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ABSTRACT. The method of intersection spaces associates cell-complexes depend-
ing on a perversity to certain types of stratified pseudomanifolds in such a way
that Poincaré duality holds between the ordinary rational cohomology groups of
the cell-complexes associated to complementary perversities. The cohomology
of these intersection spaces defines a cohomology theory HI for singular spaces,
which is not isomorphic to intersection cohomology IH. Mirror symmetry tends to
interchange IH and HI. The theory IH can be tied to type IIA string theory, while
HI can be tied to IIB theory. For pseudomanifolds with stratification depth 1 and
flat link bundles, the present paper provides a de Rham-theoretic description of
the theory HI by a complex of global smooth differential forms on the top stra-
tum. We prove that the wedge product of forms introduces a perversity-internal
cup product on HI, for every perversity. Flat link bundles arise for example in
foliated stratified spaces and in reductive Borel-Serre compactifications of locally
symmetric spaces. A precise topological definition of the notion of a stratified
foliation is given.
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1. INTRODUCTION

Let p be a perversity in the sense of intersection homology theory, [GMS80], [GM8&3],
[KW06], [Ban07]. In [Ban10], we introduced a general homotopy-theoretic framework
that assigns to certain types of n-dimensional stratified pseudomanifolds X CW-
complexes

X
the perversity-p intersection spaces of X, such that for complementary perversities p
and ¢, there is a Poincaré duality isomorphism

H'(I"X;Q) = H,-;(I"X;Q)

)

when X is compact and oriented. In particular, this framework yields a new coho-
mology theory HI® (X) = H(I?X) for singular spaces, where H; denotes ordinary
singular cohomology. For the lower middle perversity p = m, we shall briefly write
IX =1™X and HIZ(X) = HI}, (X). That this theory is indeed not isomorphic to
intersection cohomology I H3(X) or to Cheeger’s L?-cohomology H ('2) (X) is apparent
from the observation that, for every p, HI; ((X) is an algebra under cup product,
whereas it is well-known that IHF(X) and H{, (X) cannot generally be endowed
with a p-internal algebra structure compatible with the cup product.

The present paper serves a twofold purpose: It provides a de Rham-type description
of HI; ((X;R) in terms of certain global differential forms on the top stratum of X.
But by doing so, it simultaneously opens up a way of defining the theory H I;,(X )
on spaces X, for which the intersection space I?X has not been constructed yet.
The construction of intersection spaces is reviewed in Section 9.2. That section also
lists the space classes for which IPX has been presently constructed and Poincaré
duality established. In these constructions, the singularity links are generally assumed
to be simply connected. Let X™ be a compact, oriented, stratified pseudomanifold
of stratification depth 1 possessing Mather control data (see Definitions 11.1, 11.2
for details), in particular a link bundle for every component of the singular set X.
Assume that all of these link bundles are flat and that each link can be endowed with
a Riemannian metric such that the structure group of the bundle is contained in the
isometries of the link. (Such a metric can always be found if the structure group is
a compact Lie group.) Do not assume that the links are simply connected — they
may or may not be. For such X, we define a subcomplex QI35(X - X) of the complex
Q°*(X - X) of smooth differential forms on the top stratum X — X, set

HIYNX) = H (QIY(X - %)),

and show
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Theorem 8.2. (Generalized Poincaré Duality.) Let p and § be complementary per-
versities. Wedge product followed by integration induces a nondegenerate bilinear
form

[HIZX)x HI?"(X) — R,
([wl,In]) = [x_swnrn

For HI3 (X;Q), the proofs of the duality Theorems 2.12 and 2.47 in [Ban10] require
choosing certain splittings. Thus the above Theorem 8.2 demonstrates in particular
that the intersection product on HIJ is canonically defined independent of choices.
We prove our de Rham theorem for spaces with only isolated singularities.

Theorem 9.13. (De Rham description of Hllg,s.) Let X be a compact, oriented
pseudomanifold with only isolated singularities and simply connected links. Then in-
tegrating a form in QI;,(X - 3) over a smooth singular simplex in X — % induces an
isomorphism

HI3(X) = HI, (X;R).

Again, we will briefly put HI*(X) = HI;,(X). An important advantage of the differ-
ential form approach adopted in this paper is that it eliminates the simple connectivity
assumption on links. This assumption is generally needed in forming the intersection
space, since the homotopy-theoretic method uses the Hurewicz theorem. As there
is presently no general construction of I?X available for X with flat link bundles,
this paper extends the theory HIJ to such spaces. Let us indicate some fields of
application. If the link bundle is flat, then the total space of the bundle possesses a
foliation so that the bundle becomes a transversely foliated fiber bundle. Conversely,
flat link bundles arise in foliated stratified spaces. A precise definition of stratified fo-
liations is given in Section 11 (Definitions 11.4, 11.5), at least for stratification depth
1. Such foliations play a role for instance in the work of Farrell and Jones on the
topological rigidity of negatively curved manifolds, [FJ88], [FJ89]. Our definition of
a stratified foliation is inspired by the conical foliations of Saralegi-Aranguren and
Wolak, [SAWO06]. The orbits of an isometric Lie group action on a compact Rie-
mannian manifold, for example, form a conical foliation. Theorem 11.9 of the present
paper confirms that if a stratified foliation is zero-dimensional on the links, then the
restrictions of the link bundle to the leaves of the singular stratum are flat bundles.
Reductive Borel-Serre compactifications of locally symmetric spaces constitute an-
other field of stratified spaces to which the theory HI® can be applied. Let G be
a connected reductive algebraic group defined over Q and I' ¢ G(Q) an arithmetic
subgroup. Let K c G(R) be a maximal compact subgroup and Ag the connected
component of the real points of the maximal Q-split torus in the center of G. The
associated symmetric space is D = G(R)/K Ag. The arithmetic quotient X = T\D is
generally not compact and several compactifications of X have been studied. For sim-
plicity, let us assume that I is neat, so that X is a manifold. (Otherwise, X may have
mild singularities; it is in general a V-manifold. Any arithmetic group contains a neat
subgroup of finite index.) The Borel-Serre compactification X ([BS73]) is a manifold
with corners whose interior is X and whose faces Yp are indexed by the I'-conjugacy
classes of parabolic Q-subgroups P of G. Each Yp fits into a flat bundle Yp - Xp,
called the nilmanifold fibration because the fiber is a compact nilmanifold. The Xp
are arithmetic quotients of the symmetric space associated to the Levi quotient of P.
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The reductive Borel-Serre compactification X, introduced by Zucker ([Zuc82]), is the
quotient of X obtained by collapsing the fibers of the nilmanifold fibrations. The X p
are the strata of X and their link bundles are the flat nilmanifold fibrations. A basic
class of examples is given by Hilbert modular surfaces X associated to real quadratic
fields Q(\/d). For these, the Xp are circles, the nilmanifold links are 2-tori and the
flat link bundles are mapping tori, see [BK04].

Let us describe some of the features of HIj. Since there is no general cup product
H (M)® HI (M) - H"*/(M,0M) for a manifold M with boundary M, intersection
cohomology 1 H;(X ), for most p, cannot be endowed with a p-internal cup product.
Similarly, the complex QZQ)(X - %) of L?-forms on the top stratum equipped with
a conical metric in the sense of Cheeger ([Che79], [Che80], [Che83]) is not a differ-
ential graded algebra (DGA) under wedge product of forms — the product of two
L?-functions need not be L? anymore. We prove that for every perversity p, the
DGA-structure (Q°(X - X),d,A), where d denotes exterior derivation, restricts to a
DGA-structure (QI5(X -X),d, A) (Theorem 10.1). Consequently, the wedge product
induces a cup product

U: HIN(X)® HIL(X) — HI;7 (X).

This is of course consistent with our de Rham theorem and our earlier (trivial) ob-
servation that H I} ((X) possesses a cup product.

Contrary to IHy and H ('2), the theory HIS is quite stable under deformation of
complex algebraic singularities. Consider for example the Calabi-Yau quintic
Vo={2eCP* | 25+ 20 + 25 + 25 + 25 - 5(1 + 8) 2021222324 = 0},

depending on a complex parameter s. The variety Vj is smooth for small s # 0, while
V' =V, has 125 isolated singular points. Its ordinary cohomology has Betti numbers
rk HX(V) = 1, tk H3(V') = 103, rk H*(V') = 25 and its middle perversity intersection
cohomology has ranks rk ITH?(V) = 25, tk IH3(V) = 2, tk IH*(V) = 25. Both of
these sets of Betti numbers differ considerably from the Betti numbers of the nearby
smooth deformation V (s #0): tk H2(Vy) = 1, tk H3(V,) = 204, rk H*(V;) = 1. Now
the calculations of [Banl0, Section 3.9], together with our de Rham theorem, show
that

tk HI*(V) = 1,vk HI*(V) = 204,k HI*(V) = 1,
in perfect agreement with the Betti numbers of Vi,s # 0. Indeed, jointly with L.
Maxim, we have established the following Stability Theorem, see [BM11]: Let V
be a complex n-dimensional projective hypersurface with one isolated singularity
and let Vi be a nearby smooth deformation of V. Then for all i < 2n, and i # n,
ﬁ[;(v;(@) ~ H'(V,;Q). For the middle dimension HI?(V;Q) 2 H"(Vs;Q) if, and
only if, the monodromy operator acting on the cohomology of the Milnor fiber of the
singularity is trivial. At least if H,,_1(L;Z) is torsionfree, where L is the link of the
singularity, the isomorphism is induced by a continuous map IV — V; and is thus a
ring isomorphism. We use this in [BM11] to endow HI$(V;Q) with a mixed Hodge
structure so that the canonical map IV — V induces homomorphisms of mixed Hodge
structures in cohomology. Even if the monodromy is not trivial, IV — V; induces a
monomorphism on homology. This statement for HI®* may be viewed as a “mirror
image” of the well-known fact that the intersection homology of a complex variety
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V is a linear subspace of the ordinary homology of any resolution V — V, as follows
from the Beilinson-Bernstein-Deligne-Gabber decomposition theorem, [BBD82]. If
the resolution is small, then TH*(V') = H*(V). Thus the monodromy condition for
deformations may be viewed as a “mirror image” of the smallness condition for reso-
lutions.

The relationship between IH® and HI°® is indeed illuminated well by mirror sym-
metry, which tends to exchange resolutions and deformations. In [Mor99] for example,
it is conjectured that the mirror of a conifold transition, which consists of a degenera-
tion s — 0 followed by a small resolution, is again a conifold transition, but performed
in the reverse direction. The results of Section 3.8 in [Banl0] together with the de
Rham theorem of this paper imply that if V° is the mirror of a conifold V', both
sitting in mirror symmetric conifold transitions, then

rk TH3(V) rk HI2(V°) +tk HI*(V°) + 2,

vk IH3(V°) = tkHIX(V)+1k HIY(V) +2,

rk HI3(V) tk TH2(V®) +rk THA(V°) + 2, and
tk HI3(V°) tk TH2(V) +rk THA(V') + 2.

Since mirror symmetry is a phenomenon that arose originally in string theory, it is
not surprising that the theories TH®, HI® have a specific relevance for type ITA, IIB
string theories, respectively. While I H*® yields the correct count of massless 2-branes
on a conifold in type ITA theory, the theory HI® yields the correct count of massless
3-branes on a conifold in type IIB theory, see [Ban10]. The author hopes that the de
Rham description of HI*® by differential forms offered here is closer to physicists’ intu-
ition of cohomology than the homotopy theory of [Ban10]. The present paper makes
it possible, for example, to obtain differential form representatives for the above men-
tioned massless 3-branes in IIB string theory.

A few words about the technical aspects of the paper: Overall, our approach is
topological, as we do not use a Riemannian metric on the top stratum. We do not
even require a metric on the link bundle, only a fixed metric on a particular copy L
of the link. To obtain a de Rham description of intersection cohomology, one uses
a truncation 7.;Q°(L) of the forms on the link, as is well-known. To pass from this
local normal truncation to a global complex, one must perform fiberwise normal trun-
cation. This is technically easy to accomplish, since an automorphism of L induces
an automorphism of Q°(L), which restricts to an automorphism of 7.,Q*(L). Ulti-
mately, the result will indeed be a subcomplex of °*(X —3), since there is a canonical
monomorphism 7.,Q°(L) - Q°(L). By contrast, a de Rham model for HI; requires
the use of cotruncation 75 Q*(L). If one uses standard cotruncation of a complex, one
runs into two problems: standard cotruncation comes with a canonical epimorphism
Q°*(L) - mx2°(L), so one will not obtain a subcomplex of Q°(X - X). Furthermore,
one must implement normal cotruncation as a subcomplex in such a way that it can
be carried out in a fiberwise fashion. This paper solves these problems as follows: In
Section 4, we use Riemannian Hodge theory to define cotruncation as a subcomplex
Tk (L) c Q°(L) (Definition 4.2). This is the reason for requiring a metric on L. By
Proposition 4.4, 75£Q° (L) is independent (up to isomorphism) of the metric on L. An
isometry L - L induces an automorphism of 75,Q°(L), a property that is important
for fiberwise cotruncation and explains why we assume the structure group of the link
bundle to lie in the isometries of L. In order to implement fiberwise cotruncation, we
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develop a model, called the multiplicatively structured forms, for the forms on the to-
tal space of the link bundle, which is structured enough so that fiberwise cotruncation
is fairly straightforward, but at the same time rich enough so that it computes the
ordinary cohomology of the link bundle (Theorem 3.13). The multiplicative structur-
ing of forms uses the flatness assumption on the bundle in an essential way. These
techniques then allow us to construct the subcomplex QI5(X -3) c Q°(X -X) on
page 38. Additional tools are required in proving the de Rham theorem, since the
intersection space I”X is not smooth, but only a CW-complex. In Section 9.1, we
introduce a partial smoothing tool that enables us to recover enough smoothness of
singular simplices A - I?X so that forms in QI3(X —¥) can be integrated over them
and this induces an isomorphism.

The methods introduced in the present paper radiate out into fields that are not
(directly) linked to singularities. For example, let 7 : E - B be a flat fiber bundle of
closed, smooth manifolds with oriented fiber and compact Lie structure group. Then
the above method of fiberwise cotruncation and multiplicatively structured forms
can be used to show that the cohomological Leray-Serre spectral sequence of 7 for
real coefficients collapses at the Fs-term. We can furthermore show that if M is
an oriented, closed, Riemannian manifold and G a discrete group, whose Eilenberg-
MacLane space K (G, 1) may be taken to be a closed, smooth manifold (e.g. G =Z"),
and which acts isometrically on M, then the equivariant cohomology Hg (M;R) of
this action can be computed as

HE(M;R) = @@ HP(G;HY(M;R)),
p+q=k
where the HY(M;R) are the cohomology G-modules determined by the action. (We
do not assume that G is closed in the isometry group of M.) These consequences will
be detailed elsewhere. In a similar vein, the fiberwise spatial homology truncation
methods used to construct intersection spaces yield, for simply connected singular

sets where nontrivial link bundles are not flat, information on cases of the Halperin
conjecture, [Hal78], [FHTO1].

An analytic description of the cohomology theory HI® remains to be found. A
partial result in this direction is the following. Let M be a smooth, compact manifold
with boundary OM. Let x be a boundary-defining function, i.e. on 9M we have x = 0,
and dz # 0. A Riemannian metric g on the interior N of M is called a scattering metric
if near OM it has the form
dz?> h
g
where h is a metric on OM. Let L>*H*(N, g) denote the Hodge cohomology space of
L2-harmonic forms on N. From Melrose [Mel94], the work of Hausel, Hunsicker and
Mazzeo [HHMO4], and the results of [Ban10], one can readily derive:

Proposition 1.1. Suppose that X™ is an even-dimensional pseudomanifold with only
one isolated singularity so that X = M ucone(OM), where M is a compact manifold
with boundary. If the complement N of the singular point is endowed with a scatter-
ing metric g and the restriction map H"?(M) - H™?(OM) is zero (a “Witt-type”
condition), then

HI*(X) = L*H*(N,g).
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General Notation. For areal vector space V', we denote the linear dual Hom(V,R)
by VT. The tangent space of a smooth manifold M at a point x € M is written as
T, M. For a smooth manifold M, H*(M) will always denote the de Rham cohomol-
ogy of M, whereas H$(X) denotes the singular cohomology with real coefficients of
a topological space X. Singular homology with real coefficients will be written as
H,(X). Reduced cohomology and homology are indicated by H*, H?, H,.

2. PREPARATORY MATERIAL ON DIFFERENTIAL FORMS

Let X™ be a stratified compact pseudomanifold (in the sense of Definition 11.1)
with two strata, the connected, compact singular stratum %° and the top stratum
X —X. The singular set X has a link bundle which we assume to be flat and isomet-
rically structured. Thus ¥ possesses an open tubular neighborhood T in X such that
the boundary OM of the compact manifold M = X —T is the total space of a flat fiber
bundle p : OM — ¥ with fiber F™, a closed Riemannian (m =n — 1 - b)-dimensional
manifold called the link of ¥. The structure group of p is the isometries of F. We
shall write B = 3 whenever we think of the singular stratum as the base space of its
link bundle. Let ¢: (-2,+1] x OM = U be a smooth collar onto an open neighborhood
U c M of the boundary, ¢(1,z) = x for x € 9M. Via this diffeomorphism, we shall
subsequently write (-2,+1] x OM instead of U. Let N denote the interior of M. The
noncompact manifold N has an end, E = (-1,+1)x9M. Let j : E c N be the inclusion
of the end and 7 : F - OM the second factor projection. For any smooth manifold
X, let Q°(X) denote the de Rham complex of smooth differential forms on X and let
Q0(X) c Q*(X) denote the subcomplex of forms with compact support. The exterior
differential will be denoted by dx or simply d, if X is understood.

We define a subspace QY (N) c QP(N) by

QP

rel

(N) = {w e QP(N) | j*w =0}.

The differential on Q°*(N) obviously restricts to Q2,,(N), so that we have a subcom-

rel

plex (Q2,(N),d) c (2°(N),d). Furthermore, any form on N which vanishes on F

rel
has compact support on N. Thus, there is a subcomplex-inclusion Q2 (N) c Q2(N).

rel
Section 2.2 is devoted to a proof of the following result.

2 (N) c Q2(N) induces an isomorphism

Proposition 2.9. The inclusion 2
H* (7 (N)) = HI(N),
that is, Q2 (N) computes the cohomology with compact supports of N.

‘We shall henceforth also write H?®

rel

(N) = H* (2 (N)).

rel
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2.1. Forms Constant in the Collar Direction. The goal of this section is to show
that the complex

5e(N)={weQ*(N) | jfw=7"n, someneQ*(OM)}

of differential forms constant in the collar direction near the end of N computes the
cohomology of N. This goal will be achieved in Proposition 2.5. The restriction
JFQ(N) - Q°(F) is not surjective. We put X® =imj* c Q*(F) and call a form in
X* extendable. The inclusion jey1 = j xidy : £ x I ¢ N x I induces a restriction map

iy QN x I) — Q*(E x I).
Set X*(I) =imjz,. For s €[0,1] = I, let is p : E > E x I be the embedding is 5(r) =
(w,5). These embeddings induce restriction maps i} 5 : Q*(E x I) — Q°*(E).
Lemma 2.1. The maps i} p restrict to maps i} x : X*(I) — X°.
Proof. Define embeddings is v : N - N x I, is y(z) = (2,s), z € N, s € I. The

commutative square

(1) E—5 ExI

N——>NxI
1s,N
induces a commutative square

Q' (ExI) RN Q*(E)

j:le Tj*

Q*(N xI) —Q°*(N).

