[ALMP13], we obtain a sheaf complex in RP(X) by sheafifying the analytic domains associated
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to the mezzoperversity. The topological mezzoperversity of this sheaf complex is equivalent to the
given analytic mezzoperversity, and we show that every topological mezzoperversity corresponds
to an analytic one in this way. Since the global sections of the sheafifications turn out to agree
with the global analytic domain of the mezzoperversity, the L? de Rham cohomology coincides with
refined intersection cohomology.
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NOTATION

Let X be an n-dimensional pseudomanifold with a fixed topological stratification
=X 1CXoC--CXpaCXn=2X
such that each X}, is a closed subset of X , and the ™ stratum
Vi = Xi \ Xg—1

is a manifold of dimension k. We assume that Y,, = X \ X,,—9 is dense. We will often work with
the increasing sequence of open sets

Uy = X\ X,
for which we have
U1 = U U Y,

and we make persistent use of the inclusions of these two subsets, which we denote
i Jk
Uy U1 =Y k.

The singular part of X is X,—o and the regular part of X is Us. Each point x € X \ Xi_1 has
distinguished neighborhoods in X homeomorphic to the product of a Euclidean ball of dimension
k and an open cone

B* x C°(2)
for some compact stratified space Z of dimension n — k — 1, called the link of Y, at x. Moreover
the stratifications of Z and X are compatible through this homeomorphism.

We denote the category of sheaves of R-vector spaces on X by Sh()? ), the category of con-
structible differential graded sheaves (i.e., complexes A® such that each A®|y, has locally constant
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cohomology sheaves and has finitely generated stalk cohomology) by Sh'()A( ), and the derived cat-
egory of bounded constructible complexes by D(X). We will denote the derived sheaf of an object
A*® in D(X), i.e., the sheaf associated to the presheaf (U — H*(A*(U))), by

H*(A*) € Sh*(X)

and its global hypercohomology, i.e., the cohomology of the global sections of an injective resolution,
by H* ()? ; A®). We denote the intersection sheaf complex associated to the lower middle perversity
m of Goresky-MacPherson by IC}., and similarly for the upper middle perversity 7 by IC?. . For a
review of these concepts we refer to [GMS83], BS84, [Ban07].

When we study differential forms, we will assume that the stratification is ‘smooth’ as described
below. In the introduction we distinguish between topological mezzoperversities and analytic mez-
zoperversities. In the text we will reserve this distinction until the final section, before that we
develop the notion of topological mezzoperversity and refer to it as simply a mezzoperversity.

1. REFINED MIDDLE PERVERSITY SHEAVES

We define the objects of interest in the derived category, following [GMS83], Ban02]. In this
sectlon we Work with topologically stratified pseudomanlfolds and sheaves of R-vector spaces. Let
2 {z} = X denote the inclusion of a point = € X.

Definition 1.1. Let X be a stratified orientable pseudomanifold and S® a constructible bounded
complex of sheaves. We say that S® satisfies the axioms [RP], or is a refined middle perversity
complex of sheaves, provided:

(RP1) Normalization: There is an isomorphism of the restriction of S® to the reqular part Us of
X and the constant rank 1 sheaf over Us,
VS Ry, =5 S"u2
(RP2) Lower bound: H'(i%S®) = 0 for any x € X and { < 0.
(RP3) 7-stalk vanishing: H (i*S®*) = 0 for any x € Uy \ Us and £ > 7a(k).
(RP4) m-costalk vanishing: Hg(sz') =0 foranyx € Y and L <m(k)+n—k+ 1.

We denote by RP()/(\') the full subcategory of D()?) whose objects satisfy the axioms [RP].

Remark 1.2. For simplicity we work with orientable X and the constant sheaf over the regular
part ofX With essentially no change one can allow a locally constant system over general X. For

example, the canonical normalization over a non-orientable X is to use the orientation sheaf over
Us.

Remark 1.3. The category RP(X A) is closely related to the category EP(X ) of equiperverse sheaves
defined in [Ban07, §9.3.1]. Indeed, the stalk and costalk vanishing conditions demanded in the
respective definitions agree on strata of odd codimension. For EP, cohomology stalks on a stratum
of even codimension k must vanish above T(k) + 1, while for RP they already have to vanish above
n(k). Similarly, there is a discrepancy of one degree for the costalk vanishing conditions. Hence
RP()?) is always a full subcategory of EP()?), and they coincide if X has only singular strata
of odd codimension. If X has only strata of even codimension, then EP()A() equals ™P(X), the
category of middle perverse sheaves on )?, while RP()?) contains up to isomorphism only ICE- .
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As in [GMS83], the axiom (RP4) is equivalent to knowing that, at each x € U1 \Uy, the attaching
maps

(1.1) H/(S?) — H’(Rii;S®)s

are isomorphisms for all j < m(k).

Remark 1.4. One could also define refined sheaves for other perversities, but as our examples
correspond to middle perversity, we do not explore this here.

Let us immediately note two important properties of the axioms.

Proposition 1.5.

~

i) If S* € D(X) satisfies axioms [RP], and DS® is its Verdier dual, then (DS®)[—n| satisfies
the axioms [RP].

ii) [Cappell-Shaneson] If A® and B® are in RP(X), the restriction to Us induces an injective
map

Hom, ¢(A*,B*) — HomD(ug)(A'|u2,B"u2).

Proof. These follow directly from the axioms: For constructible complexes of sheaves satisfying
(RP1) and (RP2), it is well-known |GMS83l §5.3] that Verdier duality interchanges conditions
(RP3) and (RP4), as m and 7 are complementary perversities. In [CS91, (1.3)], (i¢) is shown to
follow from (RP3) and (RP4). O

Example 1. Let X = M be an n-dimensional oriented manifold (without boundary). Let S® = Ry
be the constant real sheaf in degree 0 on M. Then S® is an object of RP(M). (Azioms (RP3) and
(RP}) are vacuously satisfied.) If A is any local coefficient system (locally constant sheaf) in degree
0 on an oriented manifold M, then its Verdier dual is given by DA = A*[n], where A* is the linear
dual local system with stalks A% = Hom(A,,R), x € M. In particular, the Verdier dual of a local
system on a manifold is again a local system, but there is a degree shift. Applying this to S®, we
obtain the self-duality isomorphism

(DS*)[—n] =Rj; =Ry = S°,
where the isomorphism R}y, = Ry is given by the canonical multiplication Ry @ Ry — Rpy. This

shows in particular that DS®[—n] is again an object of RP(M).