Let w e X*(I). There is a form & € Q°(N x I) such that j; ,w = w. The calculation
i (W) =g pien (W) = 575 N (@)

shows that i§ (w) lies in imj* = X*. O
Lemma 2.2. There exists a homotopy operator Kx : X*(I) - X*7! between 0o x
and i} x, that is, for w € X*(I), the formula

dKx (w) + Kxd(w) =17 x(w) — 15, x (w)
holds.
Proof. Let Kg:Q*(E xI) - Q*}(E) be the standard homotopy operator given by

Ke(@)= [ (2 swpds,

where % _w denotes contraction of w along the vector %. The operator K g satisfies

dKp+Kpd=1i] g —iy
on Q*(E x I). Similarly, let Ky : Q*(N x I) - Q*"}(N) be the standard homotopy
operator for N, constructed analogously and satisfying

. %
dKN+KNd:'Ll’N_ZO,N~



A DE RHAM COMPLEX DESCRIBING INTERSECTION SPACE COHOMOLOGY 9

Foree B, vy,...,vp-1 €T E =Tj(yN and w € QP(N x I), we calculate

(KNw)j(e) ('Ul, e ,”Up_l)
1 0

= fo W(j(e),s)(%zvla oy Upo1)ds
1 0]

= A chyl(e7s)(%,vl7...,vp,l)ds

! 0
/(; (j:ylw)(e,s)(%7vla'"7Up—1)d3

(Kpjonw)e(vi, .. vp-1).

(j*KNw)e('Ul, e 7Up—1)

Thus, the square
O (N x I) =X 0o 1(N)

I i i* i
. Kg o—1
Q" (E x 1) 2~ 0 ()
commutes. We claim that Kp restricts to an operator Ky : X*(I) - X*71. To verify
the claim, let w € X*(I) be an extendable form on the cylinder. By definition, there

is a form w € Q°(N x I) such that j;;(w) = w. Using the commutativity of the above
square, we compute

Kp(w) = Kpjen (@) = j"Kn (@) €im j* = X*,
verifying the claim. This defines Kx. It is now easily verified that this operator
indeed satisfies dKx (w) + Kxd(w) =i} x(w) =5 x(w). O
Let 0g : OM — E be given by og(x) = (0,2) € (-1,1) xOM = E.

Lemma 2.3. Let H : ExI — E be the smooth homotopy H(t,x,s) = (ts,x), (t,z) € E,
sel, from H(-,-,0) = oo to H(-,-,1) =idg. Then the induced map H* : Q*(F) —
Q°(E x I) restricts to a map

Hi X — X°(D).
Proof. We enlarge the end slightly by setting E_o = (-2,1) x M with inclusion
jo:FE 9 N. Define Ho:E oxI— FE 5 by
H 5(t,x,s) =(ts,x), —2<t<+1, 0<s<1.

For t € (-1,1), we have H(t,z,s) = (ts,z) = H_a(t,z,s) for all s € [0,1]. Thus H_5 is
an extension of H:

E,xI2oE,

Lcyle L\J\
ExI—21>F.

This square induces a commutative diagram

O(Ey) —2 Q*(E_y x I)

*
L i chyl

O (E) — s Ex ).
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We claim that im:* ¢ X*: Let w € Q*(E_3) and let f : E_5 > R be a smooth
cutoff function which is identically 1 on E (where the collar coordinate ¢t has values
t € (-1,1)) and identically zero for ¢ < —2. Multiplication by this cutoff function
and extension by zero to all of N yields a smooth form f-w € Q°(N) such that
J5(f -w) = *w. Tt follows that t*w € im j* = X*, which proves the claim. This shows
that we can restrict ¢* to obtain a map ¢% : Q°(E_y) — X°*. Let us show that % is
surjective: If w € X* is an extendable form, then there exists a form @ € Q°*(N) with
j*w = w. The surjectivity follows from

w=j'w=(We.,)lE = tx(j10).

We shall next provide a similar construction for the cylinder. We claim that
imeZ; c X*(I): Let we Q°(E_2 xI) and let fey1: E_p x I - R be the smooth cutoff
function fey1(¢,s) = f(t), where f is as above. Multiplication by fcy1 and extension by
zero to all of N'xI yields a smooth form fey1-w € Q°(NxT) such that 55, (fey1w) = 5w,
since fey1 is identically 1 on E'xI. It follows that ¢; w € im j7; = X *(I), which proves
the claim. This shows that we can restrict ¢7; to obtain a map

L:yLX QN(EoxI)— X*(I).

Let w € X*® be an extendable form. As i% is surjective, there is an @ € Q°(E_2)
such that ¢% (@) = w. We calculate

H* () = B0 (@) = i (B (@)) € X* (1),

cyl

since im¢7; ¢ X*(I). Hence H* is seen to map X* into X*(I) and the lemma is
proved. O

The image of 7* : Q*(OM) - Q°(E) lies in X°*. Thus 7* restricts to a map
T Q*(OM) — X°*. Restricting of : Q°(E) - Q°(OM) to X°*, we get a map
ox : X*—Q*(OM).

Lemma 2.4. The maps

US,X
X* - 0%(0M)

X
are chain homotopy equivalences, which are chain homotopy inverse to each other.

Proof. The composition

ag
e 70X

Q*(0M) =5 X* 23 Q0 (0M)
is equal to the identity on Q°*(OM), since mx 09, x =idgr . We have to prove that
x* 23 o om) = x

is homotopic to the identity on X*. Let H : E x I - E be the homotopy of Lemma
2.3, from H(:,-,0) = oom to H(-,-,1) = idg, that is, H o9 g = oom, Ho iy p = idg.
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From the cube

o @m Uk Xx*
X ( "X xe(1) o
|
Q*(OM) QY (E)
Q*(E) il O(E x 1),

obtained by restricting the bottom face to the top face, we see that for we X*,
it B (@) = i3 p H* (@) = 703 (@) = 70 x (0):
(The map H is provided by Lemma 2.3.) Analogously,
i e (w0) = i g H (@) = .
Composing the homotopy operator Kx of Lemma 2.2 with H%, we obtain a map
L=KxoH}%:X*— X*!
such that for w e X°,
Ld(w) +dL(w) KxHyd(w)+dKxHy(w) = Kxd(Hyw) + dKx (Hxw)
in,x (Hxw) —ig x (Hxw) = idx«(w) - mx 05 x (w).

Thus L is a cochain homotopy between 707  and the identity. O

Put Q5,(E) ={weQ*(E) |w=7"n, someneQ*(OM)}.

Proposition 2.5. The inclusion Q%.(N) c Q*(N) induces a cohomology isomor-
phism.

Proof. If a form on E is constant in the collar coordinate, then it is extendable to all
of N by using a slightly larger collar and multiplication by a cutoff function. Thus
there is an inclusion map ¢ : Q3. (E) - X°. We shall show first that this map induces
a cohomology isomorphism, in fact, that it is a homotopy equivalence. The maps

*
90

e (E) ——Q*(0M)

*
s

are mutually inverse isomorphisms of cochain complexes. (Compare to Lemma 9.6 and
its proof.) By Lemma 2.4, the map 7% : Q*(OM) - X* is a homotopy equivalence.
For w e Q3. (E), there is an 1 € Q*(0M) with w = 7*n and we compute

Txoqw =mxoomin=nxn=m"n=w=1(w).
Thus we have expressed ¢ = m; 0 as the composition of an isomorphism and a ho-
motopy equivalence, whence ¢ itself is a homotopy equivalence. The kernel of the

restriction j* : Q*(N) - Q*(E) is 20, (N). Consequently, there is a short exact
sequence

0 Q% (N) — Q°(N) 2= X* 0.
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The restriction map Q3. (N) - Q5. (F) is onto. Since its kernel is again Qg (NN), we
get another exact sequence
0= Qg (N) — Qoo (N) — Q5 (E) 0.
The various inclusions yield a commutative diagram
0—> Q8 (N) —= Q*(N) —L— x° 0
0 Da(N) Qe (N) Qe (E) 0,
which induces on cohomology a commutative diagram
Hy,y(N) —— H*(N) —— H*(X*) — H3'(N)
+] T
rcl(N)HH{?C(N)HHHC(E) Hr.;il(N)
By the 5-lemma, ¢} is an isomorphism. O

2.2. Forms Vanishing Near the Boundary. This section is devoted to a proof of
Proposition 2.9. Recall that is xy : N - N x I are the embeddings i ny(2) = (2, 5),
xeN,sel,and jey1 =7 xidr: ExI < N xI. We put

D (N x 1) ={weQ*(N xI) | joyw = 0}.
The is v induce maps i3 y : Q*(N x I) - Q°*(N), which restrict to maps
Qe (N x I) — Qi (N)

because j*i} y(w) =% gis(w) =0 for w e Qpy
tive diagram (1).

Zs,re :

(N x I), as follows from the commuta-

Lemma 2.6. There exists a homotopy operator Kye : Q0 (N xI) — Qe H(N) between
io.0e AN 1] o, that is, for w e Q2 (N x I), the formula

dKrcl(w) + KrCld(w) = Z.T,rcl(w) - Z‘Smel(("))
holds.

Proof. Let Ky : Q*(N xI) - Q*1(N) be the homotopy operator for N used in the
proof of Lemma 2.2, given by

1
(KN(U)w('Ul, v 7Up—l) = A w(m,s)(%avla vee 7Up—1)ds7

weWP(NxI),zeN, vy,...,vp1 €T,N. IfweQl (N xI)and zekFE, thenw(gg’s) =0
for all s € I. Thus (KNw)x =0 for all z € E, which places Kyw in Qrel (N). We
conclude that Ky restricts to an operator Kye : Q2 (N x 1) — Q' (V). It possesses
the desired property:

dKre(w) + Krerd(w) = dEKy(w) + Knd(w) =iy y(w) —ig v (w)

iirel(w) - ia,rel(w)'

rel

We omit the straightforward proof of the next lemma.
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Lemma 2.7. Let ¢: N xI - N be a smooth homotopy such that $(E xI) c E. Then
the induced map ¢* : Q*(N) - Q*(N x I) restricts to a map

Pret + et (V) — Qg (N < T).

rel

Let ¢5, s € R, be a smooth one-parameter family of diffeomorphisms ¢5 : N - N
such that ¢g =idy, ¢s(E) c E for all s, and ¢1((-2,1) xOM) = E. By Lemma 2.7, ¢
induces a map ¢y, : Q0 (N) - Q2 (N x I).

Lemma 2.8. The map ¢7 : Q2 (N) = Q2 (N) is homotopic to the identity.

rel rel

Proof. Composing the homotopy operator K. of Lemma 2.6 with ¢*,, we obtain a

map L = Ko 0 ¢F i Q0 (N) — Q21 (IN) such that for w e Q% (N),
Ld(LU) + dL(UJ) = Krel¢:eld(w) + dKrel(b;el(w) = KFEId((b;elw) + dKr61(¢;elw)
= Z‘irel((?zs;:el(")) - ia,rel(gﬁjelw) = QSI (w) - w.

Thus L is a cochain homotopy between ¢7 and the identity. O

*
rel?

L]
rel

H.(Q;el(N)) = Hz(N)?

Proposition 2.9. The inclusion Q2 ,(N) c Q2(N) induces an isomorphism

that is, Q2 (N) computes the cohomology with compact supports of N.

rel
Proof. Set N._3j2 =N - ([-2,1) x OM) and
Q5 vl (V) = {w € Q°(N) | wl-2,1)xom = 0}-
Suppose that z € N lies in (-2,1) x OM and w € Q% ,(N). Then, as

rel
((biw)fb(vh cee 7Up) = w¢1($)(¢1>ﬂ)17 ceey ¢1*vp)

and ¢1(x) € E, we have that ¢jw € Q°y (V). Therefore, the map ¢7 : Q7 (N) —
Q2 (N) of Lemma 2.8 factors as

* L] L] L] p L]
¢1 : Qrel(]v) - Q—Z,rel(N) g Qc(]\/v<—3/2) g Qrel(N)7
where p is extension by zero. Let us denote the composition of the first two maps by

P71 o+ o (N) = Q2(N_z2). By Lemma 2.8, po ¢7 . is homotopic to idge (). Thus,
the induced composition on cohomology,

. e o P rre
Hrel(N) - Hc (N<—3/2) - Hrel(N)
is equal to the identity. We deduce that p: HZ(N._g/2) - H}, (V) is surjective. Since
HY(N - N_3/5) = H'([—%7 1) x OM) = 0, the long exact sequence

> H2(No_gj5) —> H2(N) — HJ(N ~ N._gj5) —> -

implies that the map 7 induced by the inclusion Qf(N._3/2) ¢ Q%(N) (extension
by zero) is an isomorphism. Let « : Hy (N) — HZ(N) be the map induced by
the inclusion Qf;(N) c Q2(N). The inclusion Qf(N_g/2) c Q2(NN) factors through
Q2 (V). Thus there is a commutative diagram

H:-(N<—3/2)

AN

Hiy(N) —5— HZ(N).
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Since « is an isomorphism, p is injective, hence an isomorphism. Thus « is an iso-
morphism as well. O

3. A COMPLEX OF MULTIPLICATIVELY STRUCTURED FORMS ON FLAT BUNDLES

Let F be a closed, oriented, Riemannian manifold and p : E - B a flat, smooth
fiber bundle over the closed smooth base manifold B™ with fiber F. An open cover
of an n-manifold is called good, if all nonempty finite intersections of sets in the cover
are diffeomorphic to R™. Every smooth manifold has a good cover and if the manifold
is compact, then the cover can be chosen to be finite. Let $ = {U,} be a finite good
open cover of the base B such that p trivializes with respect to 4. Let {¢,} be a
system of local trivializations, that is, the ¢, are diffeomorphisms such that

UL — 2 Uy x F

\/

commutes for every a. Flatness means that the transition functions
=¢plopal 1 (UanUg) x F — p" (Uy nUg) — (U nUp) x F

are of the form paalt,z) = (t,98a(x)). If X is a topological space, let mg: X x F' - F
denote the second-factor projection. Let V c B be a il-small open subset and suppose
that V c U,.

Definition 3.1. A differential form w € Q9(p~1(V)) is called a-multiplicatively struc-
tured, if it has the form

w= ¢y 2w ATy, 0y € QN (V), 5 € QN (F)
J

(finite sums).
Flatness is crucial for the following basic lemma.

Lemma 3.2. Suppose V c Uy, NnUg. Then w is a-multiplicatively structured if, and
only if, w is B-multiplicatively structured.

Proof. The flatness allows us to construct a commutative diagram
(UanUg) x F 225 (U, nUg) x F
|
F =t F.

If the form is a-multiplicatively structured, then, using the equations

T1Pap = T1y T20aB = GapBT2,

we derive the transformation law
* * * * —1\* /% * *
w o= ¢, 2771773‘ NTYj = %(% ) bn 2771773‘ NTY5
J J
= OB DL PapTING A PasTsVs = B D min; A5 (g0s7%)-
J J

Thus w is S-multiplicatively structured. The converse implication follows from sym-
metry. O
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The lemma shows that the property of being multiplicatively structured over V is
invariantly defined, independent of the choice of a such that V c U,. We will use the
shorthand notation

Uag...an, = Uy Nn---nUgy,

for multiple intersections. (Repetitions are allowed.) Since $ is a good cover, ev-
ery Uy,..q, is diffecomorphic to R, n = dim B. A linear subspace, the subspace of
multiplicatively structured forms, of Q4(E) is obtained by setting

Qys(B) ={w e QU(E) | wlp-1y, is a-multiplicatively structured for all a}.
The Leibniz rule applied to a term of the form 7min A 73~ shows:
Lemma 3.3. The de Rham differential d: Q1 (E) — Q4" (E) restricts to a differential
1
d:Q%,5(B) — Q% s(B).

This lemma shows that Qf,s(B) c Q°(F) is a subcomplex. We shall eventually
see that this inclusion is a quasi-isomorphism, that is, induces isomorphisms on co-
homology. For any «, set

vs(Ua) = {w e Q*(p7'U,) | w is a-multiplicatively structured}.
Let r denote the obvious restriction map

r: Qs (B) — [[Wus(Ua).

If k is positive, then we set

DovtsUap..on) = {w € Q(p™ Way..ap) | w is ag-multiplicatively structured}.
Lemma 3.2 implies that for any 1< j <k,

Qs Uap..op) = {w € Q°(p" Uay...on ) | w is aj-multiplicatively structured}.

In particular, if ¢ is any permutation of 0,1,...,k, then

..A/ts(UOto'(O)-"ao'(k)) = Q..MS(Uaomak )-
The components of an element
§e H Q;\AS(Uao..-ak)
Qs A

will be written as &ay...ar € Qys(Uag...ar)- We impose the antisymmetry restriction
5(,1% = —5__.(!]“_(11_” upon interchange of two indices. In particular, if «q,...,ag
contains a repetition, then &, .. o, = 0. The difference operator

,,,,,

0: H Q.(p_anU...ak) - HQ‘(p_ano...aml):

defined by
k+1

(6€)a0~~0¢k+1 = Z (_1)j£a0A-~&j-~ak+1 ‘p’ano...akH
7=0

and satisfying 62 = 0, restricts to a difference operator
d: H Q;\/IS(UOéomak) - H Q;\/IS(UQ0~~OU€+1 )

Since the de Rham differential d commutes with restriction to open subsets, we have
dd = dd. Thus

CF (4 Qs) = [T 2%sUa...ar)
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is a double complex with horizontal differential 6 and vertical differential d. The
associated simple complex C},s(4t) has groups

Chusth = @ CHEL Q)
k+q=j
in degree j and differential D = 6 + (-1)*d on C*(Q%,5). We shall refer to the

double complex (C*(;Q5,s),9,d) as the multiplicatively structured Cech-de Rham
complex. Let us explicitly record the following standard tool:

Lemma 3.4. Let M be a smooth manifold, U ¢ M an open subset and w € Q*(U). If
feQ%(M) is a function with supp(f) c U, then

N flx) wlx), zeU
w(x)_{o e M-U

defines a smooth form w e Q*(M) on all of M.

Lemma 3.5. (Generalized Mayer-Vietoris sequence.) The sequence
0 — Qs(B) = CO(k Dpys) — O (L Drgs) —= C2 Ygs) = -
18 exact.

Proof. The injectivity of r is clear. If {wa,}, Wao € QLs(Uao) € QL (p Uq,), is a
family of forms which agree on overlaps p~! (U,,a, ), then there exists a unique global
differential form w € Q°(E), which restricts to w,, on p~'(U,,) for every ag. By
definition of Qf,s(B), w actually lies in Q%,5(B) c Q°(E). Thus the sequence is
exact at C°(U; Q%s). Now let k be positive. Let {p,} be a smooth partition of unity
on B subordinate to U, supp(pa) ¢ Uy. The family of inverses p~*4 = {p~1U,} is an
open cover of E. The family {5} of functions p, = poop: E — [0,00) is a smooth
partition of unity subordinate to p~'4l. Let w € C*(4L; Q%s) be a cocycle, dw = 0. This
implies that

(2) 0= (&JJ)aaomak = Wag...ap + Z(_l)j*—lwa(xg“.&j...ak-
J

Applying Lemma 3.4 with M = p_l(UaO_..ak,,l), U = p‘l(U(,,aO,__a,H)7 to the form
Waag...ap, € 2°(U), and taking f =p,| € Q°(M) with

supp(Pal) € p (Ua) " M = p™ (Uaap...ars ) = U,

we receive a smooth form Gaag. . .ar_, € 2° (P Uag...ak_, ), Obtained from 5, Waag...op_s
by extension by zero. We shall show that in fact

waoéomak-l € Q../VIS(UQO--~0¢k—1) c Q.(pianomakq )

Since Waag...an1 € Lus(Uaag...an ), it is a-multiplicatively structured and thus, by
Lemma 3.2, ag-multiplicatively structured. Hence it has the form

ok * *
Waag...ap-1 = ¢ao Zﬂ—l i N T2,
J
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for some 1, € Q*(Uaay...ar_, )s V5 € Q°(F). Therefore,

Waag...ap.1 = Pa ¢;0 wanj /\77571’ =p"(pa) A ¢;0 Zﬂ'fnj A 7757’]’
J J

= 0o, (T1pa) A Poy 2T ATV = B (T pa A Y i1 ATSY5)
J J
= Phg 2T Pa AT ATSY) = Phy 71 (Pally) AT
J J
Again by Lemma 3.4, extension by zero allows us to regard p,7; as a smooth form

on Uy,y...ay_,- We have thus exhibited @y, as an element of Q% s(Ung...ap1)-
Define an element 7€ C*71(£;Q%,5) by

1

Tag...ap-1 = Zwaao..‘ak_l € Q;\AS(Uaonﬂk—l)'
@

The calculation

(57')040...% = Z(_l)jTao-ud]‘mak = Z(_l)j ZE‘XQOH“S‘J'“'D%

J J o

= Z(_l)] Zﬁawaao...&j...ak = Zﬁa Z(_l)jwa(m“.&j...ak
J o o J

= 2. Pa Wag...a (by (2))
[e3

= wao...ak

shows that 67 = w. Since 62 = 0, the exactness of the d-sequence follows. a

We recall a fundamental fact about double complexes.

Proposition 3.6. If all the rows of an augmented double complex are exact, then the
augmentation map induces an isomorphism from the cohomology of the augmentation
column to the cohomology of the simple complex associated to the double complex.

This fact is applied in showing:

Proposition 3.7. The restriction map 1 : Q% s(B) = C°(Q%,s) induces an iso-
morphism

r B Qs (B)) > H* (Chs (W), D).

Proof. The map r makes C*(4;Q%,s) into an augmented double complex. By the
generalized Mayer-Vietoris sequence, Lemma 3.5, all rows of this augmented complex
are exact. According to Proposition 3.6, r* is an isomorphism. (]

Let us recall next that the double complex (C*(p~14;Q*),6,d) given by
CH(p'4:Q7) = [T (p " Vag...)
can be used to compute the cohomology of the total space E. The restriction map

7 QNE) — [ 'U.) =C(p7 't Q°)

makes C*(p~14; Q®) into an augmented double complex. By the standard generalized
Mayer-Vietoris sequence, [BT82], the rows of this augmented double complex are
exact. From Proposition 3.6, we thus deduce:
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Proposition 3.8. The restriction map 7: Q°*(E) - C°(p~1U; Q®) induces an isomor-
phism

™ HY(E) = H*(Q°(B)) — H*(C*(p™'4), D),
where (C*(p~*4), D) is the simplex complex of (C*(p~iu;Q%),6,d).

Regarding R™ x F' as a trivial fiber bundle over R™ with projection 71, the multi-
plicatively structured complex Q5 ,s(R™) is defined as

Vs R") ={w e Q' (R" x F) |w= Y min; Am3y;, n; € Q(R"), 7; € Q*(F)}.
J

Let s : R"1 < R xR"! = R" be the standard inclusion s(u) = (0,u), u € R"!. Let
q:R" =R xR"! - R"! be the standard projection ¢(¢,u) = u, so that gs = idgn-1 .
Set
S=sxidp :R"I'xFo>R"xF, Q=qxidp:R"xF >R" ! x F
so that QS = idgn-1,f . The equations
moS=som, moS=my, moQ=qom, moQ) =T
hold. The induced map S* : Q*(R" x F') - Q*(R"™! x F) restricts to a map
S*: Qs (R™) = Qs (R,
since S*(win Amsy) = S*win A S iy = wi(s*n) Amyy, s*n e QU (R, v € Q°(F).
The induced map Q* : Q*(R"™ 1 x F) - Q°*(R" x F') restricts to a map
Q"+ Qs (R™) > Qs (R,
since Q" (min Am3y) = Q@ min A Q w3y =71 (q"n) Am3y, ' e Q°(R™), v € Q°(F).
Proposition 3.9. The maps

*

(3) usR™) Qs (R

Q*
are chain homotopy inverses of each other and thus induce mutually inverse isomor-
phisms

H (s (R™) T H (@5 (R7))
Q*

on cohomology.
Proof. We start out by defining a homotopy operator K : Q*(R" x F') - Q*"}(R" x F)
satisfying
(4) dK + Kd =id-Q*S*.
Think of R"® x F' as R x M, with M = R"! x F. In this notation, Q and S are the
canonical projections and inclusions

Let (t,t2,...,t,) be coordinates on R™ = RxR"* and let 3 denote (local) coordinates
on F. Then z = (ta,...,t,,y) are coordinates on M. Every form on R x M can be
uniquely written as a linear combination of forms that do not contain dt, that is,
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forms f(t,z)Q*«, where a € Q*(M), and forms that do contain dt, that is, forms
f(t,z)dt A Q* . We define K by K(f(t,z)Q*a) =0 and

K(f(t,z)dt AQ"a) = g(t,2)Q" v, with g(¢t,z) = fot f(r,x)dr.

Equation (4) is verified by a standard calculation. We shall show that K restricts to
a homotopy operator Kys:

Q*(R" x F) —5> Q*-1(R" x F)
. n Kms o1 n
Qs(R™) 5= QG (R™).

We shall use the commutative diagrams
st Q
R"x F —R"=R xR"! and R"x F——R"1lxF

. S

R x F - R™1 F.

1

Any form in Q9%,5(R™) can be written as a sum of forms w = 7in A 737y. We have
to demonstrate that K (w) again has this multiplicatively structured form. The form
n € Q*(R™) can be uniquely written as a linear combination of forms that do not
contain dt, that is, forms f(t,t,...,tn)q Nn-1, Where 7,1 € Q*(R" 1), and forms
that do contain dt, that is, forms f(¢,to,...,t,)dt A ¢*np—1. In the former case,
T (f(Et2, ) 1) AQ Yy = [ty ta, - ) (Q7 A 1) A Q7 5Y
- f-Qa

with @ = An,-1 A73y. Thus K (w) =0 in this case. In the case where 7 contains dt,

w=m1(f(tta, . tn)dEAG 1) AQ Ty = f(E,t2, ..., tn)dEA QF (Rt A T57Y)
so that

w

K(w) =g(t,t2,...,tn) Q" (A{1Mn-1 A 737) = 71 (9" NMn-1) A T3,
which is multiplicatively structured. We have thus constructed a homotopy oper-
ator Kps @ Qys(R™) - Q55 (R™) satisfying equation (4) for the restricted maps
(3). Since S*Q* =1id, S* and @Q* are thus chain homotopy inverse chain homotopy
equivalences through multiplicatively structured forms. ([l

Let So: F = {0} x F - R" x F be the inclusion at 0. The equations 71 0 Sy = ¢,
79 0 Sp = idp hold, where ¢y : F - R”™ is the constant map co(y) = 0 for all y € F.
Thus, if n € Q*(R™) and v € Q°*(F'), then

n(0)y, if degn=0

Se(minATsy)=con Ay =
o(minAT3Y) =conny {07 if degn > 0.

The inclusion Sy induces a map Sj : Q%,s(R") — Q°*(F). The map 735 : Q*(F) -
Q*(R™ x F) restricts to a map 73 : Q*(F) — Qf,s(R"), as

T3y =1Am3y=mi(1) ATy



20 MARKUS BANAGL

Proposition 3.10. The maps

ss
Qus(R") —~ Q% (F)

*
T2

are chain homotopy inverses of each other and thus induce mutually inverse isomor-
phisms
55
. . e .
H* (s (R")) —~ H*(F)
™5

on cohomology.

Proof. The statement holds for n = 0, since then Sy : {0} x F' - RY x F is the identity
map, 72 : R® x F' > F is the identity map, and Q%,5(R?) = Q*(F). For positive n, we
factor Sy as

F=R'xFER'xF3 SR'«xF
and w9 as
R'xF-LRIxF-S LR F=F
The statement then follows from Proposition 3.9 by an induction on n. O
Proposition 3.11. The inclusion Q5,g(R™) c Q*(R" x F) induces an isomorphism
H* (s (R")) = H* (R x F)
on cohomology.
Proof. The factorization
Qs (R) > O (R"  F)
S*
Sy 0 i
0 (F)
induces the diagram
H* (Qys(R™)) — H*(R" x F)
S*
Sy 0 i
H*(F)

on cohomology. The diagonal arrow is an isomorphism by Proposition 3.10. The
vertical arrow is an isomorphism by the homotopy invariance (Poincaré Lemma) of
de Rham cohomology. Thus the horizontal arrow is an isomorphism as well. O

Proposition 3.12. For any U,,...q,, the inclusion

../\/IS(UOLO---O%) > Q.(p_onzo-,.ak)

induces an isomorphism on cohomology (with respect to the de Rham differential d).
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Proof. Put V = U,,...ap- Since U is a good cover, there exists a diffeomorphism
1V — R"™. We obtain a commutative diagram

XidF

Pa
p (V) ;0 Vwa R" x F

|

1

<

The induced isomorphism

. b 0(wxid)” L
PR < F) ———>Q(p~ (V)

restricts to a map
05, 0(¥xid)”

Vs (R™) Qs (V).

as
Gao (W xAd)" Dominy Amsy; = ¢n, Yo (W xid) min; A (¥ xid) 73y,
= P 2T (W ;) ATy € Qys(V).
The restricted map is again an isomorphism, since an element
Doy 2,105 ATY5 € Lius(V),
1nj € Q(V), 5 € Q°(F), is the image ¢}, (¢ xid)* L a7 ((¢71)*n;) A 755, with
o (W) ) Amsyy € Qs (R™).
The commutative square

90 (uxid)*
Dys(R") ———= Vs (V)

65, 0(wxid)*

Q' (R" x F) Q(ptV)
induces a commutative square
H*(Qys(R™) —— H*(Qys(V))
H*(R" x F) —=—— H*(p™'V)

on cohomology. By Proposition 3.11, the left vertical arrow is an isomorphism. Thus
the right vertical arrow is an isomorphism as well. (|

Since d and & on C*(8k; 2%, 5) Were obtained by restricting d and § on C*(p~'tl; Q*),
the natural inclusion C*(8; Q%) = C*(p~'4l; Q*) is a morphism of double complexes.

Theorem 3.13. The inclusion Q5,5(B) < Q°*(E) induces an isomorphism
H*(Qs(B)) — H*(E)

on cohomology.
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Proof. By Proposition 3.12, the morphism C*(4;Q%,s) = C*(p~*44Q°) of double
complexes induces an isomorphism on vertical (i.e. d-) cohomology, since
Hc.l(ck(u’ Q:\AS)) = HJ(H Q../\/IS(UOéo--.Otk )) = H H.(Q;\/IS(UQOWOUC ))

and

Hy(C*(p™':2%)) = Hy([T2° (07 Uao..0n)) = [TH (L (07 Vasg.))-
Whenever a morphism of double complexes induces an isomorphism on vertical (d-)
cohomology, then it also induces an isomorphism of the D-cohomology of the respec-
tive simple complexes. Thus C*(Q%,s) — C*(p~'4;Q°) induces an isomorphism
H*(Cys(W1), D) = H*(C*(p~'4), D). Since the diagram

Q;\AS(B)*T>CO(L(§QJ\AS)

Q*(B) —= CO(p14,02%)
commutes, we get a commutative diagram
H* (Q5(B)) — > H*(Cys(41), D)

o

H*(E) T H(C*(p'4l), D).

By Proposition 3.7, r* is an isomorphism, while by Proposition 3.8, 7* is an isomor-
phism. Consequently, H*(Q%,s(B)) — H*(FE) is an isomorphism as well. O

4. TRUNCATION AND COTRUNCATION OVER A POINT

Let F be a closed, oriented, m-dimensional Riemannian manifold as in Section 3.
We shall use the Riemannian metric to define truncation 7.; and cotruncation 75 of
the complex Q°(F). The bilinear form

() (F)xQ(F) — R,
(w,m) = fF W A *1,
where * is the Hodge star, is symmetric and positive definite, thus defines an inner
product on Q°*(F). The Hodge star acts as an isometry with respect to this inner
product, (*w, *n) = (w,n), and the codifferential
d* = (_1)m(r+1)+1 I QT(F) . Qr—l(F)

is the adjoint of the differential d, (dw,n) = (w,d*n). The classical Hodge decomposi-
tion theorem provides orthogonal splittings

O (F) imd* @ Harm" (F) & imd,
kerd = Harm'(F)@®imd,
kerd* = imd" ®Harm"(F),

where Harm" (F') = kerd nker d* are the closed and coclosed, i.e. harmonic, forms on
F'. In particular,
Q' (F)=imd" @ kerd = kerd* @ imd.

Let k be a nonnegative integer.



A DE RHAM COMPLEX DESCRIBING INTERSECTION SPACE COHOMOLOGY 23
Definition 4.1. The truncation 7<Q°*(F) of Q°(F') is the complex
k-1
Tk QN(F) = — QF2(F) — QF1(F) L imd"™ —0—0— T
where im d*~! c QF(F) is placed in degree k.

The inclusion 7.£Q*(F) c Q°(F) is a morphism of complexes, since

QkF*dk>Qk+1F

I

imdk! ——0

commutes. The induced map on cohomology, H" (7<xQ°F) — H"(F), is an isomor-
phism for r < k, while H" (7xQ°F) = 0 for r > k. Using the orthogonal projection

proj : Q¥(F) = kerd* @ imd - imd,

we define a surjective morphism of complexes

Q'(F):~--—>Qk72(F)%Qkfl(F)d:Qk(F)4>Qk+1(F)4>"'

gkt

T QN (F) = = QF2(F) — Q" Y(F) = imdh! ——= 0 ——

(Note that projod*~! = d*~1.) The composition

T (F) > Q°(F) 5 7.,0°(F)
is the identity. Taking cohomology, this implies in particular that proj* : H"(F) —
H" (7<1Q°F) is an isomorphism for r < k. We move on to cotruncation.

Definition 4.2. The cotruncation 1-pQ°(F) of Q°*(F) is the complex

k k+1
Tsz.(F) =i —5 0 — 0 —> kerd” d_|> Qk+1(F) d_) Qk+2(F) —

where ker d* c QF(F) is placed in degree k.

The inclusion 75,Q°*(F) ¢ Q°(F) is a morphism of complexes. By construction,
H"(15Q°F) = 0 for r < k. There are several ways to see that 7,Q°*(F) = Q°(F)

induces an isomorphism H" (75;,Q°F) = H"(F) in the range r > k. One way is to
compare 75,2 (F') to the standard cotruncation

dk+1

k
FpQ(F) = —> 0 —> 0 —> cokerd** L QM 1(F) L QF*2(F) — ..

9

for which the canonical morphism Q°*(F') - 75,Q°*(F) induces an isomorphism H" (F') —
H"(7%,Q°F) when r > k. The inclusion ker d* ¢ QFF induces an isomorphism

+ kerd*®imd B QFF

kerd* — - _ = coker d*71,
imd imd
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which extends to an isomorphism of complexes

k
Tsz.F =i >0 kerdx— d Qk+1(F) . Qk+2(F) e e

T

FZonF:_“%O;)COkerdk,l%Qlﬁl(F);)QlﬁQ(F);)....

The commutativity of

Tzkﬂ. = ’%{ZkQ.F

7

Q°F
shows that 75,Q°F < Q°F' is a cohomology isomorphism in degrees r > k. Alterna-

tively, one observes that
H*(11,Q°F) = kerd nkerd* = Harm" (F) = H* (F)

and

ker d**t ker d**1 _ kerd"*!
d*(kerd*)  dF(kerd* ®@imdkF-1)  imdk
The kernel of proj : Q°(F) - 7, Q°F is precisely 75,Q°(F). Thus there is an exact
sequence

(5) 0> 7pQ°F — QF — 740F - 0.

(The associated long exact cohomology sequence gives a third way to see that 75, Q°*F —
Q°F is a cohomology isomorphism in degrees r > k.)

A key advantage of cotruncation over truncation is that 7o5Q°F is a subalgebra
of Q°F, whereas 7.,2*F is not. This property of cotruncation will entail that the
cohomology theory HI5(X) has a p-internal cup product for all p, while intersection
cohomology does not.

Proposition 4.3. The complex 7,Q°F is a sub-DGA of (Q°(F),d, ).

Proof. Tt remains to be shown that if w,n € 75,Q°F, then wAn € 7, Q°F. Let p>0
be the degree of w and ¢ > 0 the degree of . If p+¢q > k, then (75,Q°F)P*e = QP*I(F)
and there is nothing to prove. If p + g < k, then both p and ¢ are less than k. In this
case, (Ts,Q°F)P =0 = (7£Q°F)? and wAn =0 € 75,Q°F. Suppose p+¢q = k. If one
of p,q is less than k, then wAn =0An=0o0r wAn =wA0 =0 and the assertion
follows as before. If p,q > k, then k = p+ ¢ > 2k implies kK =0 =p =¢q. But for k =0,
d*=0:QF - Q'F =0 so that kerd* = Q°F. Thus for functions w,n € Q°F, we have
waneQO(F)=kerd" = (1o, Q°F)P*a, O

Hk+1(7_2kQ.F) _ _ Hk+1(F)

Proposition 4.4. The isomorphism type of T-,2°F in the category of cochain com-
plexes is independent of the Riemannian metric on F.

Proof. Let g and ¢’ be two Riemannian metrics on F, determining codifferentials

dy,d;,, harmonic forms Harmg(F), Harmg, (F'), and cotruncations 77, Q°F, TZE’,;Q'F.

We observe first that D := d*(kerd}) = d* (ker dy), as follows from
d* (kerd;) d*(imd" " @ kerd}) = d"(Q"F)
d*(imd" " @ kerd,) = d* (ker d},).
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Furthermore, as harmonic forms are closed,
ke ke k k
d(imdy) = d"(imd; ® Harm,(F")) = d" (kerdy)
k * ko: * k ko: *
d*(kerdy, ) = d*(imdy, & Harmg, (F')) = d”(imdy, ).