Let us recall Deligne’s construction of the sheaf complexes IC3 in D(X' ). For any perversity p
on X and k=2,...,n define

EP: D(Uy) — D(Up+1), EPA® = 7op Rip A,
and then set
ICS = EL -+ EPRy,.

The sheaf complexes IC?. and IC: both satisfy the axioms [RP], and we will now show that any
sheaf that satisfies [RP] is closely related to these sheaves.
First, on the regular part Us of X, any sheaf S®* € RP(X) has natural maps

(1.2) IC; |, — S°*|,, — IC%

|Z/{2 ‘Zf{2

since by (RP1) each of these complexes has an isomorphism to the constant sheaf Ry, .
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Proposition 1.6 (cf. [Ban02, §2.2]). For any S* € RP(X) there is a unique pair of morphisms
ce. st e
extending (|1.2]).

Moreover, on Uiy1 = X \ Xy—k—1, these morphisms factor

oy Bl
5k ° kt+1 -k . kt+1 - .
(1.3) ir1 1C 1S ip 1 ICH

E?i;;S' E]?Z';;S'

through two standard extensions E]"itS® and E'ixS® of i;S®.

Proof. Uniqueness follows from Proposition (u), so we only need to establish existence.
Assume inductively that we have found morphisms

(1.4) it IC; — i4S* — i ICh
extending . Applying the functors Eg to we obtain morphisms
@ iy 1 = B 1C) — EJ(iS"), ¥+ FR(iS*) — BL(i11C}) = if., 1C}
in D(Ug+1). Adjunction iy S® — Ri.i;S*® is the identity on U}, and induces maps
T<p(k)ihr1S. — EP(i%S*®) for p = or 7.

The axiom (RP4) (in the form (1.1))) implies that for 7 this morphism is a quasi-isomorphism, and
axiom (RP3) implies that

Z.ZHS. = Tgﬁ(kz)izHS.
and so all together we have morphisms

s ° a’ M Qe ~Y =3 e a =3 o~ =3 e b N/ *Qe b -k °
ih1 ICH — Ef (ixS°®) = Tgm(k)’%ﬂs — ST = Tgﬁ(k)%ﬂs — B (iS°®) — i1 1CH

extending ([1.2]) as required. O

Let C*(a), C*(b) and C*(ba) be sheaf complexes completing a,b and ba, respectively, to distin-
guished triangles. Using these triangles we are able to conclude the following;:

Proposition 1.7. For any x € U1 \ Uk, the cohomology of the complex C*®(ba), is concentrated
in degree m(k), and the maps a and b in (1.3)) induce an injective map

H"®)(8%) — H"®)(C*(ba),).



REFINED INTERSECTION HOMOLOGY ON NON-WITT SPACES

Proof. Let us analyze a and b for odd k. The distinguished triangles

ETirS® a it 8%, ir,,S* ETirS®
C*(a) C*(b)
EmitS® ba EritS®
\ /
C*(ba)
fit together into a diagram
ba
ETitS® “ it S b ETitS®
C*(a) C*(b)
+1
C*(ba)

which by the ‘octahedral axiom’ we can complete to the octahedral diagram

ba
EmitS® “ Y b ElitS®
(15) T S
C*(a C*(b)
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Taking the stalks of the cohomology sheaves at a point x € Uyy1 \ Uk, we see that

where we have used dotted arrows for maps into the corresponding ijl. From ([1.1)) we know that
the map H(b) is an isomorphism for j < m(k), and by construction H’(ba) is the identity map for
these j, hence H’(a) is also an isomorphism and

H/(C*(ba),) = H/(C*(a),) = 0 for all j < m(k),
H/(C*(b),) = 0 for all j < m(k).

If j > n(k), then HY(ETi5S®), and H’(S?) both vanish and thus H’(C*®(a),) = 0 for these j. We
conclude that C*(a) is concentrated in a single degree, namely 71(k). Moreover, if x € Uy, then
H/(C*(a);) = 0 for all j, since i}a is the identity map. So C*®(a) is supported over the manifold
Uk+1 \ U. Summarizing, C®(a) has the form

C*(a) = je-Al-1(K)],

where A is a locally constant sheaf on the manifold M =Y,,_. Note that as j is a closed inclusion,
the functor ji, is just extension by zero and we have ji, = jp!.

We shall now show that C*(b) is also concentrated in the degree (k). We prove this following
[Ban02, §2.4]. As pointed out in Proposition (z), the Verdier dual D(S*)[—n] is also in RP(X).
Thus we have a distinguished triangle

i1 D(S EiD(8*)[-n]

\/

which dualizes to

7 D)[-n o
E}i, Zk+1S .

\/

D(C*(V))
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By Proposition [1.5(i7), we know that D(V')[—n] = a and so we have an isomorphism of triangles

__ Db )[—n
Erist e se Do) a1

E Lk

M *xQe a - ° ° +1
B S® ——i7 S C*(a)

S

which shows that D(C*(V'))[—n + 1] = C*(a). In the following calculation, we distinguish in our

notation between the Verdier dualizing functor Dy = D on X and the dualizing functor Dj; on
the manifold M =Y,,_;. We have

c* (V)

1
S

(D¢ C*(a))[—n +1]
F)D=n+1]

e 1R 1 1R
ol Sl o~
TESS
) )
s5%¢
3:&??
=
= 3 =
= o= 33
= =
T |
3 s
4 +
— .:

12

Jes AT [A(k) =k + 1]
Jre A [=T(E)].

I

(Recall that for odd k, m(k) = (k — 1)/2.) This shows that C*(b’) is concentrated in degree m(k).
Since every object of RP(X) is of the form DS®*[—n] for some S* € Ob RP(X), this also shows that
C*(b) is concentrated in degree Tu(k).

If k is odd, then 7(k) = m(k)+1 and, using the information above, the diagram for 7(k) collapses
to a pair of short exact sequences

B (k) o -
0—\®(s3) T g (gpirse), — B (C*(b),) — 0

0 ——=H"¥)(C*(a),) —= HM)(C* (ba),) —= H'W)(C*(b),) — 0

and so we have in particular an injective map H™¥)(S¢) = H"*)(C*(a),) — H"¥)(C*(ba),).
g

One interpretation of this proposition is that iz, ,S*® differs from the two canonical extensions of
i¥S® to Upy1, namely E7itS*® and EJi;S®, by the choice of a subsheaf H"*)(S2) of H*¥)(C*(ba),.).
Indeed, it is possible to assemble i;;S® and the sheaf

(1.6) Ws(Yn_i) € Sh(Y_p), Ws(Y,_i) = H'®)(S*)

Yo—k'
to an object over Uy satisfying [RP], quasi-isomorphic to S®[y, ;.

To carry out this assembly, let us recall the modified truncation functor from [Ban02, §5]: Given
a constructible complex of sheaves A® on a stratified pseudomanifold M, and an injective sheaf
map

¢:E— HP(A®),
we use the quotient map
7 ker dP — HP(A®)
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to define a new (constructible) complex of sheaves

‘ AJ if j<p
T<p(A% E) € Sh*(M), (r<p(A*E)) = (7 ' (¢(E)) ifj=p
0 ifj>p

Notice that this new complex satisfies
HI(A®) ifj<p
(17) H(7<,(A%E)) = ( ¢(E)  ifj=p
0 ifj>p
It is an important fact that this modified truncation defines a functor. Let Sh®(M) denote the

category of complexes of sheaves on M, and M.S(M) the associated category of morphisms. Let
Sh®(M) x MS(M) denote the twisted product category whose objects are pairs

(A* E -2 HP(A®))
with ¢ injective, and whose morphisms are pairs
(f.h) € Hom ((A*,E - HP(A*)), (B*,F — H'(B")))
with f: A®* — B® a sheaf complex morphism and h : E — F a sheaf morphism such that

E— - HP(AY)

ih lH”(f)
¢

F —"~ H?(B*)

commutes. In a similar fashion, we define D(M) x M S(M) starting from the derived category of
bounded constructible sheaf complexes on M. We know, from [Ban(02, Theorem 2.5], that modified
truncation defines a covariant functor

T<p(+,+) : Sh*(M) x MS(M) — Sh*(M)
which descends to the derived category
T<p(+,+) : D(M) x MS(M) — D(M).

Proposition 1.8 (cf. [BS84, Lemma 2.4]). Let S® € D(Ui+1) satisfy the axioms [RP] on U1, let
Ws(Y,,—) be the sheaf from , and let

Bits® — {T<n(k)Ri;?*i,’;S’ if keven

Tgﬁ(k)(Rzk*z’,;S',Ws(Yn,k)) if kodd

then S® = Ei}S®.
Proof. We must distinguish two cases: The case k even and the case k odd. Suppose first that

k is even. By axiom (RP4), phrased as (l.1)), the adjunction map S* EEEN Riy,i;S® induces an
isomorphism

T<nk)S® L, T<n(k) Rikx13,S°,
since we have n(k) = m(k) when k is even. The canonical map 7<p(;)S® — S°® is an isomor-
phism by axiom (RP3). Putting these two isomorphism together, we obtain an isomorphism
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S® = Teq(r) Rig«17,S® = EipS* as claimed.

Suppose that k is odd. The adjunction map f participates in a commutative diagram

W (Vi) < H(k)(S¢)
lid lH"(’“)(f)
n(k) (Qe (k) Sk Qe
H" ") (S*) — H"™") (Rij,i;S®)

which by functoriality of T<z(x)(+, ) induces a map
Tgﬁ(k)(s.’ Ws(Yn,k)) — EiZS‘.

This map is an isomorphism: In degrees < m(k) it is a cohomology isomorphism by (RP4) in the
form (|L.1)); in degree m(k) it induces the map

H'®) () : 7B (8%) — H'® (1) (H"¥)(s°)),
also an isomorphism. The canonical map
T<n(k) (S* Ws (Vo)) = T<mx)S* — S°
is an isomorphism by (RP3). Consequently,
S® = 7em() (S*, Ws (Y1) = Ei;S®,

as required. O

2. MEZZOPERVERSITIES

We start by describing the analogue of Deligne’s construction in the category [RP]. Recall from
[GMR3] that given a perversity, one can inductively construct the intersection sheaf complex in

~

D(Uy,) for each k, obtaining finally an object in D(X). To construct an object in [RP] one needs more
information than just a classical perversity. We examine the analogous procedure for constructing
an object in [RP] inductively over Uy.

All sheaves in [RP] are isomorphic to the constant sheaf P2 = R over Uy and to P3 = TSE(Q)RZ.Q*R

over Us. If W(Y,,_3) is a subsheaf of Hﬁ(3)(Ri3*P3) over Y;,_3 then let us set
£4 = {W(Ynfg)}, 734(£4) = Tgﬁ(g)(R’L'g*’P;g,W(Yn,g)) over Z/{4.

We can continue inductively in this way to construct an element P (L) of D(X). Indeed, if we have
constructed Ly and P (Ly) over Uy, then we extend our construction to Uy by either

Lit1=Lr={Wn-3),.. .., W -1))}s  Prt1(Lrt1) = T<m(r) RirsPr (L)
if k is even or, if k is odd, choosing
W (Y,,_) a subsheaf of H"®) (Riy, Py (L))

and then setting
L1 =Ly U{W (Vo) } ={W(Yo3),..., W(Yo)},

Prt1(Lrt1) = T<n) (RigsePr(Lr), W (Yn—k))-
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Definition 2.1. We refer to the sequence of sheaves
W (Yy—k) € Sh(Yn—g)
together with the injective sheaf maps
W (Y, x) — H" ™ (Rip Pr(Ly))

as the (topological) mezzoperversity L of P(L), and to the resulting sheaf as the Deligne sheaf
assoctated to the mezzoperversity.

As anticipated, every P(L) is an element of [RP]. Indeed, it clearly satisfies (RP1)-(RP3), and
from (1.7)) we know that the map

'Pk(ﬁ) — Rik*'])kfl(ﬁ)
is a quasi-isomorphism for degrees < m(k). The commutative diagram

adj.

Pr(L) Riyyiy Pr(L) = RigsPr—1(L)

q. i&%\ =

RipsPr—1(L)
where we have used that if Py (L) = Pr_1(L), shows that the attaching maps
HY (Pp(L)) — A (Ripii Pr(L))s

are isomorphisms for all j < m(k). We next prove that conversely every element of [RP] is isomor-
phic to a Deligne sheaf.

Theorem 2.2. If S® is an object in RP(X) and vy : Ry, =5 S" is the normalization isomor-
phism from (RP1), then there is a mezzoperversity L with Deligne sheaf P(L) and an isomorphism

v:P(L)— S*
extending vy to X.