Let
dy:imd) — D, dy :imdy, — D
be the restrictions of d* : Q¥ F - QF*1 F to im dy and imd7,, respectively. By the above

observations, d, and dy are surjective. Since the decomposition OFF =im dy @ ker d*
is direct, d, and dg are injective, thus both isomorphisms. Since F' is closed, the
inclusions Harmj (F'), Harmg, (F') ¢ Q*(F) induce isomorphisms

hg : Harm! (F) = H*(F), hy : Harm!, (F) — H"(F).
Define an isomorphism « : ker dy — kerd}, by

. djdg®h thy x
. * _ s * . * _ *
K kerdy =imd; ® Harm, (F') ———— imd}, ® Harmg, (F') = ker d;,.

For aeimdy, B € Harmg(F), we have
d* k(o + B) = d*dy dg(a) + d*hy he(B) = dg(a) = d" (o + B),

since harmonic forms are closed, which verifies that

ker dg A Ok p

ker d, e Qk+1p

commutes. This square can be embedded in an isomorphism of complexes

Tng'F .. 0 ker d QOF1p QF 2
ng];Q-F - ——= () —— ker d;/ — Qk+1F Qk+2F

Lemma 4.5. Let f: F — F be a smooth self-map.
(1) f induces an endomorphism f* of T<xQ°F.
(2) If f is an isometry, then [ induces an automorphism f* of T Q°F.

Proof. (1) Since f* : Q°F - Q°F commutes with d, f* restricts to a map f*| :
imd*! - imd* 1.
(2) If f is an isometry, then it preserves the orthogonal splitting Q*F = imd*™! @

ker d*: For an isometry, one has f*o% =e-*o f* with e = 1 if f is orientation preserving
and € = -1 if f is orientation reversing. Thus

J* of* _ (_l)m(k+1)+1 *d*f* _ (_l)m(k+1)+1€. *df* "
_ (_l)m(k+1)+16_ *f*d* _ (_1)m(k+1)+1€2 . f* v d*
- pred
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which implies f*(kerd*) c kerd*. The preservation of im d*~! was discussed in (1).
The restriction f*|:kerd* — kerd* continues to be injective, and is also onto: Given
w € kerd*, there exist o € imd, § € kerd* such that f*(a + ) = w, since f*: QFF —
QOFF is onto. Then f*a =w—f*f e kerd* and f*« € imd so that f*a € kerd*nimd = 0.
Therefore, f*3 =w and f*|:kerd* — kerd” is surjective. O

5. FIBERWISE TRUNCATION AND POINCARE DUALITY

5.1. Local Fiberwise Truncation and Cotruncation. Let F be a closed, ori-
ented, m-dimensional Riemannian manifold as in Section 3. Regarding R" x F" as a
trivial fiber bundle over R™ with projection 7y and fiber F', a subcomplex Q% ,5(R") c
Q*(R™ x F') of multiplicatively structured forms was defined in Section 3 as

Dus(R") = {w e Q*(R" x F) |w =3 min; Amv;, nj € Q(R™), 75 € Q°(F)}.
J

We shall here define the fiberwise truncation ftoj, Q%,5(R™) c Q%,5(R™) and the fiber-
wise cotruncation ftyi, Q%5 (R™) c Qs (R™), depending on an integer k. Analogous
concepts for forms with compact supports will be introduced as well. In Section 4, a
truncation 7.;Q2*(F') and a cotruncation 7512° (F') were defined using the Riemannian
metric on F. Define

fter Qs (R") = {weQ'(R”xF)|w:27rf77j/\7r§'yj,
J

n; € Q*(R™), v € T Q°(F)}.
The Leibniz rule
(6) d(min Amay) = m (dn) Aoy £ myn Am(dy)
shows that ft.; Q5,s(R™) is a subcomplex of Q% ,s(R™). Define
fro Qs (RY) = {we QR F) [w= Yrin A,
J

05 € Q*(R™), v; € =1 Q°(F)}.

Again, this is a subcomplex of Q5 ,s(R™). Similar complexes can be defined using
compact supports. We define the complex 5, SVC(R") of multiplicatively structured
forms with compact supports on R™ x F' to be

Vs o(R") ={w e Q(R" x F) | w = Y min; amsy;, n; € QUR™), 5 € Q°(F)}.
J

Since dn has compact support if 1 does, formula (6) implies that Q% .(R") is a
complex. It is in fact a subcomplex of Q8 (R™ x F'), as w1 A7y has compact support
if 7 has compact support in R™. As above, fiberwise truncations and cotruncations

ftar Qs o (R") € Vs o(R™) 2 ftor Qs (R™)
are defined by requiring the 7; to lie in 7 Q°(F") and 75,Q°(F'), respectively.
5.2. Poincaré Lemmas for Fiberwise Truncations. Let
s:R"T SR, SR ' xFoR"xF, ¢:R" — R, Q:R"xF —R"'xF

be the standard inclusion and projection maps used in Section 3. The formula
S*(minaryy) = mi (s n)ATsy, v € T (F), shows that S* : Q% s (R™) - Q% s(R™™)
restricts to a map

S* g, Qs (R™) — ftop QJ\AS(R"*I).
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The formula Q* (7{nAn3y) = m7 (¢*n) Amsy, shows that Q* : Q% s(R™™) — Q% s (R™)
restricts to a map

Q* : oy Vs (R™H) — g, Q%5 (R™).

Lemma 5.1. The maps
foar Vs (R™) o Qs (R™1)
Q*
are chain homotopy inverses of each other and thus induce mutually inverse isomor-
phisms

He (foar Qs (R™)) Z— H* (ftr Qs (R™))
Q*
on cohomology.

Proof. Let Kps : Qs (R™) = Q55 (R™) be the homotopy operator defined in the
proof of Proposition 3.9. In that proof, we have seen that Kxss applied to a form
w = min A5y yields a result that can be written as min’ A w37 for some n’. Thus
K s does not transform v and if v € 7, Q°F, then 7in’ A 15y = Kpms(w) again lies
in ftop Q5 (R™). Thus Ks restricts to a homotopy operator

Kps : foap Qs (R™) —> (ftag, Qs (R™))"

satisfying K apsd + dK pms =1d-Q*S™. Thus Q*S™ is chain homotopic to the identity
on fte, Q% g(R™). Since S*Q* = id, S* and Q* are thus chain homotopy inverse
chain homotopy equivalences through fiberwise truncated, multiplicatively structured
forms. O

As in Section 3, let Sy : F'= {0} x F = R" x F be the inclusion at 0. If v € 7., Q°*(F),
then

Si(rinasin - {10 ot

lies in 7., Q°(F) for any n € Q*(R™). Thus Sj : Q%,s(R"™) - Q°(F) restricts to a map
SOttt Qs (R™) — 7 Q° (F).

The map 75 : Q°(F) - Q5 (s(R™) restricts to a map
75 Tk (F) = foeg Qs (R™)

by the definition of ft.; Q%5 (R"™).

Lemma 5.2. (Poincaré Lemma, truncation version.) The maps

So
ft<k Q'.AAS(RTL) - T<kQ.(F)

*
T2

are chain homotopy inverses of each other and thus induce mutually inverse isomor-
phisms

% H™(F), r<k

H (ftep Qi s(R™)) ——— H" (1 Q°(F)) = {O (F), >k

T2

on cohomology.
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Proof. The statement holds for n = 0, since then Sy and 75 are both the identity map
and ftog Q%5 (R°) = 7, Q°(F). For positive n, the statement follows, as in the proof
of Proposition 3.10, from an induction on n, using Lemma 5.1. ]

An analogous argument, replacing 7.xQ°(F) by mxQ°(F), proves a version for
fiberwise cotruncation:

Lemma 5.3. (Poincaré Lemma, cotruncation version.) The maps

S5
ftor Qs (R™) 71 Q°(F)
3
are chain homotopy inverses of each other and thus induce mutually inverse isomor-
phisms

*
To

S*
b n . > T . HT F ) TZk
H" (ftor Qs (R™)) _—— H"(1s1Q°(F)) 3{0 (F) <k

on cohomology.

In order to set up a Poincaré lemma for fiberwise cotruncation of multiplicatively
structured compactly supported forms, we need to discuss integration along the fiber.
Let Y be a smooth manifold and m : R¥ x Y — Y the second-factor projection.
Integration along the fiber R* of 7y is a map ma. : Q2(RF x Y) — Q27#(Y") of degree
~k, given as follows. Let t = (t1,...,tx) be the standard coordinates on R¥ and let
dt denote the k-form dt = dty A - Adtj,. A compactly supported form on R¥ x Y is a
linear combination of two types of forms: those which do not contain dt as a factor
and those which do. The former can be written as f(t,y)dt;, A Adt; AT57y, <k,
and the latter as g(t, y)dt A3y, where v € Q2(Y), y is a (local) coordinate on Y, and
f,g have compact support. Define 7, by

. (f (8 y)dtsy A Adty, ATY) 0 (r<k),
mo (gt y)dinmsy) = ([ gdtrdin) .

This is a chain map ma, : Q2(R* x V) — Q27%(Y), provided the shifted complex
Q2% (Y) is given the differential d_ = (-1)*d. For w € Q2(R* x V), one has the
projection formula

Tow (W ATEY) = (Toxw) Ay.

In particular, for a multiplicatively structured form involving the pullback of 7 €
Q2(R*), we obtain

o (M1 ATRY) = Tau (T17) A Y-

Applying this concept to our my : R” x F' — F, we receive a map ma, : Q0(R” x F) —
Q*7"(F), and, by restriction, ma. : Qums,(R™) - Q" (F).

Lemma 5.4. For we Qs (R") and v e Q""" (F), the integration formula

[RnXFw/\WQ’}/: /F(TFQ*OJ)/\"/
holds.
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Now suppose that v € 75,Q°*(F) and degn = n, so that 7y ATy lies in fty Q;\,t&c(R").
Then

mau(einamiy) == )
lies in 75,Q°(F) as well. Thus integration along the fiber restricts to a map
Tax t foop Qs (R™) — (1o Q°(F))*".

Choose any compactly supported 1-form e; = e(t)dt € QL(R') with

[:c’ e(t)dt = 1.

n
e=e1NegN--Nejp= HE(tz)dtl /AEN /\dtn
=1

Then

is a compactly supported n-form on R™ with f]R" e =1. A chain map
o0 0 (F) — Qs (R7)
is given by e, (y) = mfe A7, since
de.(v) =d(riennyy) =y (de) amsy+(-1)"miennsdy = (-1)"mieansdy = e (d_pn7Y).
By definition of fty; Q55 .(R"), e, restricts to a map
et (o (F))*7" — ftor, Qs (R™).

Lemma 5.5. (Poincaré Lemma for Cotruncation with Compact Supports.) The maps

2%
ftor Livys (R™) 7 (74 Q0 (F))* "
€y
are chain homotopy inverses of each other and thus induce mutually inverse isomor-
phisms

HY (ftar g o(R™) = H (rap 2 (F))*") =

€x

H™(F), r-n>k
0, r-n<k.

on cohomology.

Proof. The plan is to factor w2, and e, by peeling off one R'-factor at a time. Each
map in the factorization will be shown to be a homotopy equivalence. Let M be the
manifold M = R ! x F so that R? x F = R' xR™" ! x F = R' x M. The coordinate on the
R!-factor is t;, coordinates on the R™*-factor will be u = (t,...,t,) and coordinates
on F will be y. We shall also write 2 = (u,y) for points in M. Let m: R x M — M
be the projection given by 7 (¢1,z) = x.

Step 1. We shall show that integration along the fiber of 7, 7, : Q3(R! x M) —
Q271 (M), restricts to the complex of fiberwise cotruncated multiplicatively structured
forms. Let min A w3y € ftor Qs (R™) be a multiplicatively structured form, 7 €
QP(R™), v € 15£Q°(F). The p-form n can be uniquely decomposed as

n=> fr(ti,u)dur + Y g;(t1,u)dty Aduy,
I J

dur =dt;, A Adt;,, duy=dt; A Adt

Jp-17
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where I ranges over all strictly increasing multi-indices 2 <4y <ia <...<i, <m and J
over 2 < j; < ja <...<jp-1 <n. The functions f; and g; have compact support. As
the terms 77 (fr(t1,u)duy) A w3~y do not contain dtq, they are sent to 0 by m,. Let

R IRl R

be the standard projections 7 (u,y) = u, To(u,y) =y, and set

+o00
G(u) = [ g (t1, w)dts.

The map 7, sends the term
71 (gs(tr,u)dty Adug) Amyy = gy (ty,u)dty Am* (T dug A7)
to
Gy(u) - (Fiduy ATy) =71 (Gr(u)duy) AT,
which lies in (ftsg Q;\AS’C(R”_l))'_l. Thus 7, restricts to a map
T ftor Qs (R™) — (Ftor Vs (R™1))"7

Step 2. We shall construct a candidate e;, for a homotopy inverse for 7, and
show that it, too, restricts to the complex of fiberwise cotruncated multiplicatively
structured forms. We define a chain map ey, : Q271 (M) — Q2(R! x M), that is,

e1s tQTH R X F) — Q(R" x F),

by e1.(w) = e; A 7*w. By construction, 7. o e1, = id. (Recall that [z, e, =1.) The
equations T oy =7 oW, Ty om = 7o hold, where 7 : R x R™ ! - R™! is the standard
projection 7 (t,u) = u. The image of a form Tyn AT5vy € (ftog Q;\AS’C(R"‘l))“l, ne
Q2 (R™1Y), v e 7, Q% (F), under ey, is

e (TNATEY) = el AT (TINATYY)=el AT T AT Ty
= e AmATpATLY =7 (er ATTN) AT,
which lies in ftor, Q55 .(R™). Thus eq. restricts to a map
ers  (ftok Viys (R — foop Qs (R™).

Step 3. We shall show that ej,7, is homotopic to the identity by exhibiting a
homotopy operator K : fto; Q%5 .(R") — (ft2x Q;\/ts,c(Rn))._l such that

(7) id-ej.my =dK + Kd

on fto Vs, .(R™). First, define K : Q2 (R x M) — Q271 (R! x M), that is,
K:QR"x F) — QY (R" x F),

by

K(f(ty,z) 7" p) 0,
K(g(ty,z)dty am™p) = (G(tr,2) = Ex(t1)G (o0, 2)) - 7" pt

where

G(ty,x) = [: g(r,2)dr, E1(t1) = /tl er.

—o00

Equation (7) holds on Qf(R' x M). Let 7in A5y € ftop Qs (R™) be a multi-
plicatively structured form, n € QP(R™), v € 75,Q°*(F). The basic form 7 is again
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decomposed as in Step 1. As the terms 7y (f7(¢t1,u)dur) A 75y do not contain diy,
they are sent to 0 by K. With
Hy(t1,u) = Gy(t1,u) - E1(t1)G (o0, u),
which has compact support, K maps the terms
71 (g7t u)dty Aduy) Amyy =gy (t,u)dty AT (FTdug AT3Y)
to
Hy(ti,u) " (Fiduy A7) = Hy(t,u) - miduy Amyy = mp (Hy(t,w)duy) Ay,
which lie in (fts, Q%5 (R™))*"". Consequently, K restricts to a map
K o Qs o (R™) — (ftor Qs o(R™))
By equation (7), it is a homotopy operator between
e1xTx ¢ ftog Wys (R™) — fto, Qs (R™)

and the identity.

Step 4. By Step 3 and 7.e1, =id, the maps
ftor Qs (R™) (7; (ftsk (2;\,1‘970(]1%”‘1))"1
€1x%
are mutually chain homotopy inverse chain homotopy equivalences. As n was arbi-
trary, we may iterate the application of these maps and obtain homotopy equivalences
ftor igs o (R™)

et |

(ftor Qs (R"71))*!

e} |7

(ftor Qs o (R"72))* 7

(Ft2r Qs (RY))* 7

e} |

(ftar Digs,o(R)) " = (e 2°(F))* "
Let 7} denote this n-fold iteration of 7. and ef, the n-fold iteration of e;.. Since, as
is readily checked, 7} = w2, and ef, = e,, the lemma is proved. ]

5.3. Local Poincaré Duality for Truncated Structured Forms. The Poincaré
Lemmas of the previous section, together with the integration formula of Lemma
5.4 imply local Poincaré duality between fiberwise truncated multiplicatively struc-
tured forms and fiberwise cotruncated compactly supported multiplicatively struc-
tured forms, as we will demonstrate in this section. Given complementary perversities
p and ¢, and the dimension m of F', we define truncation values

K=m-p(m+1), K*=m-g(m+1).



32 MARKUS BANAGL

The bilinear form
Q" (R"x F)xQF™T"(R"xF) — R
(w,w") = frepwn

restricts to [ : Qs(R™) x QR{E"(R") — R and further to

(8) f : (ft<K Q;\AS(RH))T « (ftzK* Q;\AS,c(Rn))nerﬂ” LR
Stokes’ theorem implies:

Lemma 5.6. The bilinear forms (8) induce bilinear forms
[ H (e Qs (R™) x H™" 7 (Bt Qs o(R™)) — R
on cohomology.
Lemma 5.7. Integration induces a nondegenerate bilinear form
H' (rex Q°(F)) x H™ " (12 Q°(F)) — R.

Proof. If r > K, then H" (1< 2*(F')) = 0. The inequality r > K implies the inequality
m—r < K*. Thus H" " (12 x+Q°(F)) = 0 as well and the lemma is proved for r > K.
When r < K, then H" (7<xQ°*(F)) = H"(F). The inequality r < K implies m —r >
K*. Hence H™ " (1o x+Q°(F)) = H™"(F). Classical Poincaré duality for the closed,
oriented m-manifold F' asserts that the bilinear form

H'(F)x H""(F) — R
([w], [n]) > Jpwan

is nondegenerate. O
Lemma 5.8. (Local Poincaré Duality.) The bilinear form

[+ H ftre Qs (R) x H™ ™7 (o Qs o(R™)) — R
s mondegenerate.

Proof. By Lemma 5.7, the map

H'(regQ*(F)) — H™ " (rop-Q°(F))T,

[W] = fF -A w,
is an isomorphism. We have to show that the map
H' (ftere Qys(R"))  —  H™ " (ftoie Qs (R™))T,
[(U] ind fR”xF - AW,

is an isomorphism. By the Poincaré Lemma 5.2,

7wy H' (rex Q°(F)) — H' (ftex Qs (R™))

is an isomorphism. According to the Poincaré lemma for cotruncation with compact
supports, Lemma 5.5,

Taw t H™ ™ (fts e Qs o(R™)) —> H™ (1= Q°(F))
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is an isomorphism. The desired conclusion will follow once we have verified that the
diagram

H" (ftex Qs (R™)) : H" (1< Q*(F))

)

H™ M (fts g Qs o(RM))T <= H™ 7 (oo Q0 (F)Y
T

commutes. Commutativity means that for v € 7<xQ*(F) and w € fts e+ Q55 (R™),

the identity
f w/\wg'y:fﬁg*o.)A’y
RxF F

holds. This is precisely the integration formula of Lemma 5.4. O

5.4. Global Poincaré Duality for Truncated Structured Forms. Let F - F LA
B be a flat fiber bundle as in Section 3. The manifold F' is Riemannian and we now
assume that the structure group of the bundle are the isometries of F'. The smooth,
compact base B is covered by a finite good open cover U = {U,} with respect to which

the bundle trivializes. The local trivializations are denoted by ¢, : p 1 (Uy,) =, Uy xF,
as before. For an open subset U c B, we set

Dus(U) ={weQ(p'U) | Wlp-1(unw,) s a-multiplicatively structured for all a}.
A compactly supported version Qs .(U) is obtained by setting

Vs, (U) ={w e Q*(p7'U) | w =Y wa, supp(wa) cp™ (U nUa,),
wo = Gy, 2™ AT Mj € QU NUa), ;€ Q°(F)}.
J

Note that this is consistent with our earlier definition of Q%,s .(R") for U = R™.
This complex is indeed a subcomplex of Q2(p~1U), since supp(¥ wa) € Uy supp(wa ),
the finite union of compact sets is compact, and a closed subset of a compact set is
compact. For any integer k, a subcomplex

fock Qs (U) € Qs(U)
of fiberwise truncated multiplicatively structured forms on p~1(U) is given by requir-

ing, for all «, every v; to lie in 7., Q°*(F'). This is well-defined by the transformation
law of Lemma 3.2 together with Lemma 4.5(1). A subcomplex

ftor Qs (U) € Qs (U)

of fiberwise cotruncated multiplicatively structured forms on p~(U) is given by requir-
ing, for all o, every v; to lie in 75,Q°(F"). This is well-defined by the transformation
law and Lemma 4.5(2). (At this point it is used that the transition functions of the
bundle are isometries.) A subcomplex

ft>x Ds (U) € Qs (V)
of fiberwise cotruncated multiplicatively structured compactly supported forms on
p ' (U) is given by requiring, for all a, every v, to lie in 75,Q°(F). Again, this is
well-defined. Let K =m-p(m+1), K* =m—g(m+1) be the truncation values defined
in Section 5.3. The bilinear form
YUy < (piU) — R
(w,w) = [Lapwaw
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restricts to [ : Qs (U) x QRE"(U) — R and further to

) ] ek Qs (U)) ¢ (ares Digs (U) 7 — R

Replacing R™ by U and R™ x F' by p U in the proof of Lemma 5.6, we obtain a
globalized version of that lemma:

Lemma 5.9. The bilinear forms (9) induce bilinear forms

[+ H (Btere Qs (U)) x B (ftarc Qs o(U)) — R
on cohomology.
Lemma 5.10. (Bootstrap.) Let U,V c B be open subsets such that
(10) [+ (Gase Qs (W) x ™ (i Qpgs (W) — R
is nondegenerate for W =U,V,UNV. Then (10) is nondegenerate for W =U U V.
Proof. We start out by showing that for any k € Z the map

ftar Vs (U) @ fto, Vs (V) — {1 Qs (UnV)
(w,7) = 7'|p-1(Unv) —w|p-1(Unv)

is surjective. Let {py, py } be a partition of unity subordinate to {U,V}. Given w in
ftar Qs (UnV), p*(pv)w is a form on U and p*(py)w is a form on V such that the
pair (—p* (pv )w, p* (pr)w) maps to w. We have to check that p*(py )w € ft, Q% ,5(U)
and p*(py )w € ftop Q5 5(V). Since

w|p*1(UmVﬁUa) = by Z TIN5 A T35
J

n; €U NV nU,), v, € Tk (F), we have
(" (P wava) = PV 05 2T ATy = dami(pv) - do 2N A TS
J J

= ¢i Y mi(pv - my) AT
7

which implies that p*(pv)w € ftor Q,s(U). The corresponding fact for p*(py)w
follows from symmetry. Thus the difference map is surjective as claimed.
Let us proceed to demonstrate the exactness of the sequence

(11) 0 = ftop, Qs (TUV) —> ft Qs (U) @ty Qg5 (V) — Fta Wys (UNV) > 0
at the middle group. Given w € fto;, Q5,5 (U) and 7 € ft, Q% 5(V') such that
cU|zrl(Um/') = T|p*1(Uer)a

there exists a unique differential form 6 € Q*(p™' (U U V)) with 8|,-1p = w, 8],-1v = T
We must show that § lies in ft, Q%,g(UuV) c Q*(p™ (UuV)). The restriction of w
to p™1(UnU,) can be written as

U U
wlp-1(UnU,) =¢;Z7Tf77i AT
i

nY e Q*(UnUy,), 7Y € 7.1.Q°(F). The restriction of 7 to p™1(V nU,) can be written
as

1% 1%
Tl (vaUa) = $a Zﬁfnj A 7T§'7j )
j
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n) € (VnU,), v, €7aQ(F). Therefore,
Slpr(uovynv.y = (P pu +p"pv) - O)lp-r (Uav. yupt (Vau.)
prou - @ o mng ATy 0 py - dn D ming Amyy
% J

Sa (i (pum ) Amsy + 25wt (pv) ) Am3a)),
1 J

which places § in ft, Q%,5(U u V). Thus (11) is exact at the middle group. Since
fte Q;\AS(U u V) — ftp Q;\AS(U) D ftop Q,./\/[S(V)
is clearly injective, the sequence (11) is exact.

Our next immediate objective is to create a similar sequence for cotruncated multi-
plicatively structured forms with compact supports. The sum of 3w, € fts1 Q% s,c(U )
and Y wy, € fto Qs (V) can be written as 3wy + L wy, = X(wa +wy,) with

supp(wa +w.,) © supp(wq) Usupp(w),)
c p N UNU)Uup ' (VAU =p ' (UuV)nU,)
and
Wo + W, = oa (DM ATEYi + 3T AT,
i J
ni € QU NUa), 0 € QUV nUa); i, 75 € 7212 (F). Since by extension by zero
DUNU) cR((UuV)nU,)2Q0(VnU,),
the forms 7; and 7; all lie in Q2((U uV) nU,). Consequently,
Zwa + Zw; € ftzk; Q../\/[S,C(U U V)
so that taking the sum of two forms defines a map
ftzk- Q../\/IS,C(U) ® ftzk Q;Vlsyc(v) —> ftzk Q,./VIS,C(U U V).
We claim that this map is onto. Given a form w € fts Q55 .(U U V), consider the
forms p* (py )w € Qo(p~U) and p* (pv )w € Q2 (p~ V). We have p*(pr)w = ¥ p* (pr)wa
with
supp(p” (pv)wa) < supp(p’pu) Nsupp(wa)
c p () np ' ((UuV)nU,) =p H(UNnU,)
and
P (pu)we = p"(pu) - ¢4 21N AT = 05 Y 1 (puny) A T3
J J
Since n; € Qe((UuV)nU,),
supp(pun;) € supp(pu) Nsupp(n;) cUn ((UuV)nlUa) =UnUs

is compact. Thus pyn; € Qo(U nUs,) and p*(py)w is an element in fto, Q55 (U).
By symmetry, p*(py)w lies in fto, Q%5 (V). The summation map sends the pair
(p*(pv)w,p*(pv)w) to (p*pu + p*pyv)w = w. The claim is verified. Given a form
w € ftop Vs (U N V), extension by zero v, = Qo(p™ (U nV)) - Q2(p~'U) allows
us to regard w as a form t,w € Q2(p~'U). We claim that this form lies in fact in
ftr Qs (U). This is obvious as 1w = ¥ t4wa and

Lato = Laby DTN A3 = b 3,71 (LaTly) A T35
J J
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where n; € Q(UnV nU,) and t,n; € Qo(U nU,). Similarly, we may regard w as a
form t.w € ftop, Q5 (V). Extension by zero thus defines a map

ftzk- Q;\AS,C(UOV) —> ftzk Q;\AS,C(U)@ftzk Q;\/I&C(V),
w o (mlw, lw),
which is clearly injective. We obtain a sequence
(12)
00— ftzk; Q’,/\/lS,c(UmV) —_—> ftzk Q;\/IS,(,(U)thZk Q}AS,C(V) i ftzk Q;\/IS,C(UUV) - 0.

Exactness in the middle follows from the exactness of the standard sequence
0 (UnV) — Q@ U)e (V) — Q@ (UuV)) >0,

since the unique form 7 € Q2 (p~"(UNV')) which hits a given (-w,w) € ftsr Q5 (V) @
ftor Qs (V) must actually lie in fto; Q%5 (U nV), which can be seen as follows:
We have compact supp(w) ¢ p"(Un V), and 7 = w|p-1wnvy. Let f: B - R be a
smooth function such that f =1 on the compact set p(suppw) and supp f cUnV is
compact. Then fop=1on suppw, so fop-w=w. Thus w=p*f-Yws =2 (p*f) - wa
with (p* f) - wa = ¢35 X; 71 (fn;) A3, Since

supp(fn;) csupp fnsuppn; c (UnV)n(UnUy,) =UnVnU,

is compact, we have fn; € Qo(UnV nU,). We have shown that the sequence (12)
is exact. The long exact cohomology sequences induced by (11) and (12) are dually
paired by the bilinear forms of Lemma 5.9:

fp—l(qu)

H' (ftog Qs(UUV))  ®  H™" " (ftage Qs (UU V)0 R

i T fp’l(U)

H™ (ftere Qs (U)) H™ 7 (f g0 Qs (U)o
®H" (ftoc (V) OH™ " (fts e Vs o (V) g

i !

H (ftage Qs (Un V) ®  H™ ™ (ftoge Qs (U NV))

N o

fp_l u
H ™ (ftege Qs (UuV)) ® H™ ™ (ft g Qs (U UTV)) OV

®

fpfl(Unv)
—_—

The proof of Lemma 5.6 on page 45 of [BT82] shows that this diagram commutes up
to sign. Since Poincaré duality holds over U,V and UnV by assumption, the 5-lemma
implies that it holds over U uV as well. O

Lemma 5.11. For U = B, the identities

Dus.o(B) = Vs (B), ftor Wyys (B) = ftor Qs (B)
hold.
Proof. Let w = Y w, be a form in ftyx Q;\AS’C(B). Thus supp(wy) € p Uy, wa =
o5 X ming ATy, where 0t € Q2(Us), 75 € 721 Q°(F). Since the support of wy is
compact and contained in p~*U,, we may apply extension by zero (& : Q(p~1U,) —»

Q%(E) to w,. The result is a form (fwq € ftsr Q5 5(B). Then the finite sum Y, tfwq =
w is in ftsg, Qg (B) as well.
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Let w be a form in fts;, Q%,s(B). This means that

Wy, = ba 2T AT
J

with 7 € Q*(Ua), 7§ € 726Q°(F'). Let {po} be a partition of unity subordinate to
i1 = {U,} such that p, has compact support contained in U,. Set wy = (p*pqa) - w.
Then w = (X p*pa)w = ¥, Wa,

supp(wa ) € supp(p*pa) Nsupp(w) c p~'(Ua) N E = p Uy,

Wa = ¢4 X571 (pa M) ATEYS,
with po - 7§ having compact support supp(pa - 7§) ¢ supp(pa) ¢ U,. Hence w €
ftr Qs . (B). Taking k negative, the first identity follows from the second. |

Proposition 5.12. (Global Poincaré Duality for Truncated Multiplicatively Struc-
tured Forms.) Wedge product followed by integration induces a nondegenerate form
H" (fteg Qs (B)) x H ™ (Tt g Qjys(B)) — R,
where n = dim B, m = dimF, K = m-p(m + 1), K* = m - g(m + 1), and p,q are

complementary perversities.

Proof. By Lemma 5.11, this is equivalent to proving that

H' (ftexc Qs (B)) x H™ ™" (ftarce Qs o(B)) — B
is nondegenerate. We will in fact prove that

H (s Qs (U)) x B (e Qs o(U) — B

is nondegenerate for all open subsets U c B of the form
S
U= LJl Ua%a;q
i

by an induction on s. For s =1, so that U = Uy,...q, = R", the statement holds by
Local Poincaré Duality, Lemma 5.8. Suppose the bilinear form is nondegenerate for
all U of the form U = Uf;ll Uag__.a; . Let V be a set V = Uag‘..a;g- By induction
hypothesis, the form is nondegeneraice for U and for

s—-1

s—-1
UnV = (U Uaé..,a; ) n Uocg...ags = U Uaé...a;_a‘é...a; .
i=1 i=1 : s

i

Since it also holds for V' by the induction basis, it follows from the Bootstrap Lemma
5.10 that the form is nondegenerate for

S
UuV = lL:Jl Uaé...azi‘
The statement for U = B follows as B is the finite union B =, U,. O

6. THE COMPLEX QI];

Let X™ be a stratified, compact pseudomanifold as in Section 2. We continue to use
the notation (M,0M), p: OM — B =%, F, N =int(M) as introduced in that section.
The link bundle p is assumed to be flat and has structure group the isometries of F.
Let b=dim B. The end E = (-1,1) xOM c N is defined using a collar. Let j: E &> N
be the inclusion and 7 : E — M the second-factor projection. To the bundle p one
can associate a complex Q% ,s(B) c Q*(9M) of multiplicatively structured forms as
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shown in Section 3. We define forms on N that are multiplicatively structured near
the end of N (i.e. near the boundary of M) as

Qopms(N) ={w e Q" (N) | j*w =7"n, some n e y,5(B)}.

Then Qf,,5(N) c Q°(N) is a subcomplex, since j*(dw) = dj*w = dn*n = 7*(dn) and
dn € Q45 (B). We shall show below that this inclusion is a quasi-isomorphism. Cutoff
values K and K™ are defined by

K=m-p(m+1), K*=m-g(m+1),

with p, ¢ complementary perversities. In Section 5, we defined and investigated a fiber-
wise cotruncation ftyr Q2%,5(B). Using this complex, we define a complex QI5(V)
by

QIZ(N) ={weQ*(N) | j"w =7"n, some n € ftsx Vy,5(B)}-
It is obviously a subcomplex of 3 ,,s(NN). The cohomology theory HI3(X) is the
cohomology of this complex.

Definition 6.1. The cohomology groups HI;(X) are defined to be
HI;(X)=H"(Q;(N)).

It follows from Proposition 4.4 that the groups HI3(X) are independent of the
Riemannian metric on the link, where the metric is allowed to vary within all metrics
such that the transition functions of the link bundle are isometries. Let Q3 ,,s(E) be
defined as Q3 (s(F) = {w e Q*(E) | w =7"n, some neNy,s(B)}.

Lemma 6.2. The maps
o5

Boms(E) —~ Qys(B)

are mutually inverse isomorphisms of cochain complexes, where o9 : OM - E =
(-1,+1) x OM is given by oo(z) = (0, ).

The proof of this is obvious. In Section 2.1, a complex Q3. (N) was defined by
oc(N) ={w e Q*(N) | j7w =7"n, some neQ*(IM)};
likewise, one has Q5. (E). In a similar vein as Lemma 6.2, we also have that

*
9o

e (B) " (01)

are mutually inverse isomorphisms of cochain complexes.

Proposition 6.3. The inclusion Q) ,,s(N) c Q*(N) induces an isomorphism
H* (Qpms(N)) = H*(N)

on cohomology.

Proof. The restriction map j* : Q3 s(N) = Qf,,s(E) is onto: Given a pullback
7N € QY s (E), extend a little further to E_5 = (-2,1) x OM by taking 7,7, where
-9 : (=2,1) x OM — OM is the second-factor projection, then multiply by a cutoff
function which is identically 1 on E, zero on (-2, —%) x M and depends only on the
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collar coordinate, not on the coordinates in M. Since the kernel of j* is Qg (NN),
we have an exact sequence
0= Qo (N) — Bus(N) — Qs (E) > 0.

Similarly, the restriction map Q§,(N) - Q- (E) is onto. Its kernel is also Q7 (N),
and we get a commutative diagram

0——= Q0 (V) ——= Qe (N) ——— Qe (E) —0

00— (V) —= B (N) — D s(E) —0.
By Lemma 6.2, o5 and 7* induce isomorphisms
S s (B) = Qs (B), Qe (B) = 0 (90),
and the square
Qe (B) == Q*(0M)

Qs (B) == Qys(B)
commutes. On cohomology, we arrive at a commutative diagram with long exact
rows,

Hig(N) —— Hjc(N) H*(0M) ——= H;j'(N)

| o

Hr.el(N) - HéMs(N) - H.(Q;\/[S(B)) - H°+1(N)~

rel
The vertical arrow H*(Q5,5(B)) - H*(OM) is an isomorphism by Theorem 3.13.
By the 5-lemma, Hj,,s(N) - Hj-(N) is an isomorphism. The inclusion Q3,(N) c
Q*(N) induces an isomorphism Hf,(N) — H*(N) by Proposition 2.5. Thus the

composition

HE.)MS(N) — Héc(N)

l;

11

H*(N)
is an isomorphism as well. O
For an open subset U c B, we set
R Q% (U
QW) = sl
ftzK QMS(U)

Lemma 6.4. Given open subsets U,V c B, there is a Mayer-Vietoris exact sequence
S HTQUU UV - H'QU) @ H'Q* (V) » H'Q(UnV) S H™1Q (U uV) > -

Proof. The arguments in the proof of Lemma 5.10 that establish the exactness of the
fiberwise truncation sequence (11),

0= ftog Qs (U U V) > ftei Qs (U) @ froge Qs (V) = frage Qs (U N V) >0
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also apply to show that there is an analogous exact fiberwise cotruncation sequence

because the fiber forms 'yj,viU ,'yJV appearing in these arguments may just as well
come from 75;Q°(F) instead of 7.1Q°*(F). There is a unique map Q*(UuV) —
Q*(U)® Q*(V) such that

0

fts i Qs (U U V)

Qs (U V)

Q*UuV)—0
v

0 = fto i Qs (U) @ ftox L5 (V) = Qys(U) @ Ly s (V) = Q*(U) @ Q*(V) =0

commutes and a unique map Q*(U) @ Q*(V) - Q*(U nV) such that

0 = fto i Qs (U)  fto e Qs (V) = Qs (U) @ L5 (V) = Q*(U) @ Q*(V) =0

i i

0 ——ftsx Qs (UNV) Qus(UnV)

v
Q(UnV)—=0
commutes. We receive a commutative 3 x 3-diagram

0 0 0

! i i

0 — ftox Q;\AS(UU V) = ftox Q;\AS(U) & fto g Q;\AS(V) — fto g Q,./\AS(UD V)y—=o0

! i \

0 —=Qys(ULV) Qs (U) © U5 (V) Qs (UNV) —=0

l i \

0—=Q*(UuYV) QU)o (V) — Q' (UnV) ——0

l | \

0 0 0

with all columns and the top two rows exact. By the 3 x 3-lemma, the bottom row is
exact as well. By the standard zig-zag construction, the bottom row induces a long
exact sequence on cohomology. O

For every open subset U c B, we define a canonical map
W+ ftek s (U) — Q°(U)
by composing
fta Qus(U) ™ Qus(U) = Q(0).
Our next goal is to show that vp is a quasi-isomorphism. To prove this, we will use
the following bootstrap principle:

Lemma 6.5. Let U,V c B be open subsets. If vy, yv and yyny are quasi-isomorphisms,
then yyov @S a quasi-isomorphism as well.