Proof. Over Us there is nothing to show.
Over Us we have the isomorphism

V3 = (TSﬁ(Q)RiQ*)(VQ) : Tgﬁ(g)R’L'Q*'PQ =P — TSW(Q)RiQ*S.‘MQ = S.|Z/{3’
so the statement holds over Us. Over Uy we know from Proposition [I.§| that
S'\m 2 Tp3) (Rizi3S®, Wg(Y,,_3))

where Wg(Y,_3) = H*®)(S . Since the map

‘Yn—S

H"®) (Riz.v3)
e Ty

H"®)(Ris, P3) H"®) (Ris,S*

usy)
is an isomorphism, we can define an injective sheaf map 1 by the diagram

6 i
Ws(Y,,_3) — H"®)(Ri3,S )

idl ETH"(s)(Rig,*Vg)
Y = .
Ws(Y;,—3) — H"®)(Ri3, Ps)
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Here, ¢ is the map induced on H™®) by the adjunction S®|u, — Riz.i5S°%|y,. This diagram shows
that the pair (Rig.vs !id) is an isomorphism in the category D(Uy) x MS(Uy), so after applying
the functor 7<5(3)(+, ) we obtain an isomorphism

vy Tgﬁ(g,)(Rig*Pg,Ws(Yn_g)) =Ps(Ly) — T<m(3) (Rz'g*S°}u3,Ws(Yn_3)) = S.}LL;’

where £, is Wg(Y,,_3) together with the injective sheaf map 1. Thus the statement holds over Uy.
One now continues to proceed as above to show that the statement holds over all of X. O

Definition 2.3. We refer to the mezzoperversity L in this theorem as the mezzoperversity of
S® and denote it Lg.

3. GLOBAL DUALITY

In this section we work with X a compact oriented topologically stratified pseudomanifold and
with sheaves of R-vector spaces.

In Proposition (1), we pointed out that if S® € D()? ) satisfies axioms [RP], and DS*® is its
Verdier dual, then (DS®)[—n| satisfies the axioms [RP] as well. If £ is the mezzoperversity of S®
we refer to the mezzoperversity of (DS®)[—n] as the dual mezzoperversity of £ and denote it
DL.

Global duality for refined intersection homology groups is an immediate consequence upon taking

~

hypercohomology. Indeed, for any S®* € D(X), we have (see, e.g., [GMS83| §1.12], [Ban07, §4.4])
H/(X;S*) = Hom(H" 7 (X; DS*[—n]), R)
and hence a non-degenerate bilinear pairing
H/(X;S*) @ H" 7 (X; DS*[-n]) — R.
In terms of mezzoperversities, this says that there is a natural non-degenerate pairing

HY (X;P(L)) @ H'" 9 (X; P(2L)) — R.

4. EXAMPLE: SELF-DUAL SHEAVES

In this section we work with oriented n-dimensional topologically stratified pseudomanifolds X
and sheaves of R-vector spaces. As pointed out in [Ban02, §1.9], one could more generally work
with vector spaces over any field of characteristic not equal to two.

Theorem 4.1. If S® is a self-dual sheaf in SD()?) in the sense of [Ban02] and £ is its Lagrangian
structure, then S®[—n] satisfies axioms [RP] and its mezzoperversity Ls is naturally identified with
Z.

Proof. The category SD(X) is defined in [Ban02] by four axioms (SD1)-(SD4). Up to a degree
shift by the dimension of X, the first three axioms coincide with (RP1)-(RP3) and by [Ban02,
Lemma 2.1] elements of SD(X) also satisfy (RP4). Finally, both the Lagrangian structure and
the mezzoperversity consist of the cohomology sheaves of S® in degree 7i(k) over the strata of
codimension k for odd k (together with the requisite monomorphisms). O

~

Note that there are topological restrictions to finding objects in the category SD(X), for instance
the signature of the links must vanish.

Definition 4.2. A topological stratified pseudomanifold X is an L-space if SD()?) £ ().
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Example 2. The suspension X = 2717? of the 2-torus T? is an L-space, as the signature of T?
vanishes. The suspension X = LCP? of the complex projective space CP? is not an L-space, as CP?
has signature 1. Note that both of these examples are indeed non- Witt spaces.

In the next section we show that the mezzoperversities in the analytic theory of [ALMP13] coin-
cide with the topological mezzoperversities described above. In this setting of smoothly stratified
spaces, a Cheeger space is one admitting a self-dual analytic mezzoperversity. Thus in the smooth
setting, a self-dual mezzoperversity is equivalent to a Lagrangian structure in the sense of [Ban02],
in particular we have

Proposition 4.3. A smoothly stratified pseudomanifold is a Cheeger space iff it is an L-space.

Notice though that an L-space is a topologically stratified space, so the strata need not even be
smoothable manifolds. Thus L-spaces constitute a larger class of spaces than Cheeger spaces.

5. EXAMPLE: DE RHAM/HODGE COHOMOLOGY OF iie METRICS

In this section we assume that all sheaves are real vector spaces and that the stratification is
smooth.

A smooth stratification is the nomenclature introduced in [ALMPI12]. It coincides with the
notion of espace stratifié in [BHS91], controlled pseudomanifold [Pfl01], and Thom-Mather stratified
space [Pol05], see also [Klo09]. Mather showed [Matl2, §8] that any Whitney stratified subset of
a smooth space, such as real and complex analytic varieties, admits Thom-Mather control data,
hence a smooth stratification. In [ALMP12] it is shown that this class of spaces is equivalent to
manifolds with corners endowed with iterated fibration structures, a class first defined by Richard
Melrose.

Definition 5.1. A manifold with corners X has an iterated fibration structure if every bound-
ary hypersurface H is the total space of a fibration

¢HH—>YH

whose base Y is itself a manifold with corners, and at each intersection Hy N Hs we have a
commutative diagram

oH
H{N Hy : QSHl(HlﬁHZ)

k A
YH,

Given a manifold with corners X with an iterated fibration structure, we obtain a (smoothly)
stratified pseudomanifold by collapsing the fibrations in an appropriate order. Conversely, given a
smoothly stratified pseudomanifold X , radial blow-ups of the strata in an appropriate order results
in a manifold with corners with an iterated fibration structure, called the resolution of X. There is
a natural map

where all arrows are fibrations.

5 X —X
that identifies the interior of X with the regular part of X , either of which we denote X. For details,
we refer the reader to [ALMP12].

There is a natural class of functions on X respecting the iterated fibration structure,
Co (X)) ={f € C(X) s i f = vy},
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where ig : H < X is the inclusion of the hyperplane H and fy,, € C®(Yy). We view this as a
natural replacement for the smooth functions on X, so we define

(5.1) Ce(X) = {f € C'X): B"f|, €CT(X)| )}

Lemma 5.2. Given any open cover of a smoothly stratified space, )?, there is a subordinate
partition of unity in C>(X).

Proof. We follow the presentation of [Lee03, Chapter 2] for smooth manifolds. We start by defining
the analogue of a ‘regular cover’. R

Since X has finitely many strata, each of which is paracompact, X is itself paracompact. (Let
us assume, for simplicity of notation, that we have picked radial functions r at each stratum so
that {r < 3} is a (Thom-Mather) tubular neighborhood.) Let us briefly say that an open cover
{Va:a € A} of X is esteemed if it is a countable, locally finite cover by precompact open sets such
that: if V, C Uy then there is a coordinate chart

Oa : Vo — R

such that ¢, (V,) = B3(0), and we set h(a) = n; if V, is not contained in Us then there is a singular
stratum Yy,(,), a point ¢o € Yj(4), and a distinguished neighborhood chart

b+ Vo — R % [0,3), x Z,,

such that ¢o(Va) = B3(0) x [0, 3), X Zg,; finally, we demand that the collection {Va : a € A} given
by

5 _ ] (Bi(0)) if Uy C X
“ 92 (B1(0) x [0,1), x Z,,) otherwise

still covers X. Thus essentially a cover is esteemed if it is made up of distinguished open sets.

If X is smooth then an esteemed cover is just a regular cover, and every open cover has a regular
refinement |[Lee03, Proposition 2.24]. Using this fact at each stratum, it is easy to see that any
open cover of X has an esteemed refinement. It is also easy to show that an esteemed cover has a
subordinate partition of unity in C*° ()?) For each k < n, let p;, : R¥ x Rt — R be a smooth non-
negative function equal to one on B;(0) x [0, 1) and supported in B3(0) x [0, 3), also let p,, : R" — R
be a smooth non-negative function equal to one on B;(0) and supported in B3(0). For each « let

@a : VOL — R7 aa = ph(a) © ¢a

where we let pp,) act on B3(0) x [0,3), x Z,, by disregarding the last coordinate. Finally, the
functions

Vo
ZaeA Va
are a partition of unity in C>(X) subordinate to {V, : a € A}.

wa:

O

There is a class of metrics that reflects the conic structure of a stratified space near a singular
stratum, the iterated incomplete edge, or iie, metrics (also known as iterated wedge metrics).
First consider X with a total of two strata, say with filtration Y C X , and let x be a boundary
defining function for Y meaning a non-negative function z € C*°(X ) such that Y = 271(0) and
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|dx| is bounded away from zero as x — 0. An iie metric on X is a Riemannian metric on X8 = Uy
that in a tubular neighborhood of Y has the form

(5.2) da® + %97 + ¢* gy

where gy is a Riemannian metric on Y and gz restricts to the ﬁbers over Y to be a Riemannian
metric on the link. An ile metric on a general stratified space X is defined, inductively over the
depth of X as a Riemannian metric on X8 that near each singular stratum has the form
where now gz is itself an iie metric on the stratified space Z. As an iie metric is defined on the
regular part of X we can equally well consider it as a metric on the interior of X. Any smoothly
stratified space can be endowed with an iie metric. (In our constructions below we will assume
that we are working with a rigid, suitably scaled iie metric, these metrics also exist on any stratified
space as shown in [ALMP12] to which we refer for the definitions and details.)

On a singular manifold it is often useful to replace the (co)tangent bundle with a bundle adapted
to the geometry. For a stratified space with an iie metric, g, a natural choice is the iie-cotangent
bundle, #7* X, defined over X as those one-forms whose restriction to each boundary hypersurface
vanishes on vertical vector fields. Thus sections of ®T* X are locally spanned by

dr, dy, xdz.

We can also identify ®7* X as the bundle whose sections are one-forms on X with bounded pointwise
length with respect to g. This makes it easy to see that the metric g induces a bundle metric on
lie X An advantage of "*T* X over T*X is that forms like z dz that vanish at = = 0 as sections of
T*X do not vanish at # = 0 as sections of 1eT*X , which better reflects the structure of the space.
The metric on 7% X allows us to define the space of L? iie-differential forms,

LQ(X; A*(iieT*X)) _ LQ(Xreg; A*T*Xreg)7
where the equality comes from identifying an L2-form on X with its restriction to the interior of
X.

The exterior derivative on X8 extends from X™8 to a differential operator on X acting on
iie-differential forms

(5.3) d: C2(X; N (T X)) — C°(X; AT (HeT" X))

where we will use C° to denote forms that are compactly supported in the interior of X or equiv-
alently the regular part of X. The space C2°(X; AJ(#°T* X)) is dense in L?(X; A*(#°T*X)) so the
operator (|5.3)) has two canonical extensions to a closed operator on the latter; the minimal extension
of d is the operator d with domain

Din(d) = {w € L2(X; A* (1T X)) : I(wy) C C°(X; A (F°T* X)) s.t. wp — w and (dw,,) Cauchy}
where we set dw = lim dw,,, and the maximal extension of d is the operator with domain

Diax(d) = {w € L2()~(' A* (iieT*X)) . dw, computed distributionally, is in L*(X; A*(°T*X))}.
All closed extensions ( ) of (|5.3)) satisty

Dmin(d) C D(d) € Dpax(d).

The formal adjoint of d,
(5.4) §:CP(X; N (H°T* X)) — C°(X; ML X)),
has analogously defined domains Dypin(0) and Dax(d) and these satisfy

(d, Dmin(d))" = (6, Pmax(9)),  (d; Dmax(d))" = (0, Drmin(9))-
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We now recall the natural class of domains for d studied in [ALMP13]. Consider first a stratified
space X with a total of two strata, with filtration ¥ C X , as above. Let H be the boundary
hypersurface lying above Y in the resolution of X , X. If X is a Witt space, i.e., if Y has even
codimension or the vertical (Hodge) cohomology groupﬂ H™4(Z) vanish, then

Drnax (d) = Dmin (d) .