Proof. In the proof of Lemma 5.10, we had developed an exact Mayer-Vietoris se-
quence

H' (ftexe Qs (U 0V)) > H' (ftege Qs (U)) @ H' (Fee Wrgs(V)) >
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H (i Qs (UnV)) S

Mapping this sequence to the Mayer-Vietoris sequence of Lemma 6.4 via 7y, we obtain
a commutative diagram

H' (ftore Qs (U UV)) Touv H™Q*(UuV)

H" (foex Qs (U)) @ H (fteie Vs (V) — > H'Q*(U) ® H'Q*(V)

H" (ftere Qs (UNV)) Ll H'Q*(UnV)
a* a*
H™ (ftog Qs (UUV)) 1o H™Q*(UuV)
The 5-lemma concludes the proof. (]

Lemma 6.6. The map vp : ftox Q%,5(B) = Q*(B) induces an isomorphism
H*(ftex Qs (B)) — H*Q*(B)
on cohomology.

Proof. We shall show that ~;; is a quasi-isomorphism for all open U of the form
U= Z=U1 Uag.‘.a;i

by an induction on s, where {U,} is a finite good cover of B with respect to which
the link bundle trivializes. Let s = 1 so that U = Ugg...a, = R®. The inclusion
imd®~! c QF F induces an isomorphism
im dK-1 = ker d* @ im d¥ ! _ OFfF ’

ker d* (s Qe F)K

which can be extended to an isomorphism of complexes

g Q(F) = —= QK 2(F) = QF Y(F) — im X! —= 0 — =

) | | |

QF[rak O F = — QX 2(F) = QK 1(F) > 2 >0 — -

1

This isomorphism can be factored as

. incl o quot Q.(F)
g QN (F) = QN(F) — ———=.
T (F) B0 () B Sl

According to the Poincaré Lemmas 5.2 and 5.3, the restriction S; of a form on R? x F
to {0} x F' = F provides a homotopy equivalence Sj : ft<x Q%,s(R") = gk Q(F)
and a homotopy equivalence S : ftsx Q55 (R®) = kQ°(F). Taking K negative

in the latter homotopy equivalence (or K larger than m in the former), we get in
particular a homotopy equivalence

S5 Qs (RY) — Q°*(F).
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The map S induces a unique map
Q°(F)
L ] Rb - -~ 7
@ ( ) T>K Q'(F )
such that

0 — ftorc Qs (R”) — Qs (R”) —= Q*(R*) ——0

=15 =| S
v

00— g Q*(F) ———= Q*(F) e 0

commutes. This map is a quasi-isomorphism by the 5-lemma. By the commutativity
of

1

H*(ftere Qs (RY)) ——— H* (1< Q°(F))

- ] N
= H*(Q*(F

Yoo \H'(Q"MS(RI’))—> ) 1ot =

HQM(RY) ———— H* (2 (F) [ (F)).

n
[=F3

=F3

the map ~g» is a quasi-isomorphism. This furnishes the induction basis. Suppose
yu is a quasi-isomorphism for all U of the form U = Ui} Uag___a;. Let V be a set

V= UO‘S---%S' By the induction hypothesis, vy is a quasi-isomorphism and yyqy is a
quasi-isomorphism, as U n'V = U7} Uag ), a0 Since vy is a quasi-isomorphism
as well (s = 1), the bootstrap Lemma 6.5 implies that v,y is a quasi-isomorphism,
UuV = Ui, Uag...a;;i- The statement for U = B follows as B is the finite union
B=U,U,. |

Let D(R) denote the derived category of complexes of real vector spaces. The
exact sequence

0 — fto e Qyys(B) — Lys(B) — Q°(B) — 0

induces a distinguished triangle

fts i Y5 (B) Qus(B)
RN

Q*(B)

in D(R). Using the quasi-isomorphism g of Lemma 6.6, we may replace Q*(B) in
the triangle by ft.x Q%,5(B) and thus arrive at a distinguished triangle

(13) fto i Qs (B) Qs (B)

T

ftex Qs (B).
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On the basis of this triangle, we shall next construct a distinguished triangle

(14) QIF(N) Q2 s(V)
\ /
ftex Qs(B).
Since QI5(N) is a subcomplex of Q3 s(IV), there is an exact sequence
Bams (V)

0— QIZ(N) — Qs (N) — — 0.

QIZ(N)
The inclusion j : E < N induces a restriction map j* : Qf \,g(N) — Qf \(s(E),
which is surjective (cf. the proof of Proposition 6.3). This map restricts further to a
map j; : QIS (N) — QIS (E), which is also surjective. Based on Lemma 6.2, there
are isomorphisms

05 1 QW ms(E) — Qus(B), op : QI (E) — ftox Qys(B),
which induce a unique isomorphism

Ws(B) = Oys(B)

s . =Q*(B)
Qlﬁ(E) fts i QMS(B)
such that
. ° [0} E
0 QIS (E) Qs (E) Sﬁfé)) 0

aél; aglg e;

0 —— ftox Vs (B) —— Qs (B) —=Q*(B) ——=0

commutes. The surjective maps j* induce a unique surjective map
. Bms(V) o Qo ms(E)

QI3 (N) Qrs(E)
such that
. ° Q2 N
0 ——= QI(N) —= Q15 (V) gﬁf}v)) 0
J’Ei j*i Jv
0 = QI (F) = Q% s(E) Q5 ms(B) 0
P OMS QI(E)

commutes. Composition yields surjective maps
J =005, Iy =00dp, J =037
such that

° ° [0} N
0 QLN) o s (V) — el

5o

0 — ftor Qs (B) —— Qyy5(B) Q*(B) —=0

commutes. The kernel of both J* and Jli; is

ker J* = ker j* = O} (N) = ker j; = ker J;.
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We obtain a commutative 3 x 3-diagram

0 0 0
| i i
0 1 (N) === 01, (V) (j 0
0— m;l(m — %M£<N> Ty —0
J%J{ J*i 7*i
0 — ftaie W5 (B) —= W (B) Q*(B) —=0

l | |

0 0 0

with exact rows. Since the left hand and middle columns are also exact, the 3 x 3-
lemma implies that the right hand column is exact, too. This proves that J is an
isomorphism. Using the isomorphism

_ —% Q. (N) ~

1 IMS .

y J — ftex B
B ° QI (N) <k Lus(B)

in D(R) to replace the quotient in the distinguished triangle
QIZ(N) Q) pms (V)

N

Qms (V)
Qrs(V)

by ft<x Q5s(B), we arrive at the desired triangle (14). As the kernel of the surjective
map J; 1 QIS(N) - ftox Q% 5(B) is Q2 (N), there is also a distinguished triangle

(15) Qs (N) incl QIS(N)

R

ft>KQ

These triangles will be used in proving Poincaré duality for HI*(X).

7. INTEGRATION ON QII;

Lemma 7.1. Integration defines bilinear forms
i Qus(N) x Q3is(N) — R
(wmn) =  [ywan.

Proof. Let w e Q,5(N), 1€ Q53 s(N). By definition, there exists an r-form wg €

M s(B) and an (n —r)-form ny € QR 5(B) such that j*w = m*wg, 50 = 7. Note
that

J(wAan)=7"wAaj n=mwo AT e =7 (wo AMp) =0,

as wg A 1o is an n-form on the (n - 1)-dimensional manifold M. Consequently,

AN = AN+ i*(wAn) = A
/anfN_Ewn[EJ(w m= . wAn
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is finite, since N — E' is compact and w A7 is smooth on a neighborhood of N-FE. [
Since QI35 (N) is a subcomplex of 23 ,,5(V), we obtain in particular:
Corollary 7.2. Integration defines bilinear forms
f L QIN(N) x QI (N) — R
Lemma 7.3. For forms vy € (ftor Q% s(B))"" and no € (ftxxx Qy5(B))™ ", the
vanishing result faM vy Ao =0 holds.

Proof. Let {p,} be a partition of unity subordinate to i = {U,}, supp(pa) c Us
compact. Then {p,}, D, = paop, is a partition of unity subordinate to p~ 4 = {p~1U, }.
Since

Vo AMo = Po) VoANg = P Vo NNo = PVo N 1No,
fBMO Mo faM(ZPQ) 0N To Z[aMPao Mo Z/pianﬂao Mo

it suffices to show that
fpilUQ PaVo Ao =0

for all a. Let ¢ : p~ U, = U, x F be the trivialization over U,. Over U,, vy has
the form

V0|p‘1U,, = ¢; Zﬂf%‘ A T3,
=1

with v; € Q*(Uy), vi € o Q°(F), for 1 <i <k, degy; +deg~y; =7 -1, and 7o has the
local form

Molp-1v., = da Zl:lﬂfﬁj AT
with n; € Q*(Ua), 7, € o+ Q°(F), degnj];degﬁj =n-r, for 1 <j<[. We have
(Pav0)lp-10., = 05 Zﬂ(ﬂa%‘) AT Yis
i
where pov; € Q0 (U, ) has compact support in U,. Thus

— * * * * *—
.[p*1U PaYoNNo = fpilU ¢QZ7T1(PaVi)/\772%/\77177]‘/\”273'

i)[ 7 (pavi AMj) A5 (i A7)

i)f PalVi AMj - /'VZA'YJ

We claim that [~ A 7; =0, Wthh will finish the proof. Let D denote the degree
of 7;; we may assume that deg?y; = m - D (m = dim F'). If D < K, then ~; = 0, so
the claim is verified for this case. Suppose that D > K. Since K = m — p(m + 1),
K*=m-g(m+1), and p(m+1)+g@(m+1) =m-1, the inequality D > K implies that
m—D < K*. Hence 7; = 0 and the claim is correct in the case D > K as well. |

The next lemma would immediately follow from Stokes’ theorem if we knew that
v An has compact support in N.

Lemma 7.4. If v is a form in QI;""(N) and n is a form in QI?""(N), then
d(vAan)=0.
| dewam
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Proof. Set FEso = (0,+1) x OM c N, Nog = N — Esg. The compact manifold N¢g
has boundary 0 x M. There is a form vy € (ftox Q% s(B)) " and a form ny €
(ftsx+ Q5 s(B))"" such that j*v = 71y, j*n = m*no. Splitting the integral into
integration over Ny and F.g, and using Stokes’ theorem for Ny followed by an
application of Lemma 7.3, we obtain

[Nd(u/\n) ngod(VAn)+[E>0d(yAn)
./OXaM 0" (v An)+ wa dr™ (v Ano)

A + dm* A

fM Vo AN To f>0 (VO 770)
m*d A s

—/>o (VO 770)

g0 :OM =0x9M - E, wog = id. Now d(vg Anp) € Q"(OM) is an n-form on the
(n - 1)-dimensional manifold M, thus d(vo Ano) =0 and [, 7*d(vgAne)=0. O

8. POINCARE DUALITY FOR HII;

Proposition 8.1. The bilinear form of Corollary 7.2 induces a bilinear form
[ HIX)xHI}"(X) — R
([wl,ln)) =  [ywnan

on cohomology.

Proof. Let w € QIZ(N) be a closed form, let n € QI7™"(NN) be a closed form, let
w' e QIITY(N) and i’ € QIP"'(N) be any forms. Then [y d(w' A7) =0 by Lemma
7.4. Since 7 is closed, d(w’ An) = (dw’) An. Thus

f (w+dw)An= f w/\n+f (dw') Am = / WA.
N N N N
By symmetry, [ywA (n+dn') = [ywAn as well. O
Theorem 8.2. (Generalized Poincaré Duality.) The bilinear form
f LHID(X) x HIP"(X) — R
of Proposition 8.1 is nondegenerate.

Proof. By Proposition 6.3, the inclusion 03 ,,5(N) c Q°*(V) induces an isomorphism
Hj,s(N) — H"(N). Classical Poincaré duality asserts that

H'(N) — H (V) Wl [ wa-

is an isomorphism. By Proposition 2.9, the inclusion Q¢ (N) c Q2(N) induces an
isomorphism H"™"(N)! — H";"(N)'. Composing these three isomorphisms, we
obtain an isomorphism

(16) Hjps(N) — HET(N), [w] - /;vw A-.
The nondegenerate form of Proposition 5.12 can be rewritten as an isomorphism

(17) H' (ftex Qs (B)) — H" "tk Qs (B))',
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while the bilinear form of Proposition 8.1 can be rewritten as a map
(18) HT(QII;(N))—>H"’T(QI;(N))T.
The distinguished triangle (14) induces a long exact cohomology sequence
e H' (fter Qs (B)) = H(QUH(N)) = H' (o pms(N)) = H' (ftex Qus(B)) = -
The distinguished triangle (15) induces a long exact cohomology sequence

n-r . T (J;)T n-r . T incl*t n-r/coe T
= HY (fto e Qs (B))' — H*(QUG(N))T — H" 7 (Qy(N))" —

rel
H'™7 (e Qs (B))T —
Using the maps (16), (17) and (18), we map the former sequence to the latter:

(19) H (e Qs (B)) — = H ™ (s Qs (B))

| [

H™(QI(N)) ——— H™ " (QI3(N))

\L iincl”

H™(Q5(N)) ————— H" " (o, (N))f

rel

l i

H' (fter Qs (B)) ——> H" " (ftaie Qs (B))T

Let us denote the top square, middle square and bottom square of this diagram by
(TS), (MS), (BS), respectively. We shall verify that all three squares commute up to
sign. Let us start with (TS). We begin by describing the map
§: H™ ! (ftege Qs (B)) — H'(QU(N)).
Let ¢: QI;(N) = Q% \1s (V) denote the subcomplex inclusion and C*(¢) the algebraic
mapping cone of ¢, that is, C" () = QI (N) @ Qp \s(N) and d: C" (1) > C"™* (1) is
given by d(7,0) = (=d1,7 + do). Let
P:C*'(1) — QI};”(N)

P(r,o) = 7

be the standard projection and
Q% s (V)
- C* OMS
F00) — )

be the map given by f(7,0) = q(o), where
N Q% pms (V)
QI5(N)
is the canonical quotient map. The map f is a quasi-isomorphism. Recall that
7. Q3 s(NV) =, DVus(B)
QIZ(N) fto i Q%5 (B)

q: ms(V)

is an isomorphism given by restriction of a form from N to {0} x 9M = OM. The
quasi-isomorphism
s (B)

Dt Q5 B)— ——2 -~
B 1<k Ms( ) ftzKQ;\,ls(B)
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was defined to be the composition

° incl . o uot Q. (B)
ftex Qs (B) = Lus(B) = Mﬂéfi(B)
2K M ps

Let w € (ftex Q%s(B))"* be a closed form. Then d(ypw) = 0 as well. As A
is an isomorphism, there exists a unique element w € Q3 ,,5(N)/QI5(N) such that

T (w) = yp(w) and J (dw) = d(J w) = dys(w) = 0. The injectivity of J implies
that dw = 0 € Q9 5(N)/QU(N). Let @ € Q% s (N) be a representative for w so that
q(w) = w. From ¢(dw) = dq(&) = dw = 0 we conclude that dw € QI;(N). The element

c=(-dw,w) e C"' (1) = QUL(N) ® Qs (N)

is a cocycle, since dc = (d*w, —dw + dw) = (0,0). Furthermore, f(c) = ¢(@) = w and
hence 7*]"’(0) =T w = vp(w), i.e. c¢is a lift of yp(w) to a cocycle in the mapping
cone. Since P(c) = —dw € QI;(N), the element §(w) can be described as

d(w) = —dw.

(Note that this does of course not mean that d(w) represents the zero class in coho-
mology, since only dw is known to lie in QI5(V), but @ itself lies only in Q3 ,s(N),

not necessarily in QI3(N).) Since the restriction oqj* (@) of @ to {0} x M satisfies
e T Qs (B)

* ok _ J* =7 _ MS ,

07" @)] = 1T"@] =T a(@) = p(w) € £ 1o (B)

we have
a=05j" (W) —we ftsx Ns(B).
Thus the restriction of @ to {0} x IM equals w up to an element in ft; x Q5,5 (B).
Asw e QL s (), there exists an wy € Q5 (B) c Q"1 (OM) such that j*© = 7.
Let 7 € QI7"(N) be a closed form. There exists an 7y € (ftsx+ Q%,s(B))"™" c
QP"(OM) with j*n = 7¥n9. In order to verify the commutativity of (TS), we must

show that
5 - f T ().
futnes £ onsi

Since 7 is closed, (dw) An=d(wWAn) and

Jos@an== [ @) nn== [ d@rn)=- [ d@rm- [ d@nrn).

where Esg = (0,1) xOM c E, Ngg = N — Esg, ON< = 0x OM. The integral over E.q
vanishes, as on Esq, d(@w An)|g., = 7*d(@Wo Ano) =0, d(@Wg Ano) being an n-form on
the (n —1)-dimensional manifold 9M. By Stokes’ theorem

d(w A :f Wloxam N OaM:f onj Aoyl
S d@am= [ Boou anloon = [ aii'@nogisn

* *
:faMw/\an-t-faMa/\an.

From « € (ftof QJ\,IS(B))”_l, Jin = o5jin = o5mno = no € (ftaxs QY s(B))"" and
Lemma 7.3 it follows that [, a A J¥n=0. Thus (TS) commutes.
Let us move on to (BS). We begin by describing the map
D H" " ftyge Qs (B)) — H™ (0 (N)).

rel
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Let p : Q7 (N) = QIZ(N) be the subcomplex inclusion and C*(p) its algebraic
mapping cone. Let P:C*(p) — Q4HL(N), P(7,0) = 7, be the projection and

rel
f:C%(p) — ftarx Qs (B)
the quasi-isomorphism given by f(7,0) = J7(0). Recall that the kernel of J; :
QIZ(N) > ftsgx Qs (B) isimp = Q3 (N). Let € (ftsix Q5 (B))" " be a closed
form. Since J} is surjective, there exists an 7j € QI?""'(N) such that Jz (7)) = 7. We
have J7(dn) = dJ; () = dn=0. Thus dn € ker J; = Q[7"(N). The element

rel

c=(-dn,m) e Q" (N) o QI (N)=C""(p)

rel

is a cocycle, for dc = (d°7, —d7j + dn) = (0,0). Moreover, f(c) = J;(7) =1 and P(c) =
—dn. We conclude that the image D(7n) can be described as

D(n) = —dn.
We shall next describe the map
Q: H' (Qums(N)) — H' (ftex Qjys(B)).

Let w e Q) ,s(IN) be a closed form. Its image under

. 9 Ohus(N) = 93(B)
Uaas(V) = G —— ok Ly

is represented by wloxan,
_ Sus(B)
fto e Qs (B))"

Let [[j*q(w)}] e H"(Q*(B)) denote the cohomology class determined by j*q(w). Since
7B is a quasi-isomorphism, there exists a unique class [@] € H" (ft<x Q%,5(B)), repre-

T q(w) = [wloxanr] €

sented by a closed form @ € (ft<x Q% ,5(B))", with y5[w] = [[j*q(w)}]. Consequently,
there exists a form & € Q7% (B), representing an element [¢] € Q"~1(B) with

v5(@) - T q(w) = d[€].
We deduce that o =@ — w|oxanr — d€ € fts g Q%,5(B). The map Q is described by
Qw) =w.