Otherwise, given w € Dpax(d), let ws be its orthogonal projection off of ker(d, Dyin(d)). It is
shown in loc.cit. that ws has a (distributional) asymptotic expansion at the boundary with leading
term a(ws) + dz A f(ws) and that w € Dyin(d) if and only if a(ws) = B(ws) = 0. Thus we can
define domains for d by imposing conditions on this leading term. The vertical cohomology bundle
H™4(H/Y) — Y has a natural flat structure, which can equivalently be thought of as coming from
the exterior derivative on H or from the homotopy invariance of the vertical de Rham cohomology.
If W CH™(H/Y) is a flat subbundle, then we define a domain corresponding to Cheeger ideal
boundary conditions from W by

Dy (d) = {w € Dmax(d) : a(ws) is a distributional section of W}.
In [ALMP13] it is shown that (d, Dy (d)) is a closed operator and that filtering by differential form
degree yields a Fredholm de Rham complex, for any such W. R
For a general stratified space, we define domains for d inductively. If X is Witt, then Dy, (d) =

Diax(d). Otherwise given a form w € Dpax(d) and ws its projection off of ker(d, Dpin(d)), w has a
distributional expansion atE| Y,,—3 whose leading term we denote

an—3(ws) + dx A Br—3(ws).

We can impose Cheeger ideal boundary conditions at Y;,_3 by choosing a flat subbundle W (Y,,_3)
of the middle-degree vertical Hodge bundle over Y,,_3,

H™ Y (Zy—g) = H™(Ho—s/Yo—3) — Ya-s,
where H,,_3 is the boundary hypersurface of X lying above Y,,_3, and defining

Ly = {W(Yo-s)}
= (d) = {w € Dpax(d) : a(ws) is a distributional section of W (Y, _3)}.

max,L3
This domain defines a closed extension of d with adjoint (6, D, 7 (0)).

The next odd codimensional stratum is Y,,_5 and we denote the link of X at this stratum by
Zn—s5. This link is itself a stratified space; it has a single singular stratum the link of which is Z,,_3,
so the boundary conditions £3 imposed on the exterior derivative of X at Y, —3 induce boundary
conditions Eg( n—5) for the exterior derivative of Z,_5. The Hodge bundle over Y,,_5 with these
boundary conditions,

mld mid

inherits a flat structure and to impose boundary conditions at Y;,_5 we choose a flat subbundle
W,—5. Unfortunately, the form ws above need not have an asymptotic expansion at Y,,_5. However,

17—["‘id(Z) refers to space of harmonic forms on Z with respect to the induced metric, of differential form degree
equal to half of the dimension of Z.

2If V,,_5 = () then there is no need to impose a boundary condition here, for simplicity of exposition we assume
for the moment that all singular strata of odd codimension are non-empty and non-Witt.
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if we D, 7(d)and wsz is its orthogonal projection off of ker(6, D, ; = (d)) then ws = has a

max,L3 n,Ls3 0,L3
distributional asymptotic expansion at Y,_s5, with leading term denoted

a(ws z.) +dx A Blw; 7).
We define
Ls = {W (Ya-3), W (Ya-s)}
-y (d) = {w € Dmax(d) : a(ws) is a distributional section of W (Y;,_3) over Y;,_3
and a(w s, 7,) 1s a distributional section of W(Yy,—5) over Yy, _5}.
We continue in this way, iteratively choosing and imposing boundary conditions at each non-Witt
stratum of even codimension, until eventually we can define, with £ = 0 if n is odd, and else £ = 1,

L={W© Y 3),W¥ns),.... W(¥y)}
Dj(d) = {w € Dmax(d) : a(ws) is a distributional section of W (Y,,—3) over Y, 3,
a(ws 7.) is a distributional section of W(Yy,—5) over Y5, ...,
a(ws 7, ) is a distributional section of W (Yy) over Ye}.

We refer to these boundary conditions as Cheeger ideal boundary conditions corresponding
to the analytic mezzoperversity L. It is shown in [ALMP13] that (d,Dz(d)) is a closed operator
and filtering by differential form degree yields a Fredholm de Rham complex.

A Eseful fact to notice is that this domain is closed under multiplication by functions in the space
C>®(X) from (5.1)). Indeed, if w € D(d) and f € C*°(X) then fw € L*(X; A*("T*X)) and

d(fw) =df Nw+ fdw

is also in L? ()? : A*(1T* X)) since df is an iie one-form; moreover it is easy to see that the leading
term in the expansion of (fw); , at a stratum Yn—k—2 is the leading term of wj . multiplied by

f‘Yn—k—2 € C*°(Yn—k—2), 80 w € Dz(d) implies fw € D;(d).

Definition 5.3. Let us define a pre-sheaf on X by assigning to each open set U C X the vector
space

D;U) :={w € D;(d) : suppw C (U N X"%)}
and assigning to each inclusion j : V — U of open sets the restriction map

J i DU) — D(V).
This presheaf is filtered by differential form degree and the exterior derivative makes it into a complex

of presheaves. We sheafify and denote the corresponding sheaf complex by L%ﬂ' € Sh'()A().

It is worth pointing out that sheafification is necessary here. The presheaf U +— D;(U) is not a
sheaf as it does not satisfy the unique gluing condition. This is true even at the level of zero-forms.
Indeed, if z is a function that vanishes linearly on a singular stratum and {V, : a € &/} is an open
cover of the regular part of X such that each V, C X8, then the sections

3%2 € DE (Va)
coincide on overlaps. However as I—g is not an L2-function on X8 , these local sections do not glue
together to an element of DZ()? ). Thus in general, for U C X ,

DU, L2Q%) # Dx(U).
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This makes the following result remarkable.

Lemma 5.4.
1) The space of global sections of the sheaf L%Q‘ coincides with the space of global sections of

the presheaf U — Dz(U),
P(X,L%Q°%) = Dx(X).
2) The sheaf L%Q' satisfies
U, L%Q') ={we Li.(U) : every p €U has a neighborhood V C U such that w}v € DF(V)}.

Proof. We follow [Beilll, §4].