In order to verify the commutativity of (BS), we must show that

[wnDmy== [ Q)nn.

Using dw = 0, we split the left integral as

—f w/\am:(—l)”lf d(w/\ﬁ)—f w A dT].
N Ngo Eso

The integral over E, vanishes as dij € Q" (N), so that d7j| ., = 0. By Stokes’ theorem
on N.g, we are reduced to showing

WA=+ wWAD.
S22 17% fy @

Rewriting the integrand on the left-hand side as
wloxam Alloxonr = (@ == d&) A Jz (1) =W An—ann—(d§) A,
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it remains to show that

-0 df e nn=0.
faMa/\n an ot EAD

The former statement is implied by Lemma 7.3, as o € (ftsx Q5,5(B))" and 7 €
(ftsrcs Qs (B))" 1. The latter follows from Stokes’ theorem, observing that (d¢) A
1 =d(§ Am) since 7 is closed.

Finally (MS) commutes, since the map H"(QI3(N)) — H"(Q5,s(NV)) is in-
duced by the subcomplex inclusion QIS(N) c Q3,,5(N), and H" " (€2},(N)) —
H" " (QU3(N)) is induced by the subcomplex inclusion €7 ,(N) c QIZ(N), whence
the two integrals whose equality has to be demonstrated are both just [y w A7,
w e QIZ(N), neQ "(N). Since the diagram (19) is now known to commute (up to

sign), the statement of the theorem is implied by the 5-lemma. ]

9. THE DE RHAM THEOREM TO THE COHOMOLOGY OF INTERSECTION SPACES

9.1. Partial Smoothing. Our method to establish the de Rham isomorphism be-
tween HIj and the cohomology of the corresponding intersection space requires build-
ing an interface between smooth objects and techniques, such as smooth differential
forms and smooth singular chains in a smooth manifold, and nonsmooth objects, such
as the intersection space, which arises from a homotopy-theoretic construction and is
a CW-complex, not generally a manifold. The interface will be provided by a certain
partial smoothing technique that we shall now develop.

For a topological space X, let So(X) denote its singular chain complex with real co-
efficients. Homology H,(X) will mean singular homology, He(S.(X)). For a smooth
manifold V' (which is allowed to have a boundary), let S°(V) denote its smooth
singular chain complex with real coefficients, generated by smooth singular simplices
A¥* - V. For a continuous map ¢g: X — V, we shall define the partially smooth chain
complex S (g). In degree k, we set

Sk (9) = Hp-1(X) @ S (V).

Let ¢ : S3°(V) < S.(V) be the inclusion and s : Se(V) — S°(V) Lee’s smoothing
operator, [Lee03], pp. 416 —424. The map s is a chain map such that so: is the identity
and ¢ o s is chain homotopic to the identity. Thus s and ¢ induce mutually inverse
isomorphisms on homology. If V' has a nonempty boundary 0V and J : 0V < V is
the inclusion, then a continuous singular simplex that lies in the boundary can be
smoothed within the boundary. Thus, we can assume that s has been arranged so
that the square

(20) S.(8V) —5> §=(3V))

| |

Se(V) ——5=(V)

commutes. Let Zj, denote the subspace of k-cycles in S, (X) and By = 9Sk+1(X) the
subspace of k-boundaries. Choosing direct sum decompositions

Sk(X) :ZkGBB;C, Zy, IBk®H;€,
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we obtain a quasi-isomorphism ¢ : He(X) = He(Se(X)) — S¢(X), which is given in
degree k by the composition

Z Bre H, -
Hy(X)=2E =282k 2,101 o 7, o S(X).
B By

Here, we regard H,(X) as a chain complex with zero boundary operators. By con-
struction, the formula

(21) [9(x)] ==

holds for a homology class = € Hx(X), that is, g(x) is a cycle representative for z.
Let © € Hy_1(X) be a homology class in X and v : A¥ — V be a smooth singular
simplex v € Sg°(V'). We define the boundary operator 9: S;°(g) — Si—,(g) by

6(x, U) = (07 v - sg*q(x)),

where g, : Sg_1(X) = Sk_1(V) is the chain map induced by g. The equation 6%(z,v) =
0 holds. The algebraic mapping cone C4(g) of g. is given by

Ci(gs) = Sp-1(X) @ Sk (V), 9(z,v) = (-0z,0v - g.(x)).

The homology H,.(g) of the map g is He(g) = He(Cs(g.)). We wish to show that the
partially smooth chain complex S¢°(g) computes Hq(g). To do this, we construct an
intermediate complex U,(g), which underlies both complexes,

Co(g+) S5(9)

N

Us(9)
such that the two maps are quasi-isomorphisms. Set
Uk(g) = Sk1(X) ® SP(V), 8(w,0) = (~02, 00 - sg. ().

The property 0%(x,v) = 0 is readily verified; thus U,(g) is a chain complex. The map
id®s: Ce(g+) — U.(g) is a chain map.

Lemma 9.1. The map id®s is a quasi-isomorphism.
Proof. The inclusions
Sp (V) — S (X) @ 57 (V), v (0,0),
form an injective chain map S°(V) — Us(g). The projections
Sp-1(X) @S2 (V) — Sp-1(X), (z,v) » x,

form a surjective chain map U.(g) — Se-1(X). (Recall that the shifted complex
Se—1(X) has boundary operator —9.) We obtain an exact sequence

0->52(V) —U.(g9) — Se-1(X) = 0.
Similarly, we have the standard exact sequence

0> 5e(V) — Co(gs) — Se_1(X) = 0.
The morphism of exact sequences

0—=57(V) Us(9) Se1(X) —0

b e |

0——=8(V) —=Ci(g:) —= Sers(X) —0
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induces a commutative diagram on homology with exact rows:

Ho(X) — Ho (57 (V) — Ho(Ue(9)) — Hor(X) —— Ho i (5°(V))

H ;Ts* T(id@s)* H ;Ts*

H,(X) H,(V) Ho(9) —— He-1(X) Ho 1 (V)

The lemma follows from the 5-lemma. O

The map ¢®id : SZ(g) — U,.(g) is a chain map, in fact:
Lemma 9.2. The map q®id is a quasi-isomorphism.
Proof. The inclusions
S (V) — Hia(X) @ 57 (V), v (0,0),
form an injective chain map S°(V) — S¢°(g). The projections
Hi1(X)o S (V) — Hi1(X), (z,v) &z,
form a surjective chain map SJ°(g) - He-1(X). We obtain an exact sequence
0->57(V) — 55(9) — Her(X) ~ 0.
Recall that we had constructed an exact sequence
0= 87(V) — Ud(g) — Ser(X) = 0

in the proof of Lemma 9.1. The morphism of exact sequences

0—=52(V) Ud(9) Se-1(X) —=0
| e
0—=S&(V) 55(9) He 1 (X) —0

induces a commutative diagram on homology with exact rows:

Ho(X) —= Ho(S2(V)) — H.(UT.(g)) ——> Hy (X)) — H,_1(52(V))
(q@id)«
Ho(X) —— Ho(SZ(V)) — Ho(S5(9)) — Her(X) —— Ho 1 (S&(V)),

using equation (21), which implies that ¢, = id on homology. The lemma follows from
the 5-lemma. 0

Lemma 9.1 and Lemma 9.2 imply:

Proposition 9.3. (Partial Smoothing.) The maps id®s and g ® id induce an iso-
morphism
H.(55(9)) = Ho(g)-

This concludes the construction of the partially smooth model to compute the ho-
mology of the map g.



A DE RHAM COMPLEX DESCRIBING INTERSECTION SPACE COHOMOLOGY 53

9.2. Background on Intersection Spaces. We provide a quick review of the con-
struction of intersection spaces. For more details, we ask the reader to consult [Ban10].
Let k be an integer and let C, (K') denote the integral cellular chain complex of a CW-
complex K.

Definition 9.4. The category CWy-y of k-boundary-split CW-compleres consists
of the following objects and morphisms: Objects are pairs (K,Y), where K is a
simply connected CW-complex and Y c C(K) is a subgroup that arises as the image
Y = s(imd) of some splitting s : imd — C,(K) of the boundary map 0 : Cyx(K) —
imd(c Cx-1(K)). (Given K, such a splitting always exists, since im 9 is free abelian.)
A morphism (K,Yx) - (L,Y7) is a cellular map f: K — L such that f.(Yx) c Y.

Let HoOCWy_; denote the category whose objects are CW-complexes and whose
morphisms are rel (k- 1)-skeleton homotopy classes of cellular maps. Let

teoo : CWisg — HOoCW )4

be the natural projection functor, that is, t<e(K,Yx) = K for an object (K,Yk) in
CWi-s, and teeo (f) = [f] for a morphism f : (K,Yx) - (L,Y7) in CWyoy. The
following theorem is proved in [Banl0].

Theorem 9.5. Let k > 3 be an integer. There is a covariant assignment toy :
CWy59 — HoCWy_; of objects and morphisms together with a natural trans-
formation emby @t — tceo such that for an object (K,Y) of CWysg, one has
H.(t«(K,Y);Z) =0 forr >k, and

emby (K, Y). : Hy(ta(K,Y); Z) — H,(K;Z)
is an isomorphism for r < k.

This means in particular that given a morphism f, one has squares

emby (K,Y]
b (K, Yie) T (e Yie)

terx(f) teoo (f)

emby (L,YL)
—_—

t<k(LaYL) t<oo(L7YL)

that commute in HOCWj_. If £ < 2 (and the CW-complexes are simply connected),
then it is of course a trivial matter to construct such truncations.

Let X be an n-dimensional pseudomanifold with one isolated singularity. For a
given perversity p, set ¢ =n—-1-p(n). As usual, M denotes the complement of an
open cone neighborhood of the singularity and IV continues to denote the interior of
M. The notation F,j,m is as in Section 2. To be able to apply the general spatial
homology truncation Theorem 9.5, we require the link L = M to be simply connected.
This assumption is not always necessary, as in many non-simply connected situations,
ad hoc truncation constructions can be used. If ¢ > 3, we can and do fix a completion
(L,Y) of L so that (L,Y) is an object in CW 5. If ¢ < 2, no group Y has to be
chosen. Applying the truncation t.. : CW .5 - HoCW __1, we obtain a CW-complex
tee(L,Y) e ObHOoCW,__;. The natural transformation emb, : t. > t<oo of Theorem
9.5 gives a homotopy class emb.(L,Y") represented by a map f :t..(L,Y) — L such
that for r < ¢, fu : H-(t<(L,Y)) = H,(L), while H,.(t<.(L,Y)) = 0 for r > ¢. The
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intersection space I?X is defined to be
IPX = cone(g),

where g is the composition

teo(L,Y) L

L
\ \{J
g
M
Thus, to form the intersection space, we attach the cone on a suitable spatial homol-
ogy truncation of the link to the exterior of the singularity along the boundary of the
exterior. Let us briefly write t..L for t..(L,Y). More generally, I’ X has at present

been constructed, and Poincaré duality established, for the following classes of X,
where all links are generally assumed to be simply connected:

e X has stratification depth 1 and every connected component of the singular set X
has trivializable link bundle ([Ban10]). This includes all X with only isolated singu-
larities (and simply connected links).

e X has depth 1 and ¥ is a simply connected sphere, whose link either has no odd-
degree homology or has a cellular chain complex all of whose boundary operators
vanish ([Gaill], the link bundle may be twisted here),

e X has depth 2 with one-dimensional ¥ such that the links of the components of
the pure one-dimensional stratum satisfy a condition similar to Weinberger’s antisim-
plicity condition [Wei99], which itself is an algebraic version of a somewhat stronger
geometric condition due to Hausmann, requiring a manifold to have a handlebody
without middle-dimensional handles.

9.3. QI in the Isolated Singularity Case. In the isolated singularity case,
OB us(N) = {w e QF(N) | j*w =7*n, some e QF(OM)}
and
QIg(N) ={weQ¥(N) | j*w=n"n, some 1€ 15.0(OM)}.
Let 09 : OM <> E = (-1,+1) x M be given by o¢(x) = (0,z) € E. The identity
wog = idgps holds. We recall:

Lemma 9.6. The maps

*
90

Vs (B) — 0(0M)

s

are mutually inverse isomorphisms of cochain complexes.

In Section 4, an orthogonal projection proj : Q*(OM) — 7..Q°(OM) was defined.
Composing, we obtain an epimorphism projoog : Q3 s(E£) - 7<.Q*(0M). The in-
clusion j: E = N induces a surjective restriction map j* : Q3 g (N) > Q3 \(s(E).
Lemma 9.7. The kernel of

projeag o j* : s (N) = 7<02°(OM)
is QIS (N).
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Proof. Let w € Qf,,5(N) be a form such that projooy o j*(w) = 0. There is an
n € Q°(OM) with j*w = 7*n. Thus 0 = projoo;j*(w) = projooin*n = proj(n). The
exact sequence (5) in Section 4,

0> 7100M — Q°0OM — 7..0°0M - 0,

shows that 7 € 75.0Q°(OM). Thus w € QI5(N). Conversely, every form in QI;(N) is
mapped to zero by projoogj*. O

By Lemma 9.7, we have an exact sequence
(22) 0— QIZ(N) — Qs (N) — 70°(0M) — 0.
In degrees less than ¢, the surjective map in this sequence is given by restricting to
the slice 0 x OM c E c N.
9.4. The de Rham Theorem. Let us define a map
W H Y (7..Q%(L)) — Hp-1(te L)'
For k—-1> ¢, ¥y =0, since both H*1(7..Q°(L)) and Hjy_;(t..L) are zero in this
case. Suppose k —1 < ¢. Then H* ! (7..Q*(L)) = H*!(L) and we define
Uy HYH(L) — Hia (S7(1)
by
Tofle)= [w

for a smooth singular cycle b € Sp°,(L). If " € Sp°, (L) is another chain such that
b-b' = 0B for a smooth k-chain B € Si°(L), then

fw—fw:/ w:fdw:O
b b 8B B

by Stokes’ theorem for chains and using dw = 0. Adding an exact form does not
change the integral either because [, dv = [,, v =0, as b is a cycle. Thus ¥y, is
well-defined. The smoothing operator s induces on homology an isomorphism s, :

H,(L) = H,(SZ(L)). The map f induces an isomorphism f, : Hg_1(t<.L) =
Hy_1(L) since k —1 < ¢. The map ¥y, is defined to be the composition

H* (L) o Hy-1 (S8 (L))" —— Hy-1 (L)} 4;? Hy1(t<cL)t

st
for k-1<ec.
Lemma 9.8. The map
Wy H Y (7. Q°(L)) — Hp_1(te L)
18 an isomorphism for all k.

Proof. For k-1 > ¢, both domain and target of W are zero. Thus ¥y, is an isomor-
phism in this range of degrees. For k — 1 < ¢, we only have to show that ¥, is an
isomorphism. But ¥y, is the classical de Rham isomorphism

H*(Q°(L)) — Ho(ST(L)!

given by integration on smooth singular chains (cf. [Lee03], Theorem 16.12; page
428). 0
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Next, we shall define an isomorphism
Uar: H* (s (V) — Ho(S2 (M)
By Proposition 6.3, the inclusion QF,,5(N) ¢ Q*(NN) induces an isomorphism
H* (s (N)) — H*(2°(N)).
The classical de Rham isomorphism
Uy H(Q'(N)) = Ho (S (V)
is given by ¥y[w][a] = [, w. Since the open manifold N deformation retracts onto

the compact manifold Ny = N —(0,1) x L, the inclusion i< : N¢g = N is a homotopy
equivalence and induces an isomorphism i<g. : He(S°(Neg)) — Ho(SP(N)). Let
a: M - N be a diffeomorphism which agrees with the diffeomorphism OM = 0N
given by the collar, so that the diagram

(23) M — Noo
1]
8M — aN_o

collar
commutes. It induces an isomorphism «, : He (S (M)) = H,(5(Ng)). The
isomorphism W, is defined by the composition

H* (W45 (N)) === H* (2 (N)) —> Ho (S5 (N))F —=>
Ho (S5 (N<o))' T H.(S&(M))1.

Lemma 9.9. The diagram

HY (15 (N)) ——> HH (005 (B)) —— H* (7.0 (L))

proj 006
\I!M\L: :l‘I’L
1
E s
Hy(S& (M) — Hy (M) ———— Hy(t L)’

Sx

commutes.

Proof. The statement holds trivially for k¥ > ¢, since then Hy(t..L) = 0. Assume
that k < c. We must prove that for all (closed) k-forms w € 3, ,5(N) and all classes
[a] € Hi(t<.L), a € Sp(t<.L) a k-cycle, the equation

W (projoogw|r)[al = ¥ar(w)(sg«(a))
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holds. The following computation verifies this, observing that in degrees k < ¢, proj
is the identity:

Vi (ogwle)lal 15101 (oqwlr)[a] = Ui (ogwls)[s/<(a)]

fsf*(a) Wl{0yxaM=0N = /Sf*(a)(izow)b]vgo

— Jrat (15w by (23
/sf*(a) (iZow) y (23)
- / w
i<oxx J4 S fr(a)
= w by (20
>/7:50*a*5¢]*f*(a) y ( )

alily, Un(w)(s7.fu(a)) = War(w)(s9.(a)).

Let us define a map
W, HY(QI(N)) — Hi(S5(9))".
Given a closed form w € QI};(N) and a cycle (z,v) € Sy (9) = Hp-1(t<cL) ® Si° (M),

we set

i<0x 0 (V)

O[] = [
where
SE(M) 2 87 (Nao) == 577 (N)
are the chain maps induced by a and <.
Proposition 9.10. The map V; is well-defined.

Proof. Let w e QIZ’,-“_l(N) be any form and (z,v) € S;°(g) a cycle. Suppose k-1 < c.
This implies by definition of QI3(N) that j*w = 0, j : £ - N. Furthermore, 0 =
O(xz,v) = (0,00 - sg.q(x)) so that Ov = sg.q(x) = J.sf.q(x). Hence,

U;(dw)(z,v) = dw:[a*izodw: fd(a*izow)
v v

is()*a*(v)

= f af it w = f atitow = f *afiiow
= W = W = <0
v Jesfrq(zx) sfrq(z)

= Teow x = 07
fsf*q(m)( <ow)l{oyxom
using Stokes’ theorem for chains and (iZyw)|(oyxaonm = (J*w)lfo1xon = 0. Suppose that

k—1>c. Then x € Hy1(t<.L) =0 and

Ups(dw)(z,v) = J*atiiyw = 0.
sfeq(x) -

Let w e ng‘l(N) be a closed form and (x,v) € S;°(g) any chain. If k-1 > ¢, then
x € Hy_1(t<.L) =0 is zero and

Up(w)(0(x,0)) = p(w)(0,0v)

= f w = [ w = f dw =0,
i<0x 0ty (OV) Di<ox s (V) i<0x s (V)
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as w is closed. If k-1 < ¢, then 77w =0 and

Up(@)(O(0)) = Up(w) (0,00 sguq(a)) = [ N

ZSO*Q*(BU)

d(.d _ f x—a*ix— w = _f .*w .
Lo*axv) stea(e) <0 sf*q(m)(ﬂ Mioyxanr
0.