We prove (2) first. Note that the presheaf
U ExU)={we L% (U) : every p € U has a neighborhood V C U such that w’v €DV}
is in fact a sheaf, and the natural inclusions
D Z(U ) — & Z(U )
form a map of presheaves and so induce a map of sheaves, F' : L%ﬂ' — &z It suffices to see that,

for every z € X , the induced map on stalks F} : L%ﬂ; — (€7)z is an isomorphism which we

show as follows: Assume Fy(s) is zero. Then it has a representative w € E(U) with w = 0 in a

neighborhood V of z. Thus 0 € D(V) represents s, i.e., s = 0, so F; is injective. Next, if ¢ € (£7)s

is represented by 7 € £5(U) then there is a neighborhood V of = in U such that n‘v € Dz(V). So
the germ of 17|V at z, s € LQEQ;, satisfies F,(s) = t.
Now to prove (1), we start with the canonical map
¢: Dx(X) — (X, LQZQ'(X))
sending an L?-differential form w to the section
)?be—MuZEL%Q;,

where w; is the germ of w at x. In particular, ¢(w)(x) = ¢(n)(x) means that there is an open set

in X containing x on which w = 7. Thus if ¢(w) = 0 then there are open sets covering X on which
w vanishes and hence w = 0, so ¢ is injective.
Having established (2), we know that

I, L%ﬂ'()?)) ={we L} (X):every p € X has a neighborhood ¥ C X such that w‘v € Dz(V)}.
Let w € I‘()?, LQZQ'(}?)) and for each z € X let V, be an open neighborhood such that w € Dz(Ve).

~

These open sets cover X, so by compactness there is a finite sub cover
X =V, U...UV,,.

By Lemma there is a partition of unity {u1,...,¥n} C C%O()Z') subordinate to the cover
{7 Way,y ..o, 7V, } of X. We have

w = ijw‘vxj over X8

and since each summand is in D E()? ), so is w. This shows that ¢ is surjective. g
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From Lemma (2), the fact that D is closed under multiplication by elements of C> ()A( ) implies
that sections of L%ﬂ‘ are closed under multiplication by elements of COO()? ). A useful consequence
is that the sheaf LQEQ' is soft — that is, every section of L%Q' on a closed set extends to a section of
L%Q‘ over all of X. Indeed, if K C X is a closed set and s € L%Q'(K ) then s can be represented by

a section s € LQEQ'(Z/[ ) for some neighborhood U of K and by Lemma we can find f € COO()/(\' )
equal to one on K and vanishing outside of U. Thus fs is an extension of s from K to a section of
L%ﬂ'(X ).

Lemma 5.5. The complex of sheaves LQEQ' 1s constructible with respect to the stratification of X.

Proof. Recall [GMS83| §1.4] that a complex of sheaves is constructible with respect to a given
stratification if its restriction to each stratum has locally constant cohomology sheaves, with finitely
generated stalks. Let U be a distinguished neighborhood of a point p € X. If p € X" then U is
a ball and by the Poincaré Lemma its reduced de Rham cohomology vanishes; otherwise if p is on
a singular stratum Y, U = B" x C(Z), and the cohomology was computed in [ALMPT3, §7]: for a
fixed flat trivialization W(Y)}u =U x W(Y),, we have the generalized Poincaré Lemma

’H%(Z)(Z) if k < §dimZ
(5.5) HY U, L20Q%) = S W(Y),  ifk=3dimZ
0 if k> § dim Z

In either case we note that all distinguished neighborhoods of a given point have the same coho-
mology which hence coincides with the stalk cohomology. Since U is a distinguished neighborhood
of all points in 4 NY,, the local cohomology of L%Q' is locally constant. Since the groups ”H%( 2) (2),

W(Y), are finitely generated, the sheaf complex LQEQ' is constructible. O

Since soft resolutions can be used to compute Riy,, we have Rik*L%ﬂ’ = i, L2Q° for all k. To
check the stalk vanishing condition of perversity p for A®, the sheafification of a presheaf A® at the
stratum Y;,_, it is enough to show that

HI(A*U)) = 0 if j > (k)
for all distinguished neighborhoods U of points in Y, ;. Indeed, we have
(5.6) B (A*), = H(A3) = H(lim A*(U)) = lim H7 (A*(U)).
Sx Sx

Theorem 5.6. Let ()A(,g) be a smoothly stratified pseudomanifold with a suitably scaled iie-metric
and let L* be an analytic mezzoperversity. The sheaf L%ﬂ' is in RP(X).

Proof. The constructibility of the sheaf complex L%Q' is established in Lemma We check that
L%ﬂ’ satisfies the axioms (RP1)-(RP4). The normalization and lower bound axioms are automatic
and, by the comments above, (RP3) follows from the local Poincaré Lemma , so we only need
to check (RP4).

To check (RP4) first let us note that each Uy, is locally compact and countable at infinity. (The
latter means that it can be written as a countable union of compact sets, (K,), with K, C K} 1
One can take the sub-level sets Ky = {z > %} of a boundary defining function x for Y,,_; as the
family of compact sets.) We know that S® = LZQ® is soft and hence c-soft. So 1;.S* is a c-soft sheaf
on Uy, and by [Ive86, §IV.2, Corollary 2.3], a c-soft sheaf on a locally compact set countable at
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infinity is soft. Now since soft resolutions can be used to compute Riy., we have Rij,i;S® = i, S°®.
Then using (5.6)) we have at a point = € Y,,_x:

HY (igiS%), = lim HIT (i1 (V),58°) = lim HIT(V N Uy, i5S*®).
Vazx Vozx
Next notice that, for any distinguished neighborhood V of  we have

T(VNU, i S°®) = {w e LE.(VNUy,) :
every p € V NUj has a neighborhood W C V N U}, such that w‘w € DzW)}.

Here the domain V Ny, can be identified with B" x (C(Z,_;) \ ) = B" x (0,1) x Z,_ and hence
this is the L2-cohomology of B" x (0,1) x Z,_; with boundary conditions £;_1(Z,_x). Thus by
the local computation above we have

HT iS*) = HL T
VUGS =Hz, (g, o En-t)
The adjunction map from S} to Riy.i;S] corresponds to the restriction map r from V to V NUy,

and the computations above show that
r: HT(V,8%) — HT(V NUy,i;S®)
is an isomorphism for j < m(k), so we have verified axiom (RP4). O

Thus for any analytic mezzoperversity £ we now know from Theorem that there exists a
topological mezzoperversity £ such that

(5.7) L%Q' is quasi-isomorphic to Pg.

The topological mezzoperversity £ consists of the degree n(k)-cohomology sheaves of L%ﬂ' over
the non-Witt singular strata, and by the local computation , this is the sheaf of flat sections
of the flat bundle W (Y,,_x). Thus we can identify an analytic mezzoperversity with a topological
one by replacing each flat bundle with its sheaf of flat sections.