O

The inclusion QI3 (N) c Q3 ,,5(N) induces a map HI3(X) - H*(Q5,5(N)). The
standard inclusions Sp° (M) < Hy_1(t<. L)@ S (M) = S;(g), v+ (0,v), form a chain
map inc: S (M) - S (g), which induces on homology a map inc, : Ho (S (M)) —
Ho(55(9))-

Lemma 9.11. The square

HIN(X) —— H"(Q,,5(N))

@l | ~lw

incy

Hi (55 (9))! ——= Hyp (S (M))7
commautes.

Proof. For a closed form w € QI];(N) and a cycle v e S;° (M), we calculate

incf Uplwl[v] = ¥plw][ine(v)] = Cp[w][(0,0)] = w

i<0w 0ty (V)

U [w][icow e (v)] = alily, Uy [w][v] = War[w][v].

The short exact sequence (22),
0— QIF(N) — Qus(N) — 7 0°(L) — 0,

induces a long exact sequence on cohomology, which contains the connecting ho-
momorphism 6% : H*1(7..Q°%(L)) — Hk(QI;,(N)). The standard projections pro :
Sec(g) = Hi1(t<eL) ® S°(M) » Hy-1(t<cL), (z,v) » =, form a chain map pro :
S5(g) & He-1(t<L), which induces on homology pro, : He(S;*(g)) = He-1(t<.L).

Lemma 9.12. The square

HY1(70.00(L)) > H(QIZ(N))

Hir (tee L)t —— Hy(55(9))"

commutes.

Proof. 1f k-1 > ¢, then H*1(7..Q°(L)) = 0 and the statement of the lemma is correct.
Assume that k-1 < c. Let w € (7..Q°(L))* ! = Q*¥1(L) be a closed form on L = M.
We shall first describe ¢*(w). The form 7w can be smoothly extended to a form
w e QN s(IN). Its differential diw lies in QIF(N) ¢ QF (), since j*dw = dj*w =
drn*w = 7 dw = 0. The connecting homomorphism is then described as

5 (w) = dw.
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Let (z,v) € Sy(g) be a cycle, i.e. 0 = d(z,v) = (0,0v — sg«q(x)). The required
commutativity is verified as follows:

\I/i)[(s*w](xvv) \Ilﬁ[dw](xvv)

- f C@:[ w:f @
iﬁ()*&*(v) isO*a*(av) iso*a*sg*q(r)

) /sf*q(z) e /sf*q(:v) “hiop-on = /sf*q(ﬂc) v

= Vo) (s fula@)]) = Up(w) (s fur) by (21)
= iU (w) (@) = Up(w)(2) = Vi (w)(pro(z,v))

= proi U (w)(z,v).

|
Theorem 9.13. (De Rham Description of HI;.) The map ¥, induced by integrating

a form in QIS(N) over a smooth singular simplex in N, defines an isomorphism
HIYNX) > Ho(S5(9) 2 Ho(IPX)T = HI(IPX).
Proof. The short exact sequence (22),
0— QIZ(N) — Qyps(N) — 7 0°(L) — 0,
induces a long exact cohomology sequence
H* (120 (L)) — HNQUF(N)) — HH (45 (N)) — H (70°(L)).

The short exact sequence

inc pro

0— 57 (M) — 57(9) — Hea(teel) —0

induces a long exact sequence

roi o incl o Isl
Hyo1(tee L)' 55 Hi (S5 (9))T = Hi (ST (M) 55 Hy(tee L)',
By Lemmas 9.9, 9.11 and 9.12, the diagram

H* ' (7.,0°L) — H¥(QI3(N)) — H* (4 pis(N)) — H*(7..Q°L)

Hyy (tee L)' —— Hp (S5 (9))T —— Hp(S& (M) —— Hp(t.L)"

commutes. The maps ¥y, are isomorphisms by Lemma 9.8. The maps ¥, are isomor-
phisms by construction. By the 5-lemma, W5 is an isomorphism. The identification
H, (S (9))" = H,(I?X)' follows from Proposition 9.3 (Partial Smoothing). d

10. THE DIFFERENTIAL GRADED ALGEBRA STRUCTURE

The theory HI> possesses a perversity-internal cup product structure, as we shall
now show.

Theorem 10.1. For every perversity p, the DGA structure (Q*(N),d, A) restricts to
a DGA structure (U5 (N),d,A). In particular, the wedge product of forms induces a
cup product

U HIp(X)® HI;(X) — HI;™(X).
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Proof. Let w,w’ be two forms in QI3(N). Choose 1,7’ € ftox Q5(B) so that j*w =
7*n and j*w’ = 7*n’. Over p~*(Uy,), n and 1’ have the forms

Np-1u, = Ga 2T AT Vi, N0, = G Y T 05 A TS,
7 7

with 74,7} € T2k Q°(F). Then the product v;Av; again lies in 7. x Q°(F") by Proposition
4.3. (Note that the direction in which we truncate enters crucially here — if we had
used 7.k, the product would not usually lie in the truncated complex.) The proof is
completed by observing j*(wAw') =7*(nAn') and

Ao, = @5 2 TIm AT Y AT AT
]
= 5 2L (F1)AE ALl (n; Aaf) ATy (i AY)
]
with 7; A7} € o Q°(F). O

11. FOLIATED STRATIFIED SPACES

We shall here give a precise definition of what we mean by a stratified foliation.
Since this paper is mostly concerned with depth-1 spaces, we shall restrict our dis-
cussion of foliations to the depth-1 case as well, though the definition can easily be
recursively extended to arbitrary stratified spaces. We will compare our definition to
the one given by Farrell and Jones in [FJ88] and to the conical foliations of [SAW06].
The main formal difference is that our definition is purely topological, whereas the
definition of Farrell and Jones requires a system of metrics on the strata satisfying a
number of conditions with respect to Mather-type control data of the stratification.
The main result of this section (Theorem 11.9) explains how flat link bundles arise
in foliated stratified spaces. To frame the discussion, it is advantageous to lay down
the definition of a stratified space, as understood in this paper. We shall work with
spaces that possess Mather-type control data, see for example [Mat73] or [ALMP09].
Again, we limit the definition to depth 1 although it is available in full generality.

Definition 11.1. A 2-strata space is a pair (X,X) such that

(1) X is a locally compact, Hausdorff, second-countable topological space, ¥ c X
is a closed subspace and a closed, connected, smooth manifold, X — X is a smooth
manifold dense in X;

)

) m: T — X is a continuous retraction,

) p: T - [0,2) is a continuous radial function such that p~1(0) = X, and

) the restrictions of w and p to T - ¥ are smooth;

(3) m: T - X is a locally trivial fiber bundle with fiber the cone ¢L = (Lx[0,2))/(Lx0)
over some closed smooth manifold L (the link of ¥) and structure group given by
homeomorphisms ¢L — c¢L of the form ¢(¢), where ¢ : L - L is a diffeomorphism.
These ¢ are to vary smoothly with points in charts of ¥;
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(4) Locally, the radius p is the cone-line coordinate: If U c ¥ is an open set and
P _
U xcL ~ a1 U)

pmk%
U

a local trivialization with ¢ the identity on U x {c¢} (where c is the cone vertex), then

(24) U xcL v, 71 (U)

projs, l J/pl

T

cL——>10,2)
commutes, where 7(l,t) =t,l € L, t €[0,2).

For E = p~*(1), the above axioms imply that the restriction 7| : E — ¥ is a smooth
fiber bundle with fiber L. We call this bundle the link bundle of X. Note that a space
X satisfying (1) is metrizable by Urysohn’s metrization theorem.

Definition 11.2. A stratified space of depth 1 (or depth-1 space for short) is a tu-
ple (X,%1,...,%,) such that X is a locally compact, Hausdorff, second-countable
topological space and the ¥; are mutually disjoint, closed subspaces of X such that
(X —Ujz 25, %) is a 2-strata space for every i =1,...,7.

(A locally compact, Hausdorff, second-countable space is normal — thus every %,
has an open neighborhood 7; in X such that T; nT; = @ for i # j.)

Recall that a (smooth) k-dimensional foliation F of a manifold M™ without bound-
ary is a decomposition F = {F}} e; of M into connected immersed smooth subman-
ifolds of dimension k& (called leaves) so that the following local triviality condition is
satisfied: each point in M has an open neighborhood U = R™ such that the partition
of U into the connected components of the U n F};, j € J, corresponds under the dif-
feomorphism ¢ : U = R™ to the decomposition of R™ = R* x R"™* into the parallel
affine subspaces R* x pt. Such a (U, ¢) is called a foliation chart and the connected
components of the UnF} are called plagues. The plaques contained in a leaf constitute
a basis for the topology of the leaf. This topology does not, in general, coincide with
the topology induced on the leaf by the topology on M. Thus F} is not generally an
embedded submanifold. The foliation F induces a foliation Fy on any open subset
V c M by taking Fy to consist of the connected components of all the V' n Fj.

Definition 11.3. The cone on a foliation (M,F) is the pair (¢M,cF), where cM is
the cone on M with cone vertex ¢ and ¢F is the decomposition of cM given by

cF={Fx{th|FeF te(0,2)}ulch

Note that ¢F is a “singular foliation” of ¢M, since it contains leaves of different
dimensions. The collection ¢F — {c} is a smooth foliation of the manifold ¢cM - {c} =
M % (0,2).

Definition 11.4. A stratified foliation of a 2-strata space (X,X) is a pair (X,S)
such that

(1) X is a smooth foliation of the top stratum X — X,

(2) S is a smooth foliation of the singular stratum %, and

(3) every point in 3 has an open neighborhood U with a local trivialization ¢ :
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U xcL —> 7 Y(U) as in Definition 11.1 (4), such that the leaves of the product
foliation Sy x (cL — {c}) correspond under v to the leaves of X, -1(y)_5 for some
smooth foliation £ on L.

(Note that the leaves of Sy x {c¢} are taken to the leaves of Sy automatically, as ¢
is the identity on U x {c}.)

Definition 11.5. A stratified foliation of a depth-1 space (X,¥,...,%,) is a tuple
(X,81,...,8,) such that, with X; = X —U;4 %j, (Xx,,S;) is a stratified foliation of
the 2-strata space (X;,X;) for every i.

Example 11.6. The following type of foliated 2-strata space plays a role in the work
of Farrell and Jones on the topological rigidity of negatively curved manifolds, [F.J89].
Let (Y,X) be a 2-strata space and let M be a connected manifold whose fundamental
group G acts on Y preserving the two strata such that ¥ has a G-invariant tube T
with equivariant retraction 7 : T" - X. Let M be the universal cover of M. The
quotient
X=MxgY

of M x Y under the diagonal action of G is a 2-strata space with top stratum M xg
(Y - ) and bottom stratum M x¢ X. A stratified foliation (X,S) of X is given by
taking

X = {p(Mx{y})|yeY -5} and
S {p(M x{y}) |y e X},
where p is the covering projection p: M x Y — X. To see this, trivialize locally the

flat Y-bundle X — M induced by MxY - M. , trivialize locally 7 : T - ¥ and equip
the link L with the O-dimensional foliation L.

Proposition 11.7. For a stratified foliation (X,S) of a 2-strata space (X,X) with
control data (T,7,p), the following statements hold:

(i) If v is a vector at a point in T — X which is tangent to a leaf of X, then 7. (v) is
tangent to a leaf of S.

(i1) The radial function p is constant along the leaves of Xr_x,. In particular, p.(v) =0
for v tangent to Xp_x.

Proof. (i) Let U c ¥ be a chart such that v is based at a point of 71(U) - ¥ and

consider the commutative diagram

TU x T(L % (0,2)) —2 > T(x"1(U) - %)

m %
TU.

Let F' € X1 (y)-x be the leaf that v is tangent to. Then by Definition 11.4 (3), there
exists a leaf Sx K x{t}, Se Sy, K €L, t€(0,2), such that ¥)(Sx K x{t}) = F. Hence
there is a vector (u,w) e T'S @ TK with 9. (u,w,0) = v. Then

71'*(’[}) = 7&(’(/)* (’LL, w, 0)) = projl(u, w, 0) =u

with u tangent to .S, which is an open subset of a leaf of S.

(i) It suffices to prove that p is locally constant along the leaves of Xr, since leaves
are connected. Let F' be a leaf in X1 (yy_5 and let S € Sy, K € L, t be such that
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(S x K x{t})=F, as in (i). Using the commutative diagram (24) in Definition 11.1,
we have

p(F) = pi(§ x K x {t}) = 7 0 projy (S x K x {#}) = 7(K x {}) = {t}.

Hence p is constant on F'. O

It follows from this proposition that our definition of a stratified foliation is com-
patible with the definition of Farrell and Jones as given in [FJ88, Def. 1.4]. The latter
requires essentially that

(a) for vectors v tangent to Xp_x, the ratio of the length of m,(v)* to the length of
v, where 7, (v)* is the component of 7, (v) perpendicular to the leaves of S, becomes
as small as we like by taking the base point of v sufficiently close to ¥ as measured
by p, and

(b) the same statement for the ratio of the size of p.(v) to the length of v.

Note that this definition requires endowing the strata with a system of Riemannian
metrics. Suppose that a 2-strata space has a stratified foliation in the sense of our
Definition 11.4. As 7, (v)* = 0 by Proposition 11.7(4), condition (a) is satisfied. As
p+(v) = 0 by Proposition 11.7(i7), condition (b) is satisfied as well.

Furthermore, our stratified foliations are compatible with the “conical foliations” of
[SAWO06], which the authors define only for spherical links, that is, for X a manifold.
They do allow, however, singular foliations on the links, which we do not. On the
other hand, we allow the O-dimensional foliation on the link, which they disable.

Let (M, F) be a foliated manifold and N ¢ M an immersed submanifold. One says
that F is tangent to N if for each leaf F' in F, either FNn N =@ or FFc N.

Lemma 11.8. If F is tangent to N, then
G={FeF|FnN+g3}
is a smooth foliation of N.

Theorem 11.9. Let (X,X) be a 2-strata space endowed with a stratified foliation
which is 0-dimensional on the links. Then the restrictions of the link bundle to the
leaves of the singular stratum are flat bundles.

Proof. The total space E = p~*(1) of the link bundle 7| : E — ¥ is a submanifold of
X - Y and X is tangent to E. Indeed, if F is a leaf of X such that F n E # &, then
there is a point = € F' such that p(x) = 1. By Proposition 11.7(i¢), p is constant along
F. Thus p|r =1 and so F c E. By Lemma 11.8,

E={FeX|FnE+ga}

is a foliation of E. Let S be a leaf in ¥ and set Eg = 7 1(S)n E. Then Eg is an
immersed submanifold of E. We claim that

£ is tangent to Eg. (%)

In order to see this, let F' € £ be a leaf that touches Eg, F'nEg # @. We have to show
that F' c Eg. Since F'nEg # @, there is a point xg € F with 7(xg) € S. We must show
that 7(x) € S for all z € F. Since F is connected, we may join xg and z by a path
~v:[0,1] = F, v(0) = zg, 7(1) = z. The compact space 7y[0,1] ¢ ¥ can be covered by
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finitely many open sets Uy,...,U, c X, each of which comes with a diffeomorphism
Y; : Upx Lx {1} - 7 Y(U;)n E such that m; = proj;. By the Lebesgue number lemma,
there is an N such that each 7y(1;), I; = [j/N, (j+1)/N], lies in some U;. Then the
claim (*) is implied by the following statement:

For all 0 < j < N: If my(j/N) € S, then
my(t) € S for all t e I;. (*%)

To prove (#x), assume that 7y(j/N) € S and let 7 be such that 7y(I;) c U;. Let Fy
be the unique connected component of F n7~!(U;) that contains v(j/N). Then, as
v(I;) is connected and contained in F n7~*(U;), we have v(t) € Fy for all t € I;. By
the definition of a stratified foliation, there is a leaf S’ in S and a leaf K € £ such
that ¢;(S) x K x {1}) = F,, where 5] is a connected component of S’ nU;. Since
7y(j/N) € S and

my(j/N) = projy ot;" 0 4(j/N) € projy o9y (Fo) = proj, (Sg x K x {1}) = S5 < 5,

the leaves S and S’ have a point in common, which implies that S’ = S. In particular,
Sy ¢ S. Consequently, as y(t) € Fy for all t e I,

7y(t) = projy oy " o y(t) € proj; oy (Fp) = Shc S

for all t € I;, which establishes statement (x*), and thus also the claim (*). By
Lemma 11.8,

Es={Fel|FnEs#@}={FeX|FnEs#a}

is a smooth foliation of E)g. So far, we have not used the assumption that the foliations
L on the links are zero-dimensional. We shall now use that assumption to prove that
(n] : Es = S,E3) is a transversely foliated bundle. Let s = dimS. For every point
x € S, we must find an open neighborhood V c S, V = R? and a diffeomorphism
¢ :VxL - 7 (V)nE such that mp = proj; and ¢ carries the product foliation
{V x{l} }ieL to the foliation (£5)-1(v)np. This implies that g is transverse to the
fibers of the link bundle and that the restriction of 7 to each leaf of £g is a covering
map. Let U c ¥ be an open neighborhood of = such that there is a diffeomorphism
Y :Ux Lx{1} -7 1(U)nE with 7 = proj;. We may moreover take such a U to be

the domain of a foliation chart ¢ : U =, R* xRIME=5 et V be the unique plaque of
Sin U that contains z. Under ¢, V is mapped to R®xpt. Let p: VxL -7 Y (V)nE
be the restriction of 1) to V' x L. A leaf Fyy in (£5)x-1(v)ng is a connected component
of Fnn'(V), where F is a leaf of X which maps to S under 7 and to 1 under p.
Let F; be the connected component of F'n 7 !(U) which contains Fyy. By definition
of a stratified foliation, there is a leaf {I} in £, [ € L, and a plaque V' of S in U
such that (V' x {I} x {1}) = F;. We have n(Fy) c V, as Fy ¢ Fn7n (V). Also,
w(Fp) c w(F1) ¢ V' so that m(Fp) c VnV'. But VnV’' =@ unless V = V’'. Since
w(Fp) is not empty, we have V =V’ and thus ¢(V x {l} x {1}) = Fy. In particular,
(1) = mp(V x{I} x{1}) = proj; (V x{I} x{1}) = V. Hence Fy c Fn7~ (V). Since F}
is connected, Fy c Fy, and Fj is a connected component of F'n 77’1(V)7 we conclude
that Fy = Fy. Thus any leaf Fyy in (€s)r-1(v)ng corresponds under ¢ to a leaf of the
form V x {i} for some [ ¢ L. We have shown that £g is a transverse foliation of the
link bundle over S. This transverse foliation defines a flat connection on 7| : Eg — S,
see also [CC00, Theorem 2.1.9]. O
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