Conversely, given a topological mezzoperversity we show that it can be realized as an analytic
mezzoperversity. It suffices to work with the Deligne sheaf of a topological mezzoperversity £
and show that we can identify it with L%Q' for some analytic mezzoperversity £. We construct

LQEQ; € D(Uy) inductively over k. Over Us we have an isomorphism
P(L)],, = Ps(L) = L*Q3

where L2 is the L? sheaf without any boundary conditions. Recall that P4(L) is constructed
over Uy by
Pa(Ly) = T<n(z)(Riz«P3, W(Y_3)),

where W (Y;,_3) is a subsheaf of H"(®)(Ri3,P3) over Y;,_3. But Ps is quasi-isomorphic to L2, and
we can identify the sheaf
Hﬁ(3) (Rig*LQQg)‘Y y

with the sheaf of flat sections of the flat bundle H™9(H, _3/Y,_3). Indeed, the sections of the
former sheaf over any distinguished neighborhood are the flat sections of H™4(H,,_3/Y,_3) (by the
local Poincaré Lemma). Thus W(Y,,_3) is a subsheaf of the locally constant sheaf of flat sections
of H™4(H, _3/Y,_3) — Y,_3. This allows us to identify, for some flat sub-bundle W (Y;_3) C
Hmld(aniS/YnfS)a

W(Y,,—3) = flat sections of W (Y;,_3).
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Now over Uy we have both P4(L4) and L% Q°, where £4 = {W(Y;,_3)}. As mentioned in (5.7),
4

since the topological perversity £4 corresponds to the analytic perversity 24, we have
~ T2 O°
Pu(Ly) = L£4Q over Uy.

It is now clear that one can proceed inductively and show that each W(Y,,_) € £ can be identified
with the sheaf of flat sections of a flat sub-bundle W (Y,,_x) of

H%;?Zn,k)(ﬂn_k/yn_k) — Yn—k-
We have thus shown:

Theorem 5.7. On a compact smoothly stratified pseudomanifold )?, every topological perversity
L corresponds to an analytic perversity L. The hypercohomology of the Deligne sheaf of L can be
computed as the L?-de Rham cohomology with Cheeger ideal boundary conditions induced by L,

H (X; Pe) = B/ (X;13Q°) = HY (Dx(d)) = HL(X).

REFERENCES

[ALMP12] Pierre Albin, Eric Leichtnam, Rafe Mazzeo, and Paolo Piazza, The signature package on Witt spaces,
Annales Scientifiques de ’Ecole Normale Supeérieure 45 (2012), no. 2, 241-310.

[ALMP13] _____ | Hodge theory on Cheeger spaces, available online at arXiv:1307.5473, 2013.

[Ban02] Markus Banagl, Extending intersection homology type invariants to non- Witt spaces, Mem. Amer. Math.
Soc. 160 (2002), no. 760, x+83.

[Ban06] , The L-class of non-Witt spaces, Ann. of Math. (2) 163 (2006), no. 3, 743-766.

[Ban07] , Topological invariants of stratified spaces, Springer Monographs in Mathematics, Springer, Berlin,
2007.

[Beill] Francesco Bei, General perversities and L? de Rham and Hodge theorems for stratified pseudomanifolds,

to appear in Bulletin des Sciences Mathématiques, 2011.

[BHS91]  Jean-Paul Brasselet, Gilbert Hector, and Martin Saralegi, Théoréme de de Rham pour les variétés strat-
ifiées, Ann. Global Anal. Geom. 9 (1991), no. 3, 211-243.

[BS84] Armand Borel and Nicolas Spaltenstein, Sheaf theoretic intersection cohomology, Intersection cohomology
(Bern, 1983), Progr. Math., vol. 50, Birkhduser Boston, Boston, MA, 1984, pp. 47-182.

[CheT9] Jeff Cheeger, On the spectral geometry of spaces with cone-like singularities, Proc. Nat. Acad. Sci. U.S.A.
76 (1979), no. 5, 2103-2106.

[Che80] __, On the Hodge theory of Riemannian pseudomanifolds, Geometry of the Laplace operator (Proc.
Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), Proc. Sympos. Pure Math., XXXVI, Amer.
Math. Soc., Providence, R.I., 1980, pp. 91-146.

[CS91] Sylvain E. Cappell and Julius L. Shaneson, Stratifiable maps and topological invariants, J. Amer. Math.
Soc. 4 (1991), no. 3, 521-551.

[GM80] Mark Goresky and Robert MacPherson, Intersection homology theory., Topology. 19 (1980), no. 1, 135—

162.
[GM83] , Intersection homology. II, Invent. Math. 72 (1983), no. 1, 77-129.
[Tve86] Birger Iversen, Cohomology of sheaves, Universitext, Springer-Verlag, Berlin, 1986.
[Klo09] Benoit Kloeckner, Quelques notions d’espaces stratifiés, Actes du Séminaire de Théorie Spectrale et

Géométrie. Vol. 26. Année 2007-2008, Sémin. Théor. Spectr. Géom., vol. 26, Univ. Grenoble I, Saint,
2009, pp. 13-28.

[Lee03] John M. Lee, Introduction to Smooth Manifolds, Graduate Texts in Mathematics, vol. 218, Springer-
Verlag, New York, 2003.

[Mat12]  John Mather, Notes on topological stability, Bulletin of the American Mathematical Society 49 (2012),
no. 4, 475-506.

[P01] Markus J. Pflaum, Analytic and geometric study of stratified spaces, Lecture Notes in Mathematics, vol.
1768, Springer-Verlag, Berlin, 2001.

[Pol05] Guido Pollini, Intersection differential forms, Rend. Sem. Mat. Univ. Padova 113 (2005), 71-97.



REFINED INTERSECTION HOMOLOGY ON NON-WITT SPACES 23

[Sie83] Paul Siegel, Witt spaces: A geometric cycle theory for KO-homology theory at odd primes, Amer. J. Math.
105 (1983), 1067-1105.

UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN
E-mail address: palbin@illinois.edu

MATHEMATISCHES INSTITUT, UNIVERSITAT HEIDELBERG
E-mail address: banagl@mathi.uni-heidelberg.de

CNRS INSTITUT DE MATHEMATIQUES DE JUSSIEU

DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY
E-mail address: mazzeo@math.stanford.edu

DIPARTIMENTO DI MATEMATICA, SAPIENZA UNIVERSITA DI ROMA
E-mail address: piazza@mat.uniromal.it



	Notation
	1. Refined middle perversity sheaves
	2. Mezzoperversities
	3. Global Duality
	4. Example: Self-dual sheaves
	5. Example: de Rham/Hodge cohomology of iie metrics
	References